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ABSTRACT

In this thesis, sufficient conditions for the zero solution of nonlinear
Volterra integrodifferential equations are established. The Lyapunov’s
direct method is the main mathematical technique used in the study. Thus,
a Lyapunov functional is constructed. This Lyapunov functional is then
used to derive sufficient conditions for the zero solution of nonlinear
Volterra integrodifferential equations to be stable, uniformly stable and
uniformly aymptotically

stable.
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CHAPTER ONE

INTRODUCTION
The Volterra integrodifferential equation and the problem under in-
vestigation is introduced in this chapter. Additionally, the study’s goals,

importance, and organizational structure are all disclosed.

1.1 Background to the Study

Differential and integral equations have long been one of the most
important tools employed in solving numerous problems in scientific fields
(Jerri, 1999). However, application of the knowledge of stability prop-
erties of integrodifferential equations offer promising results and Volterra
integrodifferential equations offer even more powerful results. Since the
birth of these equations which investigate models about growth of popu-
lation, Volterra integrodifferential equations have been employed by math-
ematicians to solve several complex problems in scientific fields, particu-
larly, in biological and engineering fields (Hristova & Tunc, 2019, Aggarwal
& Gupta, 2019). Understanding the concepts governing the theories of
Volterra integrodifferential equations in its linear and nonlinear forms of-
fers a great opportunity for solving several problems that arise in scientific
fields (El Hajji, 2019). It is however not surprising how rapidly it has
developed since the 1970s (Wazwaz, 2011).

Solutions to an ordinary differential equation is either one which is
numerical or analytic. Most often than not, the complexities of some ordi-
nary differential equations make it impossible to find an analytic solution.
The research findings of Burton and Mahfoud (1983) and Wazwaz (2011),
assert that, sometimes, efforts to find analytic solutions to some ordinary
differential equations may not be successful.

Differential equations are used in several fields such as the amount of

money in a savings bank, the orbit of a space ship, the description of radio
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waves, the size of a biological population, the voltage in an electric cur-
rent, etc. To use differential equation(s) to understand a physical problem,
mathematicians normally collect information about the physical problem
of interest, create a model, usually differential equation(s) which describes
the exactness of the physical problem and then solve this differential equa-
tion(s).

Stability theory involves how small changes affect physical systems
involving time (Halanay & Rasvan, 2012). If these changes/disturbances
are actually small and it is observed that the system stays closer to its state
of equilibrium or even gets back to this state, then the system is said to be
stable, otherwise the system is not stable. The desire to find solutions
to problems that arise in real life leads mathematicians to formulate differ-
ential equations that depict physical problems. Surprisingly, what starts as
a simple mathematical equation grows into practical physical models such
as dynamics of fluids, heat flow, rate of growth of bacterial, growth rate of
an economy, etc.

Several of these mathematical equations exist but an equation which
comprises both an integral and the derivatives of a function which is not
known qualifies to be an integrodifferential equation. In simple terms, a
sole equation that includes the operation of differentiation and integration
is an integrodifferential equation.

For his contributions to integral equations and mathematical biol-
ogy, Italian mathematician and physicist Vito Volterra is well-known. His
research on elasticity served as the basis for Volterra’s integrodifferential
equation theory. He discovered that the analysis of the matter’s electro-
magnetic state at all prior instants, as well as the magnetic field for those
substances at that specific instant, determines whether the matter is electri-

cally or magnetically polarized. Using integrodifferential equations, these
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physical events are modelled (Paoloni & Simili, 2008).

Mathematical modelling demands that a real life problem is trans-
formed into a mathematical equation. Volterra integrodifferential equa-
tions, a type of a mathematical equation which is under ordinary differential
equations and named after its originator, Vito Volterra, has proven to be
useful in different fields of study. Notably are fields of Biology, Engineering
and Physics (Wazwaz, 2011).

Obtaining conditions that are actually sufficient to realize the at-
tributes that makes Volterra integrodifferential equations stable in both
their linear and nonlinear forms have captured the attention of several re-

searchers over the years due to the vast opportunities it offer.

1.2 Statement of Problem
Recently, some mathematicians have shown interest in the study of

the properties guaranteeing that the Volterra integrodifferential equation,

2'(t) = h(t)z(t) + / clat — s)xz(s)ds, (1.2.1)

where a > 1 is stable. Specifically, Islam and Raffoul (2005), studied the

stability of equation 1.2.1 and its nonlinear perturbation of the form,

' (t) = h(t)z(t) + / clat — s)x(s)ds + g(t, z(t)). (1.2.2)

to

In the study, they obtained some conditions that ensured that the zero solu-
tion of equation 1.2.1 and equation 1.2.2 using a suitable Lyapunov’s func-
tional is stable, uniformly stable, uniformly asymptotically stable. How-

ever, the results obtained by Islam and Raffoul (2005), are for linear Volterra
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integrodifferential equation and does not hold for the nonlinear equation

2'(t) = h(t)f(z(t)) + / clat — s) f(z(s))ds. (1.2.3)

It is therefore necessary that, additional research is conducted to ob-
tain conditions that ensure that a nonlinear Volterra integrodifferential

equation is uniformly asymptotically stable.

1.3 Purpose of the Study
The thesis’ focus is to deduce conditions that are sufficient to guar-
antee that the solution (zero) of a nonlinear Volterra integrodifferential

equation is stable, uniformly stable and uniformly asymptotically stable.

1.4 Research Objectives
The objectives of the study are to obtain sufficient conditions for the

nonlinear Volterra integrodifferential equation

to be:
1. stable;
2. uniformly stable; and

3. uniformly asymptotically stable.

1.5 Significance of the Study

This research is of great importance because, it will offer conditions
that are sufficient for nonlinear Volterra integrodifferential equations to be
uniformly asymptotically stable which has not yet been investigated by

researchers. Also, the results obtained in this research will not only add
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to existing literature but also contribute to the illumination of the vast

opportunities Volterra integrodifferential equations offer.

