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ABSTRACT

The Autocorrelation Function (ACF) of a time series process reveals the inher-
ent characteristics of the series that may not be visible from the original series.
The ACF of the ARMA(p, q) process has been presented in a few studies in un-
derstandably rigorous and laborious manner with no explicit form of the func-
tion. In this study, the approach of autocovariance generating functions (acvgf)
is used to obtain an explicit expression for a series that follows a linear process
under condition of distinct real roots of the AR(p) lag operator polynomial. The
technique is used to derive ACF of processes as far as ARMA(3,0). The pro-
cedure has shown a clear connection among the autocovariances at consecutive
lags of the respective process as well as between particular lags of consecutive
orders of the process. It is also observed that the Yule-Walker relation emerges
after lag (q + 2) for processes higher than ARMA(2,1). This means that there
is the need for the computation of individual (k) for & < (¢ + 2). The de-
rived approach is applied to daily new Covid-19 cases for three countries with
stationary series, and are found to have different ARMA processes. The results
are compared with those based on ”ARIMA(fit” function in R. In each case, the
results of the two methods are found to be the same with damp exponential de-
cay, an indication that the pandemic would cease eventually in these countries.
The results provide useful relations that may be utilized as diagnostic tests for

determining whether a given data follows a specified process.
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CHAPTER ONE

INTRODUCTION

In studying a phenomenon, Wu and Wei (1989) reveal that we mostly
come across datasets with observations taken according to the order of time.
Undoubtedly, the evolution and use of time series data has received a lot of at-
tention recently (Tingyan, 2010). A time series is a realization of a stochastic
process. In practice, time series arise in areas such as Physical Science, Eco-
nomics, Marketing, Demography, Process control, and Binary processes among
others (Anderson, 1976).

In times series analysis, there are primarily two types of methodologies:
frequency domain methods and time-domain methods. The frequency domain
approach is based on an extension of the methods of Fourier analysis which
originate in the idea that using a weighted sum of sine and cosine functions
with harmonically increasing frequencies, any analytic function can be approx-
imated to any level of precision over a finite interval. On the other hand, the
time domain methods have their origin from the classical theory of correlation.
Such methods primarily focus on the autocovariance function (acvf) and cross-
covariance function (ccvf) of the series, and they result in the creation of struc-
tural or parametric models of the autoregressive moving average type for single
series, and of the transfer-function type for two or more causally related series.
This method describes the features of a time series process using time func-
tions such as the autocorrelation function (ACF) and the partial autocorrelation
function (PACF), whose dynamics are depicted through various time-lag rela-
tionships (Wu and Wei, 1989).

The ACEF is the correlation between a time series and a lagged version of
itself, while the PACF of a time series process at a particular lag k is the au-
tocorrelation between X; and X,;_; that have not been accounted for by lags 1

through lag £ — 1. Literature outlines the importance of the ACF in studying
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the dependent structure in a given time series process in addition to identify-
ing inherent characteristics that may not be visible in the original time series
observations. In view of this, some researches have looked at obtaining the the-
oretical ACFs of certain stationary time series process. It is however the case
that the higher the order of the time series process, the arduous it is in obtaining
the ACF.

The motivation for this study is to contribute to the literature on the deriva-
tion of the theoretical ACF of higher order stationary time series process through
the autocovariance generating function and apply the derivations to a pandemic

data.

Background to the Study

Time series statistical analyses are important in understanding the vari-
ability of the series data, identifying the regular and random fluctuations of the
series over time, describing the features of these oscillations, and comprehend-
ing the physical processes underlying each of these oscillations. Time series
processes can broadly be grouped into linear and non-linear. A general Linear
Process (LP) is one that assumes that a data series is generated by a linear com-
bination of random errors (Box et al., 2008). Thus, it is the result of a linear

filter whose input is a white noise, Z;. Expressed mathematically,
Xi=> U7, (1.1)

where W; is a series of constants. For X, to depict a valid stationary process, it
is essential that the coefficient W; be absolutely summable; that is, Z?io U] <
oo. The white noise process consists of a series of random variables without any
correlation. These random variables have zero mean and constant variance, 0.

Since the random variables Z; are considered to be uncorrelated, it implies that
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their autocovariance function is a step function given as

(k) =E(Z - Zur) = (1.2)

p(k) = (1.3)
0, k40

Linear time series theory uses three main different model types: Autore-
gressive of order p (AR(p)), Moving Average of order ¢ (MA(q)), and combined
AR and MA called ARMA of orders p,g (ARMA(p, q)). The AR(p) model de-
picts a linear regression relationship between a series’ present value and one or
more previous values. The MA(q) model is a regression analysis of the series’
current value versus its random shocks. It is assumed that the random errors at
each point come from an identical distribution, generally a normal distribution
with a zero mean and a steady finite variance. Generally, ARMA models are
used when the observations in a given series are stationary. In cases where the
data is not stationary, ARMA models can be extended to Autoregressive Inte-
grated Moving Average (ARIMA) of orders p, d, q. In a case where the series is
dominated by seasonal effects, ARMA models are yet extended to obtain a Sea-
sonal Autoregressive Integrated Moving Average (SARIMA) models of orders
(p,d,9)x (P,D,Q)s.

Far from linear processes, non-linear time series are generated by non-
linear dynamic equations. Thus, they have features that cannot be modeled by
linear processes. Although linear processes are appropriate for describing many
real-life phenomena, they do not capture some of the features of time series

which have periods of high and low volatility. This indicates that in empirical
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scenarios with more complicated time series, linear models are unable to cover
all of the information. As a result, methods for representing variations in vari-
ance over time, commonly known as heteroskedasticity, are introduced. These
models are known as Autoregressive Conditional Heteroskedasticity (ARCH)
and the collection of this model class has a variety of representations, such as the
Generalized AutoRegressive Conditional Heteroskedasticity (GARCH), Expo-
nential Generalized AutoRegressive Conditional Heteroskedasticity (EGARCH),
Fractionally Integrated Generalized AutoRegressive Conditional Heteroskedas-
ticity (FIGARCH), among others. These ARCH model classes have been widely
utilized in forecasting and predicting various time series data such as inflation,

stock prices, exchange rates, and interest rates.

The concept of Correlation and Autocorrelation

Understanding different classes of models in time series analysis depends
greatly on correlation. The concept of correlation is generalized to autocorrela-
tion, which is the basic tool for studying a stationary time series. Time series
data are much more likely to show some dependence over time than cross sec-
tional data, which makes sense to believe that observations are independent from
one another. According to Schlittgen et al. (2008), covariance and correlation
are concepts that can be used to evaluate the lack of independence between two
adjacent data values, x, and x;. The autocorrelation function receives its name
by being an extension of the statistical correlation measure between two ran-
dom variables. In time series analysis, the ACF can either be obtained from the
sample data or from the parameter values based on the appropriate model that
characterizes the series. ACFs obtained from parameter values are known as the
theoretical ACF, while ACFs obtained from the sample data are known as the
sample or emperical ACF. In practice, the sample ACF relates directly to the

classical correlation.
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Assume z and y are two random variables, each with n observations. Then the

Pearson correlation between them will be given by

Sy = 2~ 9) (14)

SV SN e e S (e

In the autocorrelation sense, the correlation is computed between one time series
and the same series lagged by one or more time units. The first-order autocor-
relation coefficient is the simple correlation coefficient between the first n — 1
observations of x; where ¢t = 1,2, --- ,n — 1 and the next n — 1 observations of

x¢ where t = 2,3, - - - ,n. The correlation between x; and z;_; is given by

N 1<5Ut_-77 ) (@ 1_37())

e - o T - )

In Equation (1.5), Z(y) is the mean of the first n — 1 observations and T (o) is

(1.5)

the mean of the last n — 1 observations. For situations where n is reasonably
large (n > 30 according to the Central Limit Theory), the difference between
the sub-period means Z(;) and Z () can be ignored, and Equation (1.5) can be

approximated as
n—1

2o (2t — 7)(T4-1 — @)
‘B > 11 (s )R Po)

where Z is the overall mean. Equation (1.6) can be generalized to give the

correlation between observations separated by £ time steps as

P (e — T) (T — T)

Pk = 7 =
Zt:1($t )2

1.7

pr 1s the sample ACF at lag £ which provides an indication of the degree to
which the shift of the time series at one time relates to or can be inferred from
its shift at another time.

In general, one can obtain the autocorrelation by first going through the

associated autocovariance. The autocovariance between X; and X;_j is repre-
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sented as

v(t,t+ k) = cov (Xtv Xt+k>

If the covariance structure is stable, the covariance depends on & but not on ¢.

That is,

vt + k) = (k)

If £ = 0, then
~(0) = cov(Xt,Xt) = var(X;) < o0

The acvf and the ACF are related in a way that the correlation function is a
normalized covariance function. For a continuous time series process, the au-
tocovariance between two random variables X; = X; and Xy = X, is given

as
Ryx(t,t+k) =E [Xl - Xg]

:/ / x1xo f (21, x2)dx1dXs

Similarly autocovariance between two random variables of a discrete time series

(1.8)

process is given as
Rxx(t,t+ k) = E[Xt - Xt+k] k=, =2 -1,01,2,--- (L9

The pertinent characteristics of the ACF are:

1. It is an even function.
Rxx(k) = Rxx(—k)

2. It has its maximum value when & = 0. Nevertheless, this value can

emerge again, for example, at the values of the analogous points in a pe-
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riodic function, but it will never be exceeded. Mathematically,
Rxx(0) > [Rxx(k)|

In addition to the advantages of the ACF mentioned earlier, Haag (2005) add
that the ACF provides information on how quickly a time series process changes
with respect to the time function, and an appealing knowledge on whether a time
series process has a periodic component and what the expected wave might be. It
also plays a vital role for statistical inference in time series analysis by providing
a vital knowledge of the Moving Average (MA) order.

The next section examines the autocovariance generating function (acvgf)
which forms the basis for obtaining the ACFs of higher order ARMA processes

in this thesis.

Autocovariance Generating Function

According to Chattamvelli and Shanmugam (2023), a generating function
(gf) is a short and simple formula in one or more dummy variables that summa-
rizes the coefficients of a finite or infinite sequence and generates a quantity of
interest using calculus or algebra. Generating functions have many useful appli-
cations. This include their use in establishing asymptotic formular for the terms
of a sequence, solving recurrence relations, and proving combinatorial identi-
ties. For a stationary time series process X, the sequence of autocovariances
Yk, for £ = 0,1, --- can be calculated. According to Hamilton (2020), if the
sequence is absolutely summable, then the acvgf is one technique to summarize

the autocovariances. The acvgf is represented as

c(s) = Y Ak)s* (1.10)
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The function is formed by taking the k" autocovariane and multiplying it by
some coefficient s raised to the k'* power, and then summing over all the pos-
sible values of k. This implies that the variance of the process, v(0), is the
coefficient of s = 1, whereas the acv of the process at lag k is the coefficient

of s*.

The Covid-19 Pandemic

This section seeks to give a brief on the Covid-19 pandemic. This will be
helpful in obtaining an appreciable knowledge about the nature of the disease,
its effects and some implementations taken by countries across some parts of the
globe. This will aid in the discussion section of this thesis, since application of
the derived theoretical ACFs would be made to the pandemic in some selected
countries.

Various contagious viral infections and pandemics such as influenza, Zika,
Middle East Respiratory Syndrome(MERS), Spanish flu, and Ebola all emerged
in the past, which badly affected human lives and economy of the major ar-
eas and regions of the world (Khan et al., 2021). At the latter part of 2019,
a new coronavirus, SARS-CoV-2, called Corona-virus Disease 2019 (Covid-
19) emerged in Wuhan city, China (Zeroual et al., 2020). The primary mode of
transmission of the virus is through droplets of saliva or discharge from the nose
when an infected person coughs or sneezes. Within a few months, the disease
had rapidly spread over all the world. By this, the outbreak was officially de-
clared a Public Health Emergency of International concern by the World Health
Organization (WHO) on January 30, 2020, and a global pandemic on March 11,
2020 (Hiscott et al., 2020). Onyema et al. (2020) revealed that the outbreak of
the disease affected all aspects of human activities globally ranging from edu-
cation, entertainment, transportation, worship, social gathering, business, poli-

tics and economy. In response, many countries implemented measures such as
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frequent hand washing and sanitizing, mandatory wearing of nose masks, so-
cial distancing, self-isolation, and partial lock-downs to prevent further spread,
which proved crucial in maintaining health services to patients most in need
of care either for Covid-19 or for other various conditions (Papastefanopoulos
et al., 2020). Considering the adversities the disease brought, several researches
were carried out to explore the nature of the pandemic, and to make appropriate
forecast of the daily new infections and deaths. Petropoulos et al. (2020) note
that forecasting the outcome of outbreaks as early and as accurately as possible

is crucial for decision making and policy implementations.

Statement of the Problem

The Autocorrelation Function (ACF) plays a major role in time series
analysis by identifying inherent characteristics that may not be visible in the
original time series observations. In view of this, the literature abounds with
the computation of ACF for certain stationary time series processes. Precisely,
ACFs are derived (Box et al., 1970; Ma and Genton, 2000; McLeod et al.,
1975; Muth, 1978) for lower orders of stationary ARMA models, and a few
have focused on higher orders. The presentations of higher order ACFs of the
ARMA(p, q) process have been very complex and could be much more depend-
ing on the approach used. The problem besides the complexity of the few higher
order ACFs is that it is difficult to generalize the procedure by the approach used.
It will be apparent from this thesis that the computation of ACF of the process
under consideration is an arduous one. This study therefore makes an attempt to
explore another alternative that could reduce or possibly eliminate the identified
problems (complexity and lack of generalizability).

In the context of the Covid-19 pandemic, models that have made use of the
data for certain countries around the globe have focused on predictions which

are likely to face challenges with the irregular nature of the wavelike pattern of
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the pandemic.

Objectives of the Study

The ultimate objective of the study is to contribute to the literature on
the derivation of the theoretical autocorrelation functions of higher order sta-
tionary time series processes. The study seeks to obtain a generalized au-
tocorrelation function using the autocovariance generating function. The ap-
proach is underlined by rigorous mathematical bases to obtain the ACFs of
ARMA(1,q9), ARMA(2,9), and ARMA(3,q) processes, after which a general-
ization to ARMA(p, q) will be made.

The study is guided by the following specific objectives:

1. To present an alternative approach for deriving the ACFs for higher orders

of ARMA(p,q) processes that ensures generalizability

2. To derive exact analytical expressions for the ACF of specific ARMA

processes

3. Use the ACF of the derived ARMA models to deduce the ACFs of specific

lower ARMA models

4. Use the derived ACFs to approximate the characteristics of a selected pan-

demic data

Significance of the Study

ACEFs are usually generated from an observed time series data. Functional
expressions for the theoretical ACFs are given in the literature for lower orders
of AR, MA, and ARMA processes with a few on higher order ACFs, which are
not without problems. This is as a result of the complex nature of the ACFs
for higher order ARMA(p, q) processes. This study will therefore establish gen-

eral expressions for higher orders of the ARMA. It will be possible therefore to

10
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obtain the ACF for the lower order ARMA processes when the expression for
the general ARMA(p, q) is known. The result of this study will deepen under-
standing of identifying inherent characteristics of an observed time series that
follows a linear process. The application of this study will determine the real
characteristics of the parameters of the Covid-19 pandemic around some parts

of the globe.

Scope and Delimitation of the Study

The study is focused on deriving a generalized ACF of an ARMA(p, q)
process using the acvgf. The study will examine the ACFs of the daily new
covid-19 cases in some selected countries around the globe. Based on our de-
rived expressions, the ACFs of the daily new Covid-19 cases for the selected
countries will be tested. Various comparisons will be made, after which infer-
ences will be drawn. Although time series, the study is not centered on fore-
casting based on the appropriate models that will be obtained for the selected

countries’ daily new Covid-19 cases.

Organization of the Study

This study is organized into five chapters: Chapter One covers the intro-
ductory part of the study, the problem statement, objectives, and significance,
as well as the scope and delimitations of the study. Chapter Two presents the
literature review which focuses on works by previous researchers in obtaining
the theoritcal ACF of stationary time series processes. Chapter Three reviews
some methods employed to accomplish the purpose of the study. Chapters Four
and Five, respectively, look at data analysis and discussion on one breadth and
summary, conclusion and and suggestions for further studies on the other. The

references are also presented in the end matter.

11
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Chapter Summary

In this chapter, the nature and importance of the autocorrelation function
of a time series process has been established. Difference between the emperical
ACF and the theoretical ACF has also been noted. The chapter has also pre-
sented a brief on the autocovariance generating function, a function which will
be the basis of the derivation of the theoretical ACF in this study. The arduous
process in obtaining the theoretical ACFs of higher order ARMA(p, q) process
has been recognized, and the relevance of deriving the theoretical ACF through
the autocovariance generating function has been highlighted. Notably, it has es-
tablished how the results of the study will deepen understanding of identifying
inherent characteristics of a time series that follows a linear process.

As an application to the Covid-19 pandemic, the chapter recounts how previous
investigations have used mathematical, statistical, and deep machine learning
procedures to model and forecast Covid-19 cases across the world. Due to the
changing waves of the pandemic however, the chapter points out how good our
study will be in examining the real charateristics of the parameters of the covid-

19 pandemic around some parts of the globe.

12
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CHAPTER TWO

LITERATURE REVIEW

Introduction

The ultimatum of this research is to obtain a generalized autocorrelation
fuctions of higher order stationary time series processes using the autocovari-
ance generating function. This chapter examines studies on the autocovariance
and autocorrelation functions of stationary time series processes. In the first sec-
tion, reviews of the ACFs of lower order ARMA(p, q) processes are examined.
The second and final section of this chapter reviews the ACFs of higher order

ARMA(p, q) processes.