1.6 Delimitations
The solution of a nonlinear Volterra integrodifferential equation that
is zero was shown to be stable, uniformly stable and uniformly asymptoti-

cally stable.

1.7 Limitations

The study was restricted to using the direct Lyapunov approach while
there are other ways to determine the stability characteristics of differential
equation solutions. The study’s conclusion also used a nonlinear Volterra

integrodifferential equation rather than a linear one.

1.8 Organisation of the Research

The scope of the Volterra integrodifferential equation and its use in
simulating physical processes was provided in Chapter One of the thesis.
The problem statement, research objectives, as well as the study’s organi-
zational structure, are all included in this chapter.

A survey of pertinent and related literature on the stability charac-
teristics of Volterra integrodifferential equations is given in Chapter Two
of the research.

The method utilized to explore the stability properties of the Volterra
integrodifferential equation was covered in Chapter Three of the study.

In Chapter Four, we present the findings of the thesis. Based on the
study’s goals, the conclusions were reached.

The summary of the findings of the study and its conclusions were

covered in chapter Five.
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CHAPTER TWO

LITERATURE REVIEW
2.1 Introduction
For the initial section of this chapter, what integral equations entail,
in general sense, as well as some definition of terms used in this study
will be considered. The latter section of the chapter will be dedicated to

reviewing some literature on integrodifferential equations.

2.2 Integral Equations

An integral equation is any equation of the form

h(x)
u(z) = f(x) + )x/( | K(z,t)u(t)dt,

where g(z) and h(z) are the limits of the integral, and A is a constant
parameter, K (z,t) is the kernel. Integral equations can be grouped under
two headings based on the nature of the integral limits as well as the kernel,
K(x,t). An integral equation which is classified as a Fredholm integral
equation has both upper and lower integral limits being constants whereas
an integral equation is called a Volterra integral equation if it possesses at

least a variable integral limit (Volterra, 1959).

2.3 Integrodifferential Equations

With respect to integrodifferential equations, both the integral and
differential operators are seen together and they are found in many scientific
fields of study, most importantly in the case where problems involving
initial values or boundary values are converted into equations containing
an integral. The Fredholm and Volterra integrodifferential equations are

the major classifications.
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The Fredholm integrodifferential equation is written as:

b
u™(z) = f(z) + )\/ K(z,t)u(t)dt

with u(™ considered as the nth derivative of u(z). An example of Fredholm

integrodifferential equation is

u'(z)=1-— %x + /01 zu(t) dt, u(0)=0.

A Volterra integrodifferential equation can be written as:
u™(z) = f(z) + )\/Oz K(z,t)u(t)dt.
Consider any fixed t > 0, and let
B(t) ={¢:[0,t] = R, ¢ is continuous and bounded in the supremum norm}.

Then for each ¢ € B(ty), to > 0, there is a unique solution z(t) = (¢, to, ¢)
of equation 1.2.3 defined on the interval [t,y) with z(s) = ¢ for 0 < s < t,.
For ¢ € B(ty), the supremum norm of ¢ is given by ||¢|| = sup{|¢(t)]: 0 <

t < to}. If the solution remains bounded, then v = oc.

Definition 2.1[Stability]
The zero solution of equation 1.2.3 is said to be stable if for each
e > 0 and each ty > 0, there exists § = d(e,%y) > 0 such that [¢ € B(to), ||

Definition 2.2[Uniform stability]

The zero solution of equation 1.2.3 is said to be uniformly stable if it

is stable and ¢ is independent of .
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Definition 2.3[Uniform Asymptotic stability]

The zero solution of equation 1.2.3 is said to be uniformly asymptoti-
cally stable if it is uniformly stable and there is a 7; > 0 and for each ¢ > 0
there exists a " > 0 such that [t > 0,¢ € B(to), | ¢ [|[< 1,t > T + to

imply |z(t, %0, 9)| < e.

2.4 Review of Related Literature

The later part of the year 1900 saw an increase in the research into
the qualitative analysis of differential equations and became rather popular
in the 1940s. The early research ever known in connection with qualita-
tive analysis of differential equations is that which is found in the work of
Poincare and Magini (1899). Researchers have undoubtedly gained interest
in its enormous opportunities it offer in understanding the behaviour of so-
lutions of differential equations and that is seen in the numerous researches
conducted in this field since it first came to light. Some of these reasearch
works can be put in piece in the monographs by(Agarwal, et al., 2005;
Burton, 2006; Coddington & Levinson, 1955; Hahn, et al., 1963; Halanay,
1966; Krasovskill, 1963).

In 1892, Lyapunov constructed functions which were later called Lya-
punov functionals in studying stability problems, existence and bounded-
ness of periodic solutions of differential equations (Lyapunov, 1892).

The Lyapunov’s direct method is the most used tool by researchers
in obtaining stability properties of differential equations. Several research
works have been done on the stability properties of the convolution and
nonconvolution forms of the Volterra integrodifferential equation.

Burton & Mahfould (1983) considered the stability criteria for the
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system of integrodifferential equations of the form

¥ =A(t)r + /0 c(t, s)z(s)ds. (2.3.1)

In their study, the researchers investigated relations between stability prop-
erties of solutions of equation 2.3.1 and established necessary and sufficient
conditions for stability and boundedness of solutions of equation 2.3.1 in
their perturbed forms. The researchers as well constructed several Lya-
punov functionals from which they obtained necessary and sufficient con-
ditions for stability of the solution of equation 2.3.1.

However, Eloe & Islam (1995) studied the stability properties of the

zero solution of the linear Volterra integrodifferential system,

t
' = A(t)x(t) +/ B(t, s)z(s)ds. (2.3.2)
0
Although the authors did not employ the use of the Lyapunov method,
they were able to show that the zero solution of equation 2.3.2 is;
1. uniformly stable if the resolvent is integrable in some sense.

2. uniformly asymptotically stable if and only if the resolvent is inte-
grable and in addition some conditions in terms of the resolvent and

the kernel is satisfied.

Knyazhishche & Shcheglov (1998) studied the scalar equation,
& =a(t)z(t) + o(t)x(t —r(t)), t>0. (2.3.3)

In their research, the authors obtained a new definition of the positive
definiteness of the Lyapunov functional involved in investigating stability

and asymptotic stability. The authors used this new definition to prove
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Lyapunov type theorems from which the results were applied to equation
2.3.3 where r(t) and b(t) may be bounded.
Burton & Somolinos (1999) also studied the stability properties of

the scalar equation.
¢
' = —h(t)z — b(t)z® + / clat — s)z(s)ds. (2.3.4)
0

The authors in their work considered the case where a > 1 in equation
2.3.4 which is a Volterra integrodifferential equation. The researchers used
Lyapunov’s direct method to obtain conditions that guarantee the stability
properties of equation 2.3.4 for the case where a > 1.

Inspired by the equation,
t
Z'(t) = Ax(t) +/ clat — s)x(s)ds (2.3.5)
0

and its nonlinear perturbations, Zhang (2000) constructed a new Lyapunov
functional for linear Volterra integrodifferential equations. The author
proved some general stability theorems for the functional differential equa-
tions with infinite delay and weakened the usual requirement for positive
definiteness of Lyapunov functionals used in stability theory.

Islam & Raffoul (2005) studied the stability properties of the scalar

linear Volterra integrodifferential equation

Z'(t) = h(t)z(t) + /0 clat — s)x(s)ds, (2.3.6)

and its perturbed form,

2'(t) = h(t)z(t) + /0 clat — s)x(s)ds + g(t, x(t)), (2.3.7)

using the Lyapunov’s direct method.

10
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The authors studied only the case where a > 1 and pointed out that
for 0 < a < 1 no meaningful stability results were obtained. The authors
employed Lyapunov’s direct method in their study to obtain stability re-
sults of the zero solution of equation 2.3.6. The authors established that the
zero solution of equation 2.3.6 is uniformly asymptotically stable without

requiring A(f) € L'[0, 00) contrary to what exists in literature.

2.5 Chapter Summary

This chapter, reviewed relevant and related literature on stability
properties by Lyapunov direct method on Volterra integrodifferential equa-
tions. This was drawn from the research findings of other authors as pub-

lished in journals and scholarly articles.

11
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CHAPTER THREE

METHODOLOGY
3.1 Introduction
In this chapter, the Lyapunov’s method which is the major tool that
is used in obtaining the uniform asymptotic stability properties of equation

1.2.3 is discussed.

3.2 Lyapunov’s Method

Stability analysis has been of keen interest to engineers as well as
mathematicians. There are several tools employed in the mathematical
field to either qualitatively or analytically obtain the stability properties
of a system of differential equations. Some of these tools are fixed point
theorems, Routh Hurwitz method and the Lyapunov’s method. The Lya-
punov’s method is widely known for its major advantage that, stability and
boundedness in the large can be achieved ignoring any prior knowledge of
solutions.

In 1892, Lyapunov obtained conditions for stability using two meth-
ods. One of the methods known as the First method requires knowledge
of the solution of the equation under consideration. The First method is
limited to some relevant cases to some extent.

Lyapunov’s second method(Direct method), however, does not re-
quire the knowledge of the solutions themselves to determine the stability

as well as boundedness behaviour of solutions of linear and nonlinear sys-

tems of ODEs.

3.3 Lyapunov Functional/Functions
The use of Lyapunov’s method entails the construction of the func-
tion usually denoted by V(t,x) which is a scalar function as well as its

derivatives and possesses some properties.

12
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Definition 3.1[Lyapunov Function]
Suppose the zero vector is included in the domain  C R™. Then a
function V' (z) defined by V' : Q@ — [0, 00) is called a Lyapunov function if

it satisfies the following conditions:

2. V(z) is positive definite;
3. V(z) has continuous first-order partial derivatives.

Definition 3.2[Locally positive definite functions]

A continuous function V' : D — R for D C R” x Rt is a posi-
tive locally positive definite function if for some € > 0 and some continu-
ous, strictly increasing function o : Rt — R, V(0,¢) = 0 and V(x,t) >

a||x|]) for all z € B,, for allt > 0.

Definition 3.3[Positive Definite Functions]
A continuous function V : D — R for D C R™ x RT is a positive
definite function if it satisfies definition 3.2 and, additionally a(p) — oo as

P — Q.

There is no general way of finding Lyapunov functions for nonlinear
system. Faced with a specific systems, one has to use experience, intuition
and physical insights to search for an appropriate Lyapunov function. The
Lyapunov’s direct method was used to obtain sufficient conditions for the
zero solution of the Volterra integrodifferential equation to be stable. This

requires that the following are done:

e construct a suitable Lyapunov functional. This must satisfy certain

properties;

13
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e compute the derivative of the Lyapunov functional along the solution

of the Volterra integrodifferential equation; and
e simplify the resulting expression to obtain the desired results.

Lemma 3.4 [Leibnitz Rule, Wazwaz (2011)]
Let the function f(x,:) be continuous as well as its partial derivative

in a domain [a, b] X [to,?;] and let

h(z)
Flo)= oo (3.2.1)
)

g(x

then there is the existence of the differential of the integral in equation3.2.1

and is stated as

0, ) x
o) / Of@.t) )y

If g(x) = a and h(z) = b given that a and b are actually constants, then
the Leibnitz rule shrinks to

oy — T _ [ Of(z,1)
F([L’)—%—/a Tdt

This indicates that interchanging the differential sign and the integral sign

gives

b b
eltdt = / te®tdt

da J,

Lemma 3.5[Cauchy—Schwarz Inequality]
Let f,g : [a,b] — R be two Lebesque measurable functions on [a, b]

such that f?, g? are Lebesque on [a,b]; then fg is integrable on [a,b], then

14
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the following inequality is obtained.