ACFs of Lower Order ARMA(p, q) Processes

Box etal. (1994) present the ACF of a stationary Moving Average process

of order 1. In their study, the MA(1) process is denoted by

Zt = Q¢ — ea,t_l = (1 — QB)a,t (21)

where B in Equation (2.1) is the backshift operator, Z; is the time series process
at time ¢, and a; and a;_; is the Moving Average Process of order 1. It is noted
that ¢»(B) = 1 — #B. Additionally, the study considers the acvgf and denotes it

as

v(B) = o2 (B)(B™1) (2.2)

where 1(+) is a rational expression explained in Chapter 3 (see Equation 3.19).
Then by substituting Equation (2.1) into (2.2) and making comparisons, the

variance and the first acv of the MA(1) process is obtained respectively as

Yo = 02(1 4 6%) (2.3)

13
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and

n=o00 (2.4)

which are influenced directly and in a very simple way by the coefficient of the
MA component. It is found that the autocovariance at lag 2 and beyond is equal

to zero. By normalizing each autocovariance, the autocorrelations are obtained

as
(
—
Pr=9 L k=1 (2.5)
p, k>3

Yaffee and McGee (2000) present the ACFs of a stationary AR(1) process.

The process is represented as

Y = PYi—1 T €& (2.6)

It is revealed that to obtain the autocovariance at a particular lag say k, where
k is an integer, y; is multiplied by v, , after which expectation is taken. The

results of the autocovariance obtained after the deductions were summarized as

s 2.7)

Pk = (2.8)

14
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Triacca (2016) presents the autocovariance function of an ARMA(1, 1)

process. The causal ARMA(1,1) process is represented as

Ty — Qi1 = gy + Op 2.9

where x. represents the Autoregressive component and the p. is the Moving

Average component. Equation (2.9) is represented in the form
T =) Wit (2.10)
§=0

after which the sequence {1, 11, - - - } are determined by the relation (1 — ¢z —
o= 9pP) (Yo + Y1z +-) =14+ 6124 - + 6,27 Tt is found that ¢y = 1
and ©); = (¢ + 0)¢/~! for j > 1. The variance for the ARMA(1,1) process is

deduced afterwards as

_ o, (@£0)

Yo = O 1+ 1_—9252 (2.11)

The autocovariance at lag 1 is subsequently found to be

+0)%¢
=0’ G 2.12
Nn=0"|p+0+ 13 (2.12)
It is revealed that

e =" y(1), k> 2 (2.13)

A normalization of the autocovariance at each lag gives the respective autocor-

relation.

ACFs of Higher Order ARMA (p, q) Processes

Exploration of the literature reveals a ground-breaking work of McLeod
et al. (1975) that presents a method for deriving the theoretical autocovarince

function of an ARMA model. The derivations helped in obtaining an algorithm
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suitable for machine computation of the theoretical ACF. The study considers a

stationary ARMA(p, ¢) model given as

2= Q1241 — o — ¢pzt—p =a; —thag_y — -+ — eqat—q (2.14)

and notes that E(a;) = 0, E(a?) = o2 and E(asas) = 0,t # s. The study
reviews Box et al. (1970) that the autocovariance function at lag k& of Equation

(2.14) is given as

Ve — (bl’)/kfl N ¥ (bpf)/kfp — fyza(k) = elfyza(k - 1) PO 9q7za(k [— Q> (215)

where 7, = E(2;_12;) and 7.,(k) = E(2;_ra;). Multiplying Equation (2.14) by

a;—r, and taking expectations,

Vea(—k) — P1Yza(—F + 1) — - - - = GpYaa(—k + p) = —b10% (2.16)

is obtained. It is noted that in Equation (2.16),

0, otherwise

and v,,(k) = 0if & > 0. If £ > r = max(p, ¢), Equation (2.16) may be used
to calculate v, directly from previous values by solving a system of linear equa-

tions. The algorithm is underlined by three procedures:

1. Set ¢0 = 90 = —1,00 =1 and

min(p,k)

ey = —0k + Z GiCl—i
i=1
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fork=1,---,q

1. Set

https://ir.ucc.edu.gh/xmlui

by = i Oici—i
i—k

fork=0,---,qand b, =0if k > ¢q

iii. If p=0,v, =002, k=0,---,q. If p > 0, solve the equations Ax = y

where

[¢i—1]7 ]:LZ:L' ,7'—|—1,

[ij] + [Ditj—2)s §=2,---,r+Li=1--- r+1
¢k’ k:0717"'7p

(]
0, otherwise
Yi § —bi—wz
and then set v, = zp11,k=0,--- 7.

Muth (1978) presents a study on the autocovariance function determined

via the z-transform. Special references are made in the paper to the Box-Jenkins

forecasting approach, whose underlying process is produced by running a white

noise through a linear filter. The equation that characterizes the filter yields the

impulse response of the filter as well as its z-transform. The autocovariance

function’s bilateral z-transforms are then generated from the transfer function

and inverted after a partial fraction expansion. From a review of Box et al.

(1970), the study states that if X,, is an ARMA(p, q) process, then the input-

output relationship is given as

Xn - ¢1Xn—1 - ¢an—p = an — Qlan—l - eqan—q (217)
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Equation (2.17) is denoted in terms of the impulse response v,, of the filter as

X, =toay, + V1an_1 + Voay_o + - - (2.18)

=y, * ay, (2.19)

where n represents a time point and * represents convolution. It is noted also
that the impulse response is 0 for n < 0. Furthermore, the study represents the

bilateral z — transform as

X (), =2y X (2.20)

n=—oo

and a(z) and ¢(z) are defined analogously. Equation (2.18) is then transformed

in accordance with Equation (2.20), and with the convolution rule, becomes

X(2) = ¥(2)(a)(2) 2.21)

The autocovariance functions of a,, and X, are then respectively denoted as 1

and . Thus for lag k,

i —=COV (an7 an+k)

Yk =cov( Xy, Xpik)

v was represented as an output of a linear filter with impulse response g, whose

input is pg. Thus,

Ve = Gk * Kk (2.22)
and in the transform domain,
3(2) = g(2)a(2) (2.23)
18
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Significantly, the g, was obtained from )y as

Gk = Vi * Yy, (2.24)

and the transform of this relation was obtained as

§(z) = ¥(2)9(=) (2.25)

where 9(1) is the transform of ¢_j.

By letting (2) = Jgg; and (L) = P(z)

§(2) = 5 (2.26)

Equation (2.26) is then divided by z and a partial fraction expansion is per-
formed on g(z)/z. The expansion is then multiplied by z and inverted to obtain
the autocovariance function. The results from the approach were used to ob-
tain the autocovariances of certain ARMA(p, q) process. One major drawback
of this method was that for partial fraction of cases where the degree of the
numerator was higher than the degree of the denominator, the autocovariances
were quite arduous to obtain. Specifically, the autocovariances were obtained
for ARMA(p, q) processes where 1 < p < 2and 1 < ¢ < 3, but no generaliza-
tions were made for higher order ARMA processes.

Karanasos (1998) reveals a new approach for obtaining the theoretical
acvf of a univariate ARMA model. In the paper, a closed-form solution of the
autocovariance is obtained in terms of the roots of the AR polynomial, and the
parameters of the moving average part. The acvf of an ARMAC(1, ¢) is derived,
after which mathematical induction is used to obtain the acvf of the general

ARMA(p, q) process.
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The paper represents the ARMA(1, ¢) process as
q
2= ozt — ) b (2.27)
i=0

where 0y = —1 and € ~ i.i.d(0, 0%). The study showed that

min(j,q)

cov(z) = ¢hvar(z,) Z a; )" (2.28)

where
g—1—ig—i—mn

=~ Z Ousm®' + Z Okbn-isr s (2.29)

n=0 =
It is noted that whenever ¢ = ¢, the preceding double summation vanishes be-
cause the lower limit exceeds the upper limit of the summation operator. Specif-

ically, the variance of z;((0)) was shown to be obtained from

q—1 q—

(1 — ¢2)var(z) 292 +2¢2( Zgb" 9,4+
=1

l
00 ) (2.30)
k=1

Autocovariances of the process at lags other than zero were obtained as

2)\27 ]Sq_l
cov(z) =4 (2.31)

J

[0} .
gt 724

where

q—1

Zeuzzekem ¢h+5') Z D OBku(dh+¢5 ) (232)

I=1 k=0 I=j+1 k=0

By obtaining the acvf of the ARMA(1, q) process, it is then assumed that if the
theorem holds for an ARMA(p — 1, q) process, then it will be enough to prove
that it holds for an ARMA(p, q) process. The ARMA(p, q) process denoted as

y; 1s written as an AR(1) process with an ARMA(p — 1, q) error term (y; =
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O1Ys—1 + 2), where z is an ARMA(p — 1, q) process given by

p

q
[[a=6iL)z == biers (2.33)
=0

=2

It is noted that since z; is an ARMA(p — 1, q) process, its autocovariance is

represented as

D i €A = D i s €ij(Aig + ), 0<j<g-—1
cov;(z) = (2.34)

e Nt J=q

After some rigorous mathematics, the autocovariance function of an ARMA(p, q)

process is obtained as

D i, Jsg—1
cov,(y) = (2.35)