(/abf(x)g(rv)alyc)2 < /ab g*(z)dx /ab F2(x)da

3.4 Chapter Summary
This chapter discussed Lyapunov’s direct method, which is the major
tool used in this research. The construction process was elaborated as well

the definition of some other tools that was employed in the study.

15
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CHAPTER FOUR

RESULTS AND DISCUSSION
4.1 Introduction
In this chapter, sufficient conditions for the zero solution of nonlinear
Volterra integrodifferential equations are obtained with the use of Lyapunov

functionals.

4.2 Preliminary Results
The scalar nonlinear Volterra integrodifferential equation considered

2'(t) = h(t) f(z(t)) + /0 clat — s) f(z(s))ds, (4.1.1)

where @ > 1 is a constant. Additionally, h(t) is continuous for all ¢ > 0
and ¢ : R — R is continuous, f: R — R is continuous and f(0) = 0.

In this thesis we assume that

f(x) = 2 fi(z).

In Lemma 4.1, the Lyapunov function that will be used to obtain
results for the stability, uniform stability and uniform asymptotic stability
of the zero solution of equation 4.1.1 is proposed.

Lemma 4.1.

Let a > 1 and p be a positive constant. If f(0) = 0 then the functional

defined by
iy f—" 2
V(t,z) = §<x(t) +o i Go(at — s)f(x(s))ds)
+p i /:j | Go(u) | duf?(z(s))ds (4.1.2)
16
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is a Lyapunov functional.
Proof.

To verify that Eq. (4.1.2) is a Lyapunov function, consider

2

V(t,0) = %(0+1/0tca(at—s)f(0)ds>

a

+p/0t /C:S | Go(u) | duf?(0)ds

Now, it is clear from Eq. (4.1.2) that V(¢,2) > 0 for all x, except
x = 0. Thus, V(t,z) is positive definite.

Finally,

?TZ = x(t>+1/o Gal(at — ) f(z(s))ds,

a

which is continuous. Therefore, V (¢) defined by Eq. (4.1.2) is a Lyapunov

functional. This completes the proof.

4.3 Main Results
In this section, sufficient conditions for the zero solution of Eq. (4.1.1)
to be uniformly asymptotically stable are obtained.

For a < 0, let
Go(t) = / C(u)e* due™ (4.2.1)
t

Assuming G, (t) exists and G,(t) € L'[0,00), define V(¢) by Eq. (4.1.2),

where p is a positive constant to be determined.

17
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In the next Lemma, the derivative of V(t) with respect to ¢ along solu-

tions of Eq. (4.1.2) is computed.

Let
a(t) — M + %Ga(at — A (a(8), (4.2.2)
and
) 1
as(t) = 7 + gGa(at —t). (4.2.3)

Lemma 4.2 If V() is given by equation Eq. (4.1.2), then for some positive
constant L,

(a1(t) — @)
212

Vi) < (ae()+ +p / ) Gauw)lduf3(a(t) ) 221

t—t

9 /0 (Galat — )| £2((t))2(t)ds. (4.2.4)

18
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Proof.
Let x(t) = z(t,t,, ¢) be a solution of Eq. (4.1.1)and define V'(¢) by

Eq. (4.1.2). Then along the solutions of Eq. (4.1.2)
%4 = — | Gulat — d
) = (st)+ 7 [ Golat =) fla(s))as)

><< (t)+1i/ Ga(at—s)f(x(s))ds>

adt

/ / 1Galw) | duf(a())ds)

+ 2 /Ot Galat — s)f(x(s))ds)

< (W) Fa(t) + / c(at -8 (z(6))ds

1d

=+ i ) Ga(at - s)f(x(s))ds)

/ /at | Gafu) | duf*(x( ))ds> (4.2.5)
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Now, by Leibnitz rule,

L4 [ G (ot — ) f(a(s)ds = L[Galat — 1) f((t) (1)

adt 0 a

— Ga(at)f(x(0)) (0)
+ /o %Ga(at—s)f(w(s))ds

b A [Ga(at —t)f(x(t))

a

4 /0 %Ga(at—s)f(x(s))ds (4.2.6)
From Eq. (4.2.1)

Golat —s) = / c(u)e due=at=*)
at—s
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Hence,

0 o [
— _ - au —a(at—s)
B Gaolat —s) 5 /a c(u)e*due

t—s

— 0 — cat — s)e@=9ealat=s) 4

+ / c(u)e® du[—aae 9]

t—s

at—s) efa(atfs)

= —c(at — s)eX a

- aa/ c(u)e®  due=@=9)

t—s

= —c(at —s)a

— aa / c(u)e due~@=)

t—s

= —c(at — s)a — aaG,(at — s) (4.2.7)
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Substituting Eq. (4.2.7) into Eq. (4.2.6) gives

Ld G tat — ) F(a(s))ds = 1[Ga(at—t)f(x(t)) + /0 [—c(at—s)a

adt 0 a
— aaG,(at — s)] f(:v(s))ds}

= Lot —0faw)

a

— g/0 clat — s) f(z(s))ds

a

= 2 Goat — ) F(x(s))ds

a Jo

L éGa(at —t)f(x(2))

- /0 clat — s) f(x(s))ds

- a/o Gol(at — s)f(x(s))ds (4.2.8)
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Also,

S [ [ 16w 1 duenas)
= o[ [ 1 Gulw) | dus? s
= p [ 1Galu) | duf(alt)ds
wo [ Jim 2 [ 1Gaw) | du
X F(r(s)ds
= p [ 1Gu(w) | dufa(t)ds