D i1 GGy = q

where
glgr!
110:1(1 — (i) i:l,k#(ﬁbi — &x)

(2.36)

61']' =

and

q Jj gl q q-!
MNi =)0+ Okt @ 07+ D D Oibrn(di+ ) (237)
k=0

I=1 k=0 I=j+1 k=0

It is again noted that for 5 = ¢, the third term of the right-hand side of the Equa-
tion (2.37) disappears because the lower limit exceeds the upper limit of the first
summation operator. Although the approach is excellent, it is unable to clearly

establish the relationships among the autocovariance at the various lags.
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Chapter Summary

The literature shows that the derivations of theoretical ACF of higher order
ARMA processes have not been left unattempted. However, there has not been
so many extensive development of the concept. While this may be due to the
ease of access to the autocorrelations in some mathematical software based on
McLeod’s algorithm, another reason why the theoretical ACF of higher order
ARMA processes have not caught the attention of many could be due to the
arduous nature of the derivations. It has been seen that the theoretical ACFs
of higher order ARMA process are underlined by rigorous mathematical bases,

which in most cases, have resulted in the inability to generalize.
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CHAPTER THREE

METHODOLOGY

Introduction

The methodology for this study is focused on the mathematical bases
for obtaining the theoretical autocorrelation of a stationary time series process.
Specifically, the chapter will examine how the Yule-Walker approach, the com-
parison of coefficients approach, and the autocovariance generating function aid
in obtaining the ACF of an ARMA process. In the final section of this chapter,
an attention is directed to the data characterization of the Covid-19 cases used
as an application to the study, and the software that will aid in the data analyses

process.

Autocorrelation Functions through the Yule-Walker Approach

The Yule-Walker equations, developed by George Udny Yule and Gilbert
Walker are a set of equations for obtaining the autocovariances and autocorrela-

tions for stationary AR(p) processes. The general AR(p) process is given by

Xy =01 X1+ P Xy 0+ 93 X4 3+ + Pp 1 Xy (p—1) + OpXi—p + &

P (3.1)
= Z i Xi—j + €t
j=1
where ¢ and j are the time and term indices respectively.
The autocovariance at various lags of the process is computed as follows:
At lag 0, both sides of Equation(3.1) are multiplied by X; to obtain
p
el (Z@XH +5t> X, (3.2)
j=1
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Taking expectation on both sides gives

p
E(Xt . Xt> :E( Z ¢]Xt7] . Xt) + E(Et . Xt)
S (3.3)
E(Xt . Xt> = Z ¢jE<Xt—j . Xt) + 0'3
j=1
Thus, the variance of an AR(p) process is given as
p
7(0) =) _¢:7(j) + a2 (3.4)
j=1

Similarly, the autocovariance at lag 1 is obtained by multiplying both sides of

Equation(3.1) by X;_;. This gives

p
X Xpa = (Y 65Xy +e) - X (3.5)

J=1

Taking expectation on both sides

B(X, X, 1) =E( ij ;X X)) +E(2- X)) (36)

=

Since the random error (¢;) of the current time is uncorrelated with the previous

values of the process, E(et . Xt_1> = 0. Equation (3.6) simplifies to

E<Xt : Xtﬂ) = i ¢jE<Xt7j : Xt71>
(1) Iidm(j - 1)

Subsequently, at lag p — 1, we multiply both sides of Equation (3.1) by X;_(,_1)

to obtain

p
X Xiep1) = ( > 6 X+ €t> X p-1) G.7)

j=1
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Taking expectation on both sides

p
E(X Xipn) =B(DosXiy X)) +E( Xipny) B8
j=1
p
E<Xt ’ Xt*(pfl)) = Z ¢jE<thj ’ Xt*(p71)>
j=1

Yp=1)=) ¢ -p+1)

J=1

Similarly, at lag p, we multiply both sides of Equation (3.1) by X;_,, to obtain

p
Xy Xop= (D 5K +e0) - Xy (3.9)

j=1

Taking expectation on both sides

E<Xt : Xt_p) - E( zp: e N Xt_,,> + E(et : Xt_,,) (3.10)

=11

B(X, Xiy) = i OB (X Xip)
j=1

¥(p) = Z $;7(j — )
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Putting v(1) to y(p) together, we obtain the system of equations

(1) =017(0) + ¢y (1) + -+ Gp17(p = 2) + dpy(p — 1)
Y(2) =1y (=1) 4+ ¢27(0) + - -+ + ¢p17(p = 3) + Ppy(p — 2)
Y(3) =¢17(=2) + G2y (=1) + - + $p17(p — 4) + Gpy(p — 3)

TETTETEE e e
Y(p—1) =¢17(—p +2) + 2v(=p+3) + - - + $p-17(0) + ¢p¥(1)

¥(p) =p1y(—p+ 1) + g2y (—p +2) + - - - + gp_17(—1) + $7(0)

Since the autocovariance function is symmetric, y(—h) = y(h). The system of

equations can then be simplified into a matrix as

7(1) 7(0) y1) =D | &
7(2) 7(1) v0) - vp=2)| | ¢
73) || (2 y1) e vp-3)| | ¢
o (3.11)
v(p—1) Yr—=2) yp=3) - A1) | [P
) | =D Ae=2) - (0 || 9 |
v =I'd

In Equation (3.11), I' is full-rank and symmetric.

The autocovariances is replaced with the autocorrelatons when normalized by
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the variance. In that way, Equation (3.11) summarizes to

RO O e

p(2) p(1) p(0) - pp—=2)| | &2

P(3) _ ,0(.2) p('l) p(p.—3) ég 5.12)
p(p—1) p(p—2) p(p—3) -~ p(1) Pp—1
| o) | |[ple—=1) plp—=2) - p0) || 9 |

To obtain functional expression for the autocorrelation at various lags, one will

have to solve a system of linear equations in Equation (3.12).

Autocorrelation Functions through the Relationships between the AR and

MA weights

Consider a causal time series process given as

(L)X, = O(L)Z, (3.13)

where @(L) and ©(L) are linear filters, and L is the lag operator represented as

B in some texts. Equation (3.13) can be simplified as

o(L)

o)

(3.14)

which is the Moving Average representation of the process. Equation (3.14) can

be written as

X, =Y VL7
j=0
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oL

V.7 = :
J oL

O;L =V, ['®; L}

O(L) =¥(L)#(L)

@m+mL+-~+eJ7+-~)z{(mﬁme+-~+¢A7+-~)x

<¢0—¢1L+---+¢TLT+...>}

Noting that 8y = ¢y = 1, we expand and match coefficients on both sides

Atj =0, =1
Atj=1,
Atj =2,
Atj =3,

1L — o1 L =61 L

1 — o1 =t

Vo L? — by L? — oo L* =05 L7

Y2 — Y191 — Yod2 =02

¢3L3 - ¢2¢1L3 - ¢1¢2L3 - ¢0¢3L3 :03L3

¢3 - ¢2¢1 - ¢1¢2 - ¢0¢3 :03
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and so on.

Generalizing for j = 1,2, - - -,

0; =tbj — Yj_101 — hj—202 — Vj_3¢3 — -+ — thod;
= — Y Ui kx
k=1

Y;=0;+ Z%‘—mk (3.15)
=1

Equation (3.15) gives a recursive method to calculate the elements of 1;, start-
ing with vy, ¥, 15 and so on.
The autocovariance at lag k& (y(k)) is therefore obtained as t;1; . A normal-

ization of 1;1;,, gives the autocorrelation at lag .

Autocorrelation Functions through the Autocovariance Generating

Function Approach

For a stationary time series process X;, the sequence of autocovariances
Yk, for k. = 0,1, --- can be calculated through a scalar valued function called

the autocovariance generating function defined as

c(s) = Y Ak)s* (3.16)

k=—o00

The function is constructed by taking the k' autocovariane and multiplying
it by some number s raised to the k" power, and then summing over all the
possible values of k. This implies that the variance of the process, v(0), is the
coefficient of s = 1, while v(k), the autocovariance of the process at lag k is

the coefficient of both s* and s7*.
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From Equation (3.14), it is notied that if X, is a linear process, then
X =Y 0,7, (3.17)

where W, are constants and > U2 < oo

The autocovariance at lag k& of Equation (3.17) is obtained as

cov (Xt, Xt+k) —E (Xt . Xt+k>
—E [ Sv,z.-Y \IijHk,j]

00
2
=0 § v, \Ijr—i-k
r=0

Inferring from Equation (3.17), we consider a case where

co(s) =) W,s" (3.18)
r=0

By multiplying Equation (3.18) by another power series ¢(s~ 1), we shall obtain

c(s) - c(s7h) = i U,s" i W,s7d
r=0 =0
=0* ) W, W,
r=0

which is the same as the covariance of a time series at lag k.
Thus, (k) is the coefficient of s* in the expansion of the power series given by
) O(s)0(s™)
1y _ 2
c(s)e(s™) =0 S(5)(s 1)
(90 +oot epsp> (90 +ot eps—P> (3.19)

<¢0_..._¢p3p> (¢>0 —---—gbps_p>

:0‘2

In Equation (3.19), 6y = ¢o = 1.
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Illustrative Dataset

As an application to the derivations that will be obtained in this study in
the last part of Chapter Four, data on daily new Covid-19 cases for some selected
countries across the globe is obtained from the official website of the Johns
Hopkins University Center for Systems Science Engineering (JHU CSSE). The
choice of the countries were based on the availability of complete (non-missing)
data and the condition that the series exhibit stationarity. The starting point of
each series was different, since the Corona virus were identified on different
days for most countries. However, to make a more reliable inference, it was
ensured that the data points for all the selected countries exceeded 365. More
specifically, data points were from January 2020 to March 2022.

Data obtained will be processed and analyzed using Microsoft Excel,

Minitab 19, and R statistical software.

Chapter Summary

This chapter has presented the most dominant mathematical bases for ob-
taining the theoretical autocorrelation of a stationary time series process. Specif-
ically, the chapter has examined how the Yule-Walker approach, the comparison
of coefficients approach, and the autocovariance generating function aid in ob-
taining the ACF of an ARMA process. To help in the implementation of the
formulas that will be derived, the chapter further looks at the characteristics of

the data selected, and the software that will be used to aid in this regard.
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CHAPTER FOUR

RESULTS AND DISCUSSION

Introduction

The focus of this chapter is to present extensions and generalizations
of the ACFs of ARMA(p, q) processes. The ACFs of lower order processes
which includes the ARMA(1, 0), ARMA(O, 1), as well as ARMAC(1, 1) are well-
documented in the literature and are therefore presented in Chapter Two. This
chapter therefore begins with a study of the ACFs of ARMA(1,2) and ARMA(1,3)
are derived, after which a generalization is made for ARMA(1,q) process. Gen-
eralizations of higher order ACFs are subsequently considered. Applications of
the results are made to relevant stationary time series data in the end. Similarly,
the ACFs of ARMA(2, 0), ARMA(2, 1), ARMA(2, 2) and ARMA(2, 3) are de-
rived, after which a generalization is made for ARMA(2,q). The variance and
the first autocorrelation function of an ARMA(3, 0) process are also derived. In
the last section of this chapter, the generalizations are verified, and applications

are made to a pandemic data.

ACF of an ARMA(1,2) Process

In this section, the ACF of an ARMA(1,2) process is derived. Firstly,
the autocovariance generating function (acgf) is used to obtain the variance and
autocovariances, after which the autocovariances are normalized to obtain the
autocorrelation functions.

An ARMA (1,2) process is given by

Xi=1 Xoa+ 2+ 0121+ 027, 4.1)
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By introducing a lag operator, Equation(4.1) can be simplified as

(1= L)X, = (146, L+ 0,127,

Further simplification yields

(1+6,L+ 6,L3)
(1—-¢1L)

X, = Zy (4.2)

From acgf, the autocovariance of an ARMA (1,2) process can be written as

(1 + 015 + 9252)(1 + 91871 + 92872)

c(s)e(s™) =0 (1 — ¢18)(1 — ¢y571)

4.3)

Simplifying further, we obtain

c(s)e(s™) = o2 | (1 + 0157 + 02572) + (615 + 62 + 610,51 )+

(0282 + €1023 I 9%)

Further groupings yield

2V (1 + 67+ 03) + (01 + 016)s + 095>+

c(s)e(s™h) =

- (4.4)
(91 ot 9192)871 == 9282] X Z(¢1S T

m
>
CID

> (61s) D (rs7)’ Z¢ [Z Grs)" +Z (s @s)
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At lag 0, we consider terms in s” in Equation (4.4) and obtains the variance of

the series as

7(0) 202{<1+9$+9§)[§;¢ﬂ + (61 + 0165)s |6 M
00522 Z )52 + (00 + 0202)57 [ i ]
2[g3 Z o] }
{(1 0202 Z¢ + ¢1(01 + 616,) Z¢ +¢?92i¢f”+
pr
¢1(61 + 0162) X_% O + 916 2_% dﬁ’"}
:0—2{ (1 S 93) s (91 v 9192) + 620, + 61 (91 + 9192> +
q%} >
After some further simplifications,

1
1- ¢}

~7(0) = 02{1 + o (91 + 2¢1) + 0, (ez + 216, + 2¢§> } 4.6)

We consider terms in s and obtain the autocovariance (acv) at lag 1 as

(1) = {(1+92+02 [¢1Z¢ ]s+ (61 + 616)s [iqgrh

0282 |:(b1 Z ¢%T:| 571 + (01 it 6102)871 |:(b% Z (Zﬁr] 52+
r=0 r=0

o] }
{@(1 + 67 + 63) Z¢ + (61 + 616,) Z¢ + 162 Y G+
r=0
$1(61 + 0162) Z A+ 6102 Z éﬁr}
r=0 r=0
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Further simplification gives

v(1) = 02{¢1(1 + 6 + 95) + (61 + 616,) [1 + ¢ﬂ + 05 [qb? + ¢1] } 1 _1¢%

At lag 2, we consider terms in s2 and obtain

7(2) = {(1+02+92 [¢1Z¢ ]s + (01 + 0102)s [¢12¢§T]s+
0[St + 00 [ 3 }s3+923—2[¢§§;¢;r}54}
{¢1(1+92+02 qu + ¢1(01 + 0:165) Z¢ +02§:¢%r+
=
¢§<91+9192>ZO¢%’"+¢%92§;¢%’"}

Therefore,

1
1 - ¢t

2= 02{¢% (1463 +63) + (61 +6:6) [0 + 6] + 5 [1 + 1] }
At lag 3, we consider terms in s® and obtain

v(3) = {(1+02+02 [aﬁ?’Zqﬁ }s + (61 + 6162)s [¢§i¢f’"]s2+
=
625> [gbqub s + @1+ 6:62) *{@Z@S ]+
-2} 2; o 85}
:aQ{qﬁ’(l + 07 +63) i ¢ + 01 (01 + 6165) Z A + 610 Z o+

r=0 r=0

5100 +elez>z¢%r+¢?ezz¢%r}

r=0 r=0

:aQ{d)i’(l 03+ 03) + (0 + 0:62) |0 + 63| + 0|0 + 01 }1_;%
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Therefore

7(3) =¢102{¢%<1 + 62 + 93) + (601 + 016,) [Qﬁ’ + ¢1] + 03 [1 + ¢ﬂ }1_;%

=p17(2)

At lag 4, we consider terms in s* and obtain

7(4) =az{(1 + 6 +63) |t 2 B |s" + (61 + 6:602)s o} i o |5+
0y [¢1Z¢ ]s + (61 + 6,65) —1[¢5Z¢ ]
28 Z o] sﬁ}
{¢1<1+92+92 qu + ¢3(61 + 016,) qu +¢§92§:¢%’“+
=0

¢3(01 + 6165) Z ¢ + ¢10, Z Qﬁr}
r=0 r=0

:”2{611(1 + 84 63) + (61 + 0102) [ 0% + 03] + 008 + 2] } :

1— ¢

Therefore

1

7(4) =¢?02{¢?(1 03+ 03) + (01 +0:02) |61 + 61| + 6|1+ 6] }1_—¢%

=¢17(2)
=$17(3)

The autocovariances of ARMA(1,2) process obtained so far shows a clear pat-

tern after lag 2.
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Therefore, at lag k, we consider terms in sk

v(k) :(72{(1+9f—i—(9§)[ Mok p phT2sh 4 phtigh 4 ..}4_

(61 + 010)s |9 151 4 IS g
Oy [¢k 2gh=2 | gh k2 ¢l{:+28k—2+”'}+
(0, + 0,05)s [ RLghtl 4 pht3htl g ghts okl 4 ']—l—
2572 | 2542 4 GO 4 o5z }

=02{¢’f(1 + 05 + 63) i S+ 1 (01 + 0102) i G + O 20 i ¢

r=0 r=0 r=0
+ @1 (61 + 6165) i &7 + ¢ 05 i Qﬁr}
r=0 r=0

=02{¢’f (1 624 93) + gkt (91 + 9192) + @20, +

ot (6 + 016 ) + ¢’f+292} S o
r=0

:a2{¢’f (1 + O2F 63) + b=t (01 - 0102> + 200+

1
¢! <91 + 9192> + ¢ %0, } 1— @2
— 91

202{¢';(1 T4 eg) - o 4 9192)[ Bl y gk ]

[k+2+¢ }}1_1(/5%
1

=ph2 2{¢1(1—|—02+92> —1—(91—1-(9192)[(??"‘?51] +92[1+¢ﬂ}1_—¢%

=67 7(2)
=p1y(k —1)
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Therefore, the ACF of an ARMA(1,2) process can be summarized as

(

1 k=0

o1(+034+05)+(01-+0102) [1+65) 402009 +¢n] 4. _
1401 (01+2¢1)+02(02+2¢101+2¢2) v
p(]{]): 1\V1 1 2 2 101 1 (4.7)
(1462 4+02)+ (0101 02) [¢3+ 1] +02[1+63] L —29
1401 (0142¢1)+02(02+2¢1601+2¢%) T

¢ 2p(2) k>3
\
From the relation among the y(k)s, it can be verified that
p*(3) = p(2) x p(4) (4.8)

ACF of an ARMA(1,3) Process

This section examines the ACF of an ARMA(1,3) process. The acgf is
used to obtain the variance and autocovariances, after which the autocovariances
are normalized to obtain the autocorrelation function.