+p/0t [— | Golat — s) | af?(z(s))ds

> Oo | Gulw) | duf(a(®))ds

— ap/o | Go(at —s) | f2(z(s))ds (4.2.9)
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Substituting Eq. (4.2.8) and Eq. (4.2.9) into Eq. (4.2.5), gives

S /Ot b s ro@yds

o [ Gulat = 91(als))d5)

w0 [ 1Galw) | duf*(a(t)

—ap [ [ Galat —5) | duf?(es)ds

& (x(t) + E /Ot Go(at — s)f(x(s))ds)

x (HOS@E) + ~Galot - 5)7(a(0)
— a/o Gol(at — s)f(x(s))ds)
w0 [ 1G] duf*a(t)

- ap/o | Golat — 5) | duf?(z(s))ds
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= a(0)(h(0)F (1) + ~Galat — ) f((1)
~a [ Gulat = 91(a(s))d5)
+1 [ Galat =) e
< (MOS0) + < Galat — ) f(a(t)
—a [ Gulat = 9)1(a(s))5)
0 [ 1Galw) | duf*a(t)
~ap [ | Galat =5) | (e

= hOFEO)() + ~Galat — 1)/ @B)a()

- ax(t)/o Golat — s)f(x(s))ds

0 (a(0); [ Golat =) lals))ds
+ % i Golat — s)f(x(s))dsG,(at —t) f(x(t))

o0

- g(/ot Ga(at—s)f(x(s))ds)2+ p/t tha<u> | duf?(x(t))

at—

—w£|@m—@w%ﬁw5
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h(t) f(x(t))x(t) + %Ga(at—t)f(w(t))x(t)

T () f((0): / Galat — 5)f(x(s))ds

a

n % Galat — 5)f(x(s))dsGalat — ) f(x(t))

0

o 2

~ aa(t) /Ot Golat — 8) f(2(s))ds — —(/Ot Ga(at—s)f(x(s))ds)

a

+p/:: | Ga(w) | duf*(x(t)) — ap/o | Galat —s) | f*(z(s))ds

= h(@)f(x®)z(t) + 2Ga(at—t)f(f€(t))x(t)

- ap/o | Golat —s) | f2(z(s))ds (4.2.10)
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MO A7)+~ Galat — 1) (1) (1)

o 2

X /Ot Galat — ) f(x(s))ds — —(/Ot Ga(at—s)f(x(s))ds>

a

be / °° | Galu) | duf?(e(6)a(?)
o / | Galat = 5) | f2(x(s))ds
W) f((0)) (0

+ L6, (et~ O e0))

+ [ A©)2(0) + 5 Galat — A ((0)2 () - ()]

: /0 Galat — s)f(x(s))ds

o 2

- E</0t G lat — s)f(x(s))ds)

o / °° | Galu) | duf?(e(t)a(?)

—ap / | Gulat — 5) | f2(x(s))ds
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1
= h(O) i) (1) + —Galat = 1) fi(x(8))2*(1)

n [al(t)—a}x(t) /OtGa(at—s)f(x(s))ds

Q 2

_ @ ( /Ot Golat — s)f(x(s))ds)

a

oy / °° | Galu) | duf?(a(t))22(t)

- ap/o | Galat — 5) | f2(z(s))ds (4.2.11)

For any real number y and z and any nonzero constant k, one has 2yz <

(y*/k?*) + k*22. Using this inequality gives for the positive constant L

(06 = a)att) [ Gulat —s)sa(spas < WO

L4 2

4 7(/: Ga(at—s)f(x(s))d.f")

(4.2.12)

Also by the Cauchy-Schwarz inequality,

(/OtGa(at—s)f(x(s))ds>2 _ (/Ot\/m

[Galat = 5) 1/ (a(s))ds)
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2

([ (viGaa=s1) @)

<[ (Via@=9 1)) @)

IN

_ /0|Ga(at—s)|ds/0 G (at — 5)|f2(2(s))ds.

Therefore inequality (4.2.12) becomes

Bt 2 () / Goltst— SIS

(a1(t) — a)*2(t)
212

<
L2 t

+ —/ |Go(at — s)|ds
2 Jo

X /o |Golat — 8)|f*(z(s))ds (4.2.13)

Similarly, by the Cauchy Schwarz inequality for integrals,

o 2

- —(/Ot Galat — s)f(x(s))ds)

a

< %/0 |Ga(at—s)|ds/0 Gulat— &) f2(x(s))ds.  (42.14)
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Substituting Eq. (4.2.13) and Eq. (4.2.14) into Eq. (4.2.11) yields,

V() < () fila(t)a®(t)

+ =Galat = A (0)2(0)

(a1(t) — a)?z*(t)

+ 212

+ 2 [ 1Gotat = 9)lds [ 1Galat =9Il
O fGutat — slas [ (Gatat = o))
2 1G] duf2a(®)e*()
~ap [ | Galat —5) | £(e5)ds

= WO/ D)) + ~Calat ~ D (@(H)a()

(a1(t) — a)*z*(t)

i i

o 1 Gaw) | duff a0
+ 2 [ 1Galat = 9)ids [ [Galat = 9160
A [ iGutat = sas [ (Gatat = o)1)

—ap [ | Galat =) | (o)
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:(h(t)fl(x(t)) + éGa(at —t) fi(z(t))

% L / (Gl du (1)) (1)

t—t

+

L2 t

" (7/0 Ga(at — s)|ds

+ M/t\G (at—s)\ds—ap)
P

X /0 |Go(at — s)|f*(z(s))ds (4.2.15)