An ARMA (1,3) process is given by
Xe =01 Xo 1+ Ze + 0121+ 0279+ 037, 5 4.9)
By introducing a lag operator, Equation(4.9) can be simplified as
(1—p L)Xy =1 +6,L+60,L%+6;L%7Z,

Further simplification yields

(14 61L + 0o L% + 05 13)
(1=¢1L)

O Zy (4.10)
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From autocovariance generating functions, the autocovariance generating func-

tion can thus be written as

1+ 918 + 9282 + ‘9353 % 1+ 918_1 —+ 928_2 + 938_3
(1= ¢1s) (1 —1s7)

c(s)e(s™h) = o?

This simplifies to

1
(1= 1s5)(1 — g1s7)

{(1 + 07 + 05 4 03) + (6, + 0105 + 0505) s+

(09 + 0103)s* + 035° + (01 + 0102 + 0o03)s™ '+

(92 T 919193)872 = 9383}
Equivalently,

e(s)e(s™h) = 02{ (1 +02+ 02+ eg) I (91 Ll 9203) 5+ (92 + 9193) s2+

05" + (O + a6+ 62 )5 + (60 + 61616 )5 + 938_3} ’

Z(qﬁls)T ) (s
r=0 r=0

(4.11)
At lag 0, we consider terms in s° in Equation (4.11) and using Equation (4.5),

the variance of the process is given by

7(0) :02{0 07+ 03+ 03) | 0T ]+ (61 + 016 + Oat)s[en D 07|57
r=0 r=0

BTN e )
r=0 =7
(61 + 018+ Bat)s [0 3~ oF | (B2 + 0160)572 [0 3 ot ] "+
r=0 —o

oot
r=0
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202{(1 07+ 03+ 03) ) OF + ¢1(01 + 0102 + 0205) Y i+

r=0 r=0
$1(02 + 0165) Y Gt + $303 > G + da(61 + 0162 + O263) > S+
r=0 r=0 r=0
¢%(92 + 9193) Z ¢%T + ¢:1393 Z ¢%T}
r=0 r=0

After some further simplifications, the variance of an ARMA(1,3) is obtained as

7(0) =02{1 + 6, (6)1 + 2¢1) + 0 (02 + 2610, + 2¢§> +
(4.12)
0 (05 + 2616, + 2620, +26%) .
1 -6}

At lag 1, we consider terms in s and obtain

7(1) 202{(1 03+ 03+ 63) |60 D 67 |+ (01 + 010 + Ba00)s| D 67|+
r=0

r=0
(02 + 0:08)% |01 3 93|57 + 0s” |63 D 9] 572+
r=0 r=0
(01 + 0102 + 0:03) [ 633 03| 5% + (02 + 0165)572[ 67 D 93|57+
r=0 r=0

oot 3" t] ]
r=0
:02{¢1(1 + 67 + 02+ 62) f: @ + (61 + 6165 + 0205) i ¢+
r=0 r=0
1(02 + 6105) i o7 + ¢105 i ¢7" + &7 (01 + 0102 + 0203) i ¢7+
r=0 r=0 r=0
@3 (02 + 6:65) i ¢7 + b1 i ¢%T}
r=0 r=0

202{¢1 <1 o IR S 93) 3 (91 + 016 + 9293> + ¢ (92 + 9193>+

r=0

$105 + o7 (91 + 0,05 + 9293> + ¢ (92 + 9193> + ¢11193} Z o
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Therefore, the autocovariance at lag 1 summarizes to

7(1) :02{¢1 (1 + 07 + 05 + 9§) + (61 + 0105 + 0505) [1 + cbﬂ +
(02 -+ 6:05) 63 + 61| + 63|61 + 0] }1%&
1

Similarly,

7(2) =a2{(1 + 03+ 03+ 63) |61 > 67| P + (01 + a6+

=0

0205)s [¢1 i ¢2r] s+ (02 + 6103)s [Z 7 ] + 035 [¢1 i ¢%r] s~
r=0 =y

(61 + 0102 + 0203)s ™ [Qﬁ Z Clﬁr} s° + (02 + 0105)s ™ [Qﬁl f: Qﬁr} s'

r=0 r=0
<[> et
r=0

202{¢§(1 07+ 05 +03)) 67+ da(01 + 0105+ 0205) > o7+

r=0 r=0

(02 + 6103) > &7 + 61605 > 37 + &3 (01 + 010> + 0a05) > 67"+
r=0 r=0 r=0

$1(02 + 0105) > ¢+ ¢305 ¢%T}

r=0 r=0

Therefore,

7(2) :aQ{qﬁ (1463 + 03+ 63) + (61 + 010 + 0a05) 9 + 61|+

1

(62 + 6163) [1 + ¢ﬂ +6; [qﬁi’ + dn} }1——%
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At lag 3, we consider terms in s® and obtain

r=0

0203)s [¢1Z¢ }3 + (02 4 0,03)s [¢1Z¢1 ]S+Q3Z¢
(6 + 0102 + 0,035 [ o1 i OF | 5" + (02 + 01603)572 |0} Z oF |5+
r=0 r=0
[st > 6] sﬁ}
r=0

20—2{¢§’(1 + 07+ 05+ 03) ) B+ ¢3(61 + 0162 + 0263) Y 1+

r=0 r=0

1(3) :0—2{<1 07403+ 03) |01 08| 5" + (0 + 0102+

61(0> + 0105) qul +932¢ + 61(61 + 616 + 0,05) Z¢
r=0
¢?<02+9103>Z¢?+¢?032¢%"}
r=0 r=0

Therefore,

1(3) =02{¢>i”(1 02+ 03 + 62) + (61 + 6u6 + 00s) [ 01 + % +

(02 + 61653) [Qbff o ¢1] + 05 [1 + Gbﬂ } 1 _1¢%
At lag 4, we consider terms in s* and obtain
() :02{(1 + 03+ 03+ 63) 61 D 6|5t + (01 + 0163 + 00)s
r=0
[¢3Z¢ |5+ (02 + 0105)s [gzﬁlZgb ]2 +03[¢IZ¢%‘]5+

(61 + 010 + 0a0)s ™ | 6] Zgﬁ |5°+ @+ 0:6)572[ 65 > 07| 5"+
7= ()

Sl 6] 57}
r=0
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202{¢;*(1 07+ 05+ 03) ) G+ $1(01 + 016 + 0a03) > $1+

r=0 r=0
B1(02 + 0103) > A1+ $163 > &7 + @7 (01 + 0162 + 026) Y ¢+
r=0 r=0 r=0
¢?(92 + 6,03) Z ¢%T + ¢I93 Z ¢%T}
r=0 r=0

Therefore, v(4) can be obtained as

v(4) =0%¢, {gbi’ (1 ol 02 + 9§> + (61 + 61605 + 0505) [gb‘{ . gbﬂ +

(6 + 0:605) 93 + 6] + 61 + ] } -

=$17(3)

Similarly,

1(5) =a2{<1 03+ 63+ 03) [0 D 67 |74 (61 + 016 + Bab)s [ 61 6]
r=0

r=0
(02 + 0:05)5 |6 Y 63 |5” + 05| 07 D 6|2+
r=0 r=0

((91 + 91(92 + 02@3)8_1 |:¢(15 Z Qb?r] 36 = (82 + ‘91(93>5_2 |:¢I Z qbir] S7+
r=0 r=0
s~ o1 Y o] sS}
r=0

202{¢§(1 + 62 + 65 + 62) Z o1 + ¢1(01 + 0,0, + 0505) Z T+

r=0 r=0
B0+ 0:05) > OF + $105 > B + (61 + 0162+ 0505) > 1+
r=0 r=0 r=0
$1(02 + 0163) Y 3 + @365 Y ¢%’"}
r=0 r=0
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:a%i{qﬁ (1463 + 03+ 63) + (61 + 6102 + 0a05) 0] + 03] +

(65 + 0,65) [Gb? + ¢1} + 03 [1 + Cb(f] }1_;&
1

=¢17(3)

=¢17(4)

At lag k, we consider terms in s* and obtain

y(k)::02{(1—F0f%—9§%—9§)[ fsk+—¢§+23k+—¢f+4sk+--~}—+
(61 + 016 + 03603)s 6§ 1"+ g1 4 gh I 44
(6 + 0,65)s> {éllc—28k—2+¢Ilcsk—2+¢llc+2sk—2+‘”}+
9383[k3k3+¢k18k3+¢k+1k3 ”}+
(01 + 0105 + 0x85)s~ [ L1y R3] | gl bt ~~]+
(63 + 6,05)5~2 [¢llc+2sk+2_'_¢lf+4sk+2+¢l{:+68k+2+n_]+
0,573 [¢If+38k+3 St g phT RS ] }