Now using the substitution u = at — s in the integral fot | Golat — s) | ds

gives

t at—t
/ |Ga(at—s)|ds:—/ | Go(r) | du
0 at

= [ Gt

t—t

< / G | du (4.2.16)

t—t
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Thus, using Eq. (4.2.16) in Eq. (4.2.15) gives
1
Vi) < (hOAD) + ~Calat = A (1))

W + p/:tIGa(U)Idef(x(t))>x2(t)

L3 (L; /at w)|du + / \du—ap
< [ 1Gatat )t

(o[HOLD)

a

+

+ %Ga(at - t)fl(:c(t))]

2 [ lGatldusia) e

G+ [ Guwltu— )
<[ | Galat = )| f(a(s))ds

= (om)+ SOy [ Gudart a0

X /0 |Go(at — s)|f*(z(s))ds

This completes the proof.
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In Theorem 4.1, stability result for the zero solution of Eq. (4.1.1) is
stated.
Theorem 4.1 Let Go(u) € L0, 00) with (1/a) [;° | Ga(u) | du < 1 and

1 < fi(z). Suppose

(a2(t) — a)?

5 +a3Q < B, (4.2.17)

aas(t) +

for 6 >0, and | fi(z) [< A |z |, for A > 0, where

@:(%;:JGmomQ

and

L2 a |
= L — - — ||. 4.2.18
as ( 5 == . ) ( )

Then the zero solution of Eq. (4.1.1) is stable.

Proof. From Eq. (4.1.2),

V() — %<x(t)+1 /0 Ga(at—s)f(x(s))ds>

s P/Ot /;O | Gu(u) | duf?(z(s))ds

- o+ [ Gua -6
+Gébmwﬂﬁmmwﬂ

+ P i /OO | Go(u) | duf?(z(s))ds

t—s
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2a2 /G (at — s)f >

+ P/ /at S u) | duf?(x(s))ds (4.2.19)

By the Cauchy-Schwarz inequality,

_22/]G (at —s) | ds

Y /0 | Gulat — ) | £2(2(s))ds (4.2.20)

and

IN

b 10t =9 fatoas)

l\')
)
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22t 1
== +2_a2/0 | Golat —s) | ds

X/o | Go(at — s) | f2(z(s))ds (4.2.21)

Using Eq. (4.2.20) and Eq. (4.2.21) in Eq. (4.2.19) gives

V() < x2(t) + %{12/0 | Go(at — s) | cls/0 | Go(at —s) | f2(z(s))ds

i ot [ 1Gulat =) s [ | Galat =) | atohas

22 [ [ Galw) | dus?eo)as

+ g 1 Galat=5) [ds [ Gufat - 5) | f(a(e))ds

g |, VGalat =) 1ds [ Gutat = )| (ats))ds

+5// u) | duf*(x(s))ds

=)+ %/0 |Ga(at—s)|ds/0 | Golat — s) | F2(x(s))ds

+P// u) | duf?(x(s))ds
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Sx%w+ilmuuwww4|&mvwnﬂu@ws

+ P/ / w) | duf?(z(s))ds. (4.2.22)

Using the fact that 2 [ | Go(u) | du < 1 in Eq. (4.2.22) gives

V(1) Sx%>+§é|@mwwnﬂ@wws

+§// u) | duf(z(s))ds.

+ 1 [ Galat = )| FGats))a%(6)ds

+ P/ / u) | dufi(x(s))z?(s)ds (4.2.23)

Now for L =1 take p = % [*° | Go(u) | du. Then, from inequality (4.2.4)

and from the fact that 1 < fi(x(¢))

v < fao+ S ™6 fau [ (Gatwlausin] )

xA\QM%wHF@@)
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—l /°° | Galu) | du) F2()]2(0)

34+ [T Guw) i [ Guta) ]
< [ 1Gatat=3) | £
—L 8 ([ Gatu) ) )]0
3+ ) [ 16t Tdu-aa [~ 1 Gatw) | o]
. /Otma(at—snf?(x(s))
- [aal(w
3+ ) [ 16t Jdu-as [~ | Gatw ]
< [ VGalat=5) | £

= [aal(t) +

= [aal(t) +

! /|a ) | du) ()] 2%(1)
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(a1(t) — @)?

V() = [aal(t)—i- 5

+ Q2 (t)] 2%

G ) [ et (5 ) [T G

XA\GJM—@|F@@»

(aa(t) = @)

= Jamw+ O onm)]2

(az(t) — @)

< Jaaatt) + 2O o 0] pratener

< —Bfi(x(t)a* (@)
< — Ba*(t). (4.2.24)

Let J = (1/a) [} | Ga(u) | du. Given an € > 0 and a fixed ¢, > 0, choose

6 >0 with 0 < § < € such that
1/2
V2 (1 +J+ Japt0> §<e(l—J) (4.2.25)

Let x(t) = x(t, to, ») be a solution of Eq. (4.1.1) with || ¢ ||< ¢. Then for

t > to, using Eq. (4.2.23) and inequality (4.2.24) gives

2

%(w(t) I /0 Colat — 5)[(a(s)ds) V)< V() (4226
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This implies that

2

350+ 1 [ Gutat =) sta(o)s)

a

o [ Gt =9 | o))

+ P / | 1Gutw) | dufiats)a?)ds

< 0+ ¢ [ 1Galat=5) | £lae) l|2%6) | ds
+P// udu || F2(a(s)) || 22(s) | ds.
< 0+ [ 1Galat—8) | ¥a'(s) | ds

t o0
+P/ / | G () || 24(s) | A2ds
0 at—s
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The fact that || ¢ ||< ¢ implies that

%(x(t)—kl/o Ga(at—s)f(x(s))ds>2 < 24 2 [T Guw) | s

a a Jo

+ A?P / / u) | dud*ds

< )\2 o] )
14+ — | Golu) | 6°ds
a Jo

+A2P / / ydu52ds)5

< (14 M26%T + NapJted?)s?