:02{¢’f(1 + 07+ 05+ 03) ) bt + ¢ (6 + 016 + 0205) > ¢+

r=0 r=0

2+ 0105) Y G+ 105 Y o7 + 61 (00 + 0105 + 0a65) > 67
r=0 r=0

r=0
+ ¢If+2(92 + 61065) Z Qﬁr + ¢]f+393 Z ¢fr}
r=0 r=0
:a2{¢'f (1 - eg) + g (01 ¥ 0,0, + 92e3> + 2 (92 + 9193) +

1
1- ¢}

Ph 305 + it <91 + 610, + 9293> + @t (92 + 9193> + ¢If+393}
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=¢’f‘302{¢>§ (162 + 03+ 62) + 03 (01 + 010 + 005 ) + 1 (62 + 0265

1
+ 03 + ¢] <91 + 0,05 + 9293> + ¢° (92 + 9193> + (;5(1593}1_—¢%
202¢’;—3{¢§ (1463465 +03) + (61 + 0165 + 0a05) [0 + 62+

1
1 - ¢}

(62 + 0105) [97 + 61| + 01 + o] }

=45 %(3)

=p1y(k = 1)

Therefore, the ACF of an ARMA(1,3) process can be summarized as

(

1 k=0

1 (14+02402+602)+(01+6102-+0203)[1+¢3]+(02+0103) [¢3 +¢1]+03 [T+ 3] k=1
1401 (014261)+02(02+2¢1 01 +2¢2)+03 (031261 02+ 26201 + 265 v

p(k) = P07 (1467 465+03)+(61+6162+0203)[¢5 + 1]+ (02+6163) [1+¢7]+03[47 +¢1]
1461 (01+2¢1)+02(02+2¢101+2¢3)+03(03+2¢102+2¢7601 +2¢7)

¢35 (1467 +03+02)+(01+61602+0203) (6] +3]+(02+0103) [¢5 +¢1]+03[1+65] L —3
1401 (014261)+02(02+2¢1 01 +2¢2)+03 (031261 02+ 26201 + 245 ) v

¢*2p(3) k>4
(4.13)

From the relation among the ~y(k)s of the ARMA(1,3) process, it is clear that

p*(4) = p(3) x p(5) (4.14)

The processes so far has shown a clear pattern among autocovariance at
consecutive lags of the respective process. It is observed that for any (k) of a

given ARMAC(1, g) process,

(k) = ¢*y(q) fork > q+1 (4.15)
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The pattern also suggests that separate ACFs should be obtained for individual
lags prior to the order gq. These observations will be helpful to obtain a general-

ization of an expression for the ARMAC(1, ¢) process.

ACF of an ARMA(1,9) Process

In this section, the approach used to obtain the ACFs of the ARMA(1,2)
and ARMA(1,3) time series processes 1s extended to derive the generalized au-
tocorrelation function of an ARMAC(1, q) process. The ARMA(1,q) process is

given by

Xe — Xy 1 =012 1 + 022 o+ 03Zs 3+ + 0,12 (q—1) +04Zi—qg + Z;

which may be re-written as

q
Xi—¢Xie1= > 0;7Z; (4.16)

J=0

The ARMAC(1,q) process can be written in a lag form as
q .
X(1—-¢L)=> 6;L7Z, (4.17)
=0

It is worth noting from Equation (4.17) that 6, = 1
Equation (4.17) can be simplified as

T 6;L

X, ===
YT 1 - 6L

Zy (4.18)

The acvgf of an ARMA(1,q) process is obtained as

100587 > 0557
(1 —¢1s)(1 —grs71)

c(s)e(s™) = o? (4.19)
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Equation (4.19) can be simplified as

c a2§: 018 Ti ¢151)Tzq:9jsj29 s~/ (4.20)
r=0 r=0 7=0
From Equation (4.20)
q—1 q—2
Ze s Ze o — 292 [D " 085] s+ | D 0054 5%+
7=0 7=0 7=0
_ q—>5 2
Z 0j0j+3] 53 + .- |: 6j6j+5:| 85 + 0+ [Z 8j8j+(q_2)i| Sq_2+
" =0 7=0 j=0
1 0 q—1
Z 0j9j+(q71):| Sq_l aF [Z 0j0j+q:| Sq —+ [Z 0j0j+1:| 8_1+ (421)
L= > s
~ ;—2 q—3 ; ’ 2
Z (9j(9j+2] 872 —= |:Z 9j9j+3] 873 + o+ [Z ejej-l—(q—?)] Siq+2—|—
~ §=0 7=0 J=0
! 0
v 9j‘9j+(q—1>] s+ [Z 9j9q] 571
j=0 j=0
and
S sy = e [y + Yes ] @
r=0 r=0 r=0 r=0 r=1
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At lag 0, we consider terms in s” in Equation (4.20)

+ +

r=0

L
> Y 00,1
L r=0 7=0

0o q 0o q—1
+0) =02{[Z¢2’“29? 0SS0,

0 q—3
+ ¢3Z¢27‘Zgjej+3 + -+
r=0 7=0

B 00 2 i 00 1
O Y G| + 9T T Obin |+
L r=0 j=0 L =0 J=0

i 0o 0 ] [ o q—1

B> 97D Oibing| + oot (6> 67 D Oy |+
L =0 §=0 1 L r=0 =0

r o0 q—2 T 0o q—3

3 S 00,] + 030 St 4
L r=0 7=0 i r=0 7=0

_|_

[e's) 1
¢7! Z o Z 005+

r=0  j=0

+

B (%) 2
¢ Z ¢ Z 00 +a-2)
L r=0  j=0
B oo 0
87> 67 Y 0,854 }
L =0  j=0
o] q
202{ [ZMZ@? +2
r=0 7=0
- A .
2|¢° Z ¢ Z 0;0;+2
L r=0 7=0
- . y -
2|1¢972> 67D 0651102 +2
i r=0  j=0 |
M 00 0
20¢°> Y 9j9j+q] }
L r=0 7=0

q—1 q—2

202{ [i 9;"] +2¢ { > 9j9j+1] +2¢° [Z 919]'*2} v’

j=0 Jj= Jj=0

+

oo q—1
> 7> 0650

r=0 7=0

B oo q—3
+2(0° ) ¢ ) 0654

L r=0 7=0

fe’e) 1

FD D by
r=0  j=0

+

2¢° [ > 9j9j+3] o207 [22: 9j9j+(q—2>] +
j=0 Jj=0

o0

2¢q_1 [i 9j9j+(q71)i| + 2¢1 [i 9j9j+q} } Z ¢2r
j=0 Jj=0

r=0
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{[Zeﬂmqb[z J+1}+2¢ [g eﬁgh

2¢° [Z 9j9j+3} +
=0
1

971 [Z 0,0, (o

Jj=0
{ q
7=0 n=1

Therefore,

>0+

1=

02 + sz)nZe 0;1n

=0

0] 1
zw@ﬂﬁ L

)z

o

1 — ¢?

b

qg q—n

2) " ¢"0;04n

n=1 j=0

(4.23)

Atlag 1, considering terms in s gives

0o qg—1
7(1) { [Z 2r20 J+1

r=0 ]:0
¢2 Z ¢2T Z 9j9j+1
L =0 7=0 i
3 W B o =
BRI
L r=0 7=0 |

[ oo q—2

¢> ¢ 0,01
L =0 7=0

S R
PP
L r=0 §=0

This further simplifies to

— : o
o1 Z ol Z 00;+(a-1)
| r=0  j=0 i

00 q
OIS
r=0 3=0
00 q—2
Y 0Ty 060,50+
r=0 7=0
o] 2
707D Oibisa)
r=0 7=0
¢y g Z 0i0j+q
r=0 §=0
B o0 q—3
¢? Z o Z 0043 |+
L r=0 7=0
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+ qu_QZl: 0 1)} [qu 129 9]%}} —

J=0

q—1 q—(n+2)
202{ > O + Z ot Z 0;0+n + Z ot 0,0+(n+2) } 1_—1¢2
j=0

J

Therefore,

q—2 q—(n+2)
{ Z 0; 9]+1+Z Z ¢n+19 9]+n+z ¢ 104 "+2)} _1¢2
=0

n=0 j=0 n 7=0
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Atlag 2 , we consider terms in 52