IN

This implies that

t
I 1/ Golat — 8)f(x(s))ds < \/2<1 + 22027 + )\2ath062>52
@ Jo

1/2
< \/5(1 e A )\QQthocSz) )

(4.2.27)

It is claimed that | (t) |< e for all ¢ > t5. Note also that | z(u) |[< § < ¢
for all 0 < u < tg. If the claim is not true, let t = t, be the first ¢ such that
| z(t,) |= € and | 2(s) |< € for all t5 < s < t,.. Then inequality (4.2.27)

yields

e(1-J) = 5(1—é/ooo|Ga(u)|du>
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IN

a

(8 + —/O*Ga(at* — s)x(s)ds |

< V2 (1 Ty Japto)l/zé,

which contradicts inequality (4.2.25) and completes the proof.
Theorem 4.2 Suppose the hypotheses of Theorem 4.1 hold and there is a

positive constant R such that

/ / w) | dudv < R (4.2.98)
(a—1)t

for all ¢ > 0 and a positive constant K such that | fi(z(¢))| < K. Then the
zero solution of Equation (1) is uniformly stable.

Proof. For any ¢ty > 0 there is

/ /ato . G4 | /) @ / 1to/ﬂ w) | f7(x(v))dudv

KR

IN

Given an € > 0 choose 6 > 0 with 0 < § < € such that
1/2
\/5(1 +J —|—pR> §<e(1—J) (4.2.29)

Let z(t) = x(t,t9, ¢) be a solution of equation 4.1.1 with || ¢ ||< §. Then

for t > to, using Eq. (4.2.23) and inequality (4.2.24) gives

(x(t) 4 /0 5 s) f(:v(s))ds>2 < V() < V(to) (4.2.30)
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1
2 1 [
< t —
< x()—i—a ;
+p//
For t > t,

LLe
[ e
e f L e

| Go(at

https://ir.ucc.edu.gh/xmlui

2

/OL Golat — s)f(x(s))ds)

— ) | fi(z(s)2’(s)ds

w) | dufi(z(s))x?(s)ds (4.2.31)

u) | dufi(z(s))a*(s)ds

x(s))z’(s)ds

| duf1

u) | dufi(z(s))z*(s)ds
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It implies that

2

350+ [ Gutat = ) sta(o)s)
< (w07 + ¢ [ 1Guw | flew)e Wiy

—i—p/ /ato ) u) | duf?(z(s))x 2(8)ds>

< (143 16a0) | flaw)ia

i [ [ Gt | st duds oo

Using, | z(t) |< 0 and the fact that

" +2/OtGa(at—s)f(x(s))ds)2

+—py/“ ij [ Golw) | f2(a()duds)

< (1 + J+pKR>52
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Hence;

2

< (1 +J-|—pKR>52

< 2(1+ J+pKR>52

x(t)—l—l/tGa(at—s)f(x(s))ds < \/2(1+J+pKR>52

< \/5(1 o +pKR) )

It is claimed that | z(t) |< e for all ¢ > t5. Note also that | z(u) |< § < ¢
for all 0 < u < ty. If the claim is not true, let t = ¢, be the first ¢ such
that | z(t.) |= € and | 2(s) |< € for all 5 < s < t,. Then from inequality

(4.2.27),

-1 — =@ [ " Galu) | F2(e(u))du)

< Ja(t)+2 / ' Galats — ) f2(a())x(s)ds |

a

< \/5(1 n J+pKR>1/25

which contradicts inequality (4.2.27) and completes the proof.
Theorem 4.3 Suppose the hypothesis of Theorem 4.2 hold with g > 0,
where f satisfies condition 4.2.17. If [* | G4(u) | du € L'[0,00) then the

zero solution of Eq. (4.1.1) is uniformly asymptotically stable.
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Proof.

By Theorem 4.2 the zero solution is uniformly stable. So, for e = 1,
find § of uniform stability. Let ~;(t) > 0 be given. Then T' > 0 would be
found such that [ty > 0, ¢ [|< d,t > to + T implies | z(¢, o, @) |< 71(1).

Since V' < 0, if ¢, is found such that V(¢;) < 7? for a given v > 0, then

<x(t) v 1 /Ot Ga(at — s)f(x(s))ds>2 SV SV(E) <y (4.2.32)

for all t > t;. Then the lower bound on V(¢) is used to show that |
x(t, to, @) |< 711(t) , (m is a function of ¢). Now T is found so that for any
such solution there will be a t; € [tg, to+T)]. Since G,(u) € L'[0, 00), there

is a 7, such that

This gives

T 08
2, 1Gal) | Sy < T (42:33)

a J(a—1)T.

Also, from the hypotheses, there is a T such that for all T > T,

9] o0 CL’)/Q
. | Go(u) | dudv < y (4.2.34)
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Thus for ¢t > T, there is

at—=T
/ / u) | duds = / / u) | dudv
/ / u) | dudv
(a—1)t Jw

< L (4.2.35)

Fix a T, > T). For all t > T, there is

[ [ e arees = 7 [ 6.0 drems
[ Gt dupatonas

(4.2.36)
Also, since G, (u) € L', pick a T3 > Ty, such that for ¢ > T,
Tg/ | Go(v) | dv = / | Go(v) | dv
at—T5 t—1T3
ay?
4p
Thus,
00 ,YZ
Go(v) | dv < ) 4.2.37
JREXOIE == (4237
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Using Eq. (4.2.37), the first integral on the right hand side of Eq. (4.2.36)

satisfies

Ty 0 72

L[ 16w laereeyis <1 [ 1 Gutw) ldu< L
at—Ts 4p

Also, using Eq. (4.2.35), the second integral on the right side of Eq. (4.2.36)
becomes

// \duf2<(>)8§// u) | duds

Ty Jat—s Tz at—s

IA

4p

Thus, Eq. (4.2.36), implies that

// Iduf(<))s§Z—;

Hence,

/ / w) | duf?(z(s))ds < 7{ (4.2.38)

for t > Ts. Next it is claimed that z(¢) € L'. To see this , let ¢ >ty > 0.

Then integrating inequality (4.2.24) from ¢, to t, yields;

/t dv(s)ds t —B2*(s)ds

ds to

IN

/tV(s) < - : Bz*(s)ds
V(t)—=V(ty) < — t B (s)ds.
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This implies that
t
/ Ba?(s)ds < V(tg) — V(1).
to
Therefore
t
/ B*(s)ds < V(tg) = V(t) < V() < (1+ J+pKR)
to

Let Ty = (1+ J + pKR)/B(v/2)?. Now it is claimed that every interval of
length 7, contains a 7 such that | z(7) |< v/2. If the claim is not true,
then | z(t) |< v/2 for t € [t1,t1 + Ty) for some t; > ty. Inequality (4.2.24),

implies that

V(t) = V() < — /t t Bx?(s)ds

Thus,

V) < Vito) — /t ' Bi?(s)ds
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This implies that

= V(o) — (1 + J + pKR)

which contradicts V' (¢) > 0 for all ¢ > 0.

For t > ty + T. + T3, observe that both inequality (4.2.33) and inequal-
ity (4.2.38) hold. Moreover, there is a t; € [to + Ty + T3, to + Ty + T3 + T}
such that 2%(t;) < /4 since this interval has length 7. Consequently, by

Eq. (4.1.2), for t > ty,
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This implies that

+p/tf/ u) | duf?(x(s))ds

= e+ ZL [7 6oty — ) statoyas
+ (é Oth (at; s)f(x(s)>ds)2]
+ P/tf/ u) | duf?(x(s))ds

1 %[ﬁ(tf)—i— (2 /0th (aty s)f(x(s))ds)2

ngtf)/o G (atf—s)f(x(s))ds}

+ P/tf/ u) | duf?(x(s))ds

- §[x2(tf)+$(/otfa (at; — 8)f((s))ds)
v 20 f  Galaty — 5)f(x(s))ds]
- P/tf/ u) | duf?(x(s))ds
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+P/3Lfs ) | duf?(a(s))ds

z(ty) | 1

b ty
5 + ﬁ/ﬂ | Go(aty —s) | ds/o | Golaty — s) | f2(z(s))ds

IA

a?(ty) |1

ty tf
w5 | 1 Galaty =) s [ Galaty = 5) | Flate)is

*P/Wﬂfs ) | duf(a(s))ds

_ 2y 2

B 2f+2f
e ﬂa@m_@|@éfmwwrwnﬂ<UMs
+ 50 WG@W—@\“AfMHmerF<mMs
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— 22()
b1 Jﬂchmw_sndgé”|Gamf—@|f%ﬂ@m8
+p/ Lfs u) | duf?(z(s))ds

< 2%(ty)
+%OﬂGmM@AmGMWﬂHFWW@
*P/%Lfs u) | duf?(a(s))ds

< 2%(ty)
b2 [ Galaty =) | Platoas

+P/ Lfs u) | duf*(a(s))ds

VAN

)
[\
~
2y

ty [e%s}
w2 [T 1 Gulw) | durats))ds
0 aty—s
2 2 2
i Y Y
S uUTaT
= 72
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Therefore, for ¢t > t;

Thus,,

o)+ [ Galat = )Sa(e)ds = V27
-

o)+ + [ Galat ~ )falohds = vy
Hence,

50+ 3 [ Galat =)/ s))ds | < VB

It follows from the above inequality that

é /0 Gulat — ) fla(s))ds| < V2y (4.2.39)

| =(t) | =

Since t; > T, it follows from inequality (4.2.34) and inequality (4.2.39)

that

1/0 Golat — 5)f((s))ds

a

+ 2y

[z(t) [ <

<2 / | Gulat — ) | F(x(s)) | ds + /2y
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4
< Z+\/§’Y

= ().

for t > t;. This completes the proof.

4.4 Chapter Summary

In this chapter, results concerning stability, uniform stability, and
uniform asymptotic stabilty of Eq. (4.2.1) were established. In the process,
the Lyapunov function constructed was used to deduce inequalities regard-
ing the solution of the nonlinear Volterra integrodifferential equation from
which the stability, uniform stability, and uniform asymptotic stability were

obtained. .
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CHAPTER FIVE

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
5.1 Overview

This chapter provides the summary, conclusions and recommenda-
tions of the study. The summary explains briefly the research problem,
objectives of the study, the method used and the results obtained. The
conclusions entail the results of the study based on the set objectives. The

recommendations suggest possible areas for further research.

5.2 Summary

The primary aim of this research was to obtain conditions that are
sufficient for the zero solution of a scalar nonlinear Volterra integrodiffer-
ential equation to be stable, uniformly stable and uniformly asymptotically
stable. In order to obtain these conditions, the Lyapunov’s direct method
was used and a Lyapunov functional was carefully constructed. The Lya-
punov functional aided in the construction of some inequalities which were
used to derive sufficient conditions for the stability of the zero solution of
a scalar nonlinear Volterra integrodifferential equation to be stable, uni-

formly stable and uniformly asymptotically stable.

5.3 Conclusions

Sufficient conditions for the zero solution of nonlinear Volterra inte-
grodifferential equations to be stable have been obtained.

Again, conditions that are sufficient for the zero solution of nonlin-
ear Volterra integrodifferential equations to be uniformly stable have been
obtained.

Lastly, conditions that are sufficient for the zero solution of nonlinear
Volterra integrodifferential equations to be uniformly asymptotically stable

have been established.
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5.4 Recommendations
Future work can be done on Stability of nonlinear Volterra integrod-

ifferential equations with numerical simulations.
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