00 q—2 0o qg—1
202{[2925272919#2 (629" D O |+
r=0 j=0 r=0 Jj=0

B o0 q 00 qg—1

DI IARS DI E
L =0 j=0 r=0 3=0

B 00 q—2 00 2

6" BT Oibsa| + 01D 6 ) 0|+
| =0 j=0

r=0 7=0
F 00 1
¢q+1 Z ¢2r Z ejej—l—(q—l) ¢q+2 Z ¢2r Z 0. Hj—l-q
| r=0 7=0 L r=0

[ oo q—3
6Y Y 06,3 +
. =0 7=0
00 q—>5
¢’ Z ¢ Z 00545 | +

¢’ Z ¢ Z 0,014 |+
r=0 7=0
00 1
+ |97 Z ¢ Z 0041 | +
L =0 j=0
r 9] 0
¢ Z ¢ Z 0i0;+q }

r=0  j=0
{ [Z 0 93+2] [Qﬁ qu 9j9j+1} + [¢2 qzi 932} 25 [Cbg qzi 9393+1}
=0 =0

[¢4 e gjgjﬁ] h [¢q+1 21: 6j6j+(q_1):| N [(qu
=0 = 2
q—3 ] -

[¢ 6’]-9]'4_3} 4 [ng 0j0j+4} + [¢3 Z 0j0j+5] 4.4

J=0 J=0 J=0

J=0 0

7=0 r=

M‘W

030+q +

+

q—2 qg—1 g-—1

2 [ ‘ ejem] v [(ng eﬁl} [&Zﬂ + [¢329j9j+1}+
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Further simplification yields

0012 + ¢Z€ 011+ Z Q"+ Z 0;0;+n+
—(n+3) 1
0i0)+(n+3) -

q q—n
9j9j+(n+1) +) 8" 06t
n=0 J=0)

1
0i0;+(n+3) } 1—g

T
)Q
A

2

~~

[\

SN—

[
w ,—/h
. Q
é L

¢n+1

ifng
\H

T
,Q o
z—\
S
H
=

i
(<)

+3

IS
|
»n

||
w ,_/;\
MH

@H

H'M’\ 3
I

n+1

3

Il
=)
<
(=)

Therefore,

1 g—(n+1) q q—n
= { > 00 iy + YD 0,040+
3

n=0 j5=0 n=0 j=0
(

3

q—3 q—(n+3)

- 1
¢ +10j9j+(n+3) } 1_—¢2

n=0 j=0

Subsequently, at lag h, forall 1 < h < (¢ — 1),

(n+1)
{Z¢h1n Z ‘9‘9]+n+1+2¢h+n206j+n+
q—h—1 q— (h+n+1) 1
Z Gt Z 9j9j+(h+n+1)}l_—¢2
n=0
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At lag g , we consider terms in s? and obtain
00 0 00 1
202{ [Z 0D 0i0ra| (0D 67D 00 |+
r=0 j=0 r=0 7=0
B ) 2 %) q—2
DDA T IR e Sl P B
| =0 §=0 r=0 j=0
i 00 q—1 T i 00 q
O 7D 0| + |0 Z o Z o |+
i r=0 §=0 i L
F 00 q—1 1
¢q+1 Z ¢2r Z 6j0j+2 + ¢q+2 Z ¢27’ Z 0. (934-2 i
L r=0 Jj=0 J L
_ A o -
¢ Z ¢ Z 9j9j+3 & ¢Q+4 Z ¢ Z 9j9j+4 o }
L T’O Jj=0 ) J
_‘72{ [Z 0 ‘93+q] [ Z 00)+(¢—1 } [‘752 Z 0j9j+(q—2)} +
=0 =0

+ (0723 030500 + [ D 030501 + 67D 62+
j=0 j:() 3=0
[¢q+1 qzl 0. 9]4_1} [¢q+2 Z 0. 9]+2] .. } io: ¢2T
7=0 r=0
202{[20:919j+Q]+[¢21:9 it+(a- 1} [ Zeeﬂ” 2)}
j=0 J=0

=0
[¢q+l qil 9]'9]41} + [¢q+2 qz 9j93'+2] i } : _1¢2

j=0 j=0

q q—1 q—(n+1) 1
RO SIUNES ) S
7=0
Therefore,
q g—n q—1 g—(n+1) 1
:{ Z Z ¢T"0,0; 1, + T 0,0, 4 (1) } [
n=0 5=0 n=0 j5=0
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Atlag ¢ + 1, we consider terms in s¢*! and obtain

+

B [°S) 1
+ 62 0" 038
L r=0 =0
) 2 ] j 00 q—2
0D 6D 00k | ot [T 6Ty 00
L =0 j=0 J r=0 j=0
B 0o q—1 oo q
AN R Ean e
L =0 j=0 r=0 j=0
i &) q—1 7 i o) q—2 ]
¢ " 060,40 | + [T 0T Y 0000 |+
i r=0  j=0 S r=0  j=0 |
r 00 q—3 7 i 00 q—4 ]
ST BT Gifis| + [$7°D T 0i8ia| + -
i r=0  j=0 b r=0 ;=0 |

v(g+1) _{ [¢i 9j9j+q] + [¢2 i 9j0j+(q—1):| + [¢3 i 9j9j+(q_2)} 4.
J=0 §=0 §=0

[ oo 0
Yg+1) =6 6™ > 68
L =0 7=0

+

+ -

q—2 g—1 .
+ [ﬁb‘?—l Zejgjﬂ] aF [d)q ZQJHJ-H} + [¢q+1 Z 9]2] n
qfl]iO qjjzo Ojofo
[¢Q+2 Z 9j9j+1] i [¢q+3 Z 9j9j+2} g } Z @
3 3=0 r=0
0 ) X
:{ [63°0,0,20) + [ 08,0-0] + [ D010 +- -
= =0 —
] q—2 ’ ol Z )
== [ﬁbq—l 29j9j+2] A [qbq QijH} i [¢q+1 29]2']+
j=0 par: 2
-1 o 1
[ S [ SO e
J=0 = — ¢
: = o1 q—(n+1) X
:{ Z ¢q_n+1 Z 0j9j+n + ¢Q+n+2 0j0j+(n+1)} — ¢2
n=0 =0 0 y

q q—n q—1
=¢{ DL DTS D W
n=0 7=0 n=0
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Therefore,

q qg—n q—1 q— n+1 1
Y(g+1)= {ZZ¢_n9 9]+n+2 Z PTHg; ‘9]+n+1} e

n=0 j=0

=¢7(q)

Subsequently, at lag ¢ + h , for h > 1 we consider terms in gath

00 1
¢ 6Ty 0,64

r=0 =0

B (9] 0
g +h)=|8"D 6> 081 +
L =0 j=0
B ) 2 00 -2
SN Y i) o Z Z NI
L r=0 §=0 =0 =0
S) q—1 00 q
¢(1+h—1 Z szr Z gjgj_H q+h Z ¢2T Z 0]2 +
q+h+1 Z ¢2r Z 0. 9J+2 + q+h+2 Z ¢27‘ Z 0. 9]+2 +
¢q+h+3 Z e Z ; 9j+3 o ¢q+h+4 Z % Z 0;0;4a| + -
r=0 j=0 J L r=0 J=0 J

:{w{iw ) S0
=0 =0

=0
S IR ESS S B EO G
j= j=0 §=0
[¢q+h+1 qz_i 9j9j+1] + [¢q+h+2 § g+2] } > ¢
j=0 Jj=0

Therefore,

qQ gqg—n qg—1 q— n+1 1
q+h {ZZ¢_n9 9]+n+z Z ¢q+n+19 9j+n+1} ¢2

n=0 j=0 n=0 j5=0

=" (q) for h > 1

= Iy(q) fork>q+1
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The acvf of an ARMA(1,q) process can be summarized as
q g—n
2 n
0= S eaS Sty
n=1 j=0
Forallh =1,2,--- ;¢g—1

h—1 g—(n+1) q q—n
{ SN Ty + YD 00,0+
=0

Jj=0 n=0 j=0

1
Z Z " +10j9j+(h+n+1)} —

(4.24)

q q—n q—1 g—(n+1) 1
TUR Do) DTS wib DR IR SR

n=0 j=0 n=0 j=0
(4.25)
Forallh > 1

v(g+ k) = ¢"(q) (4.26)

It then follows that a relation for three consecutive ACF of ARMAC(1, ¢) is given
by

p*(q+1) = p(q) x p(q+2) (4.27)

ACF of an ARMA(2,0) Process

In this section, the ACF of an ARMA(2,0) process is derived. The auto-
covariance generating function (acgf) is used to obtain the variance and autoco-
variances, after which the autocovariances are normalized to obtain the autocor-

relation functions.

An ARMA (2,0) process is given by

Xy =1 Xoo1 + G2 Xy 0+ 24 (4.28)
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By introducing a lag operator, Equation (4.28) can be simplified as
(1— ¢ L — ¢ L*) X, = 7, (4.29)

Further simplification yields

1
1= ¢ L — ¢pL?

X Zy (4.30)

Assuming the quadratic 1 — ¢; L — ¢2L2 has two different real roots, é and %
then

1— ¢ L — ¢oL?

can be written as

(1 —al)(1-p5L)

It can be verified that (o + 5)=¢; and af = — ¢,

If
1

A= D)1 - AD)

then
1

(1 —as)(1 - Bs)

c(s) =

The acvgf can thus, be written as

1y g2 1 9 1
e(s)e(s™) = [(1 T o) (1= Bs) < A —as (= ﬁs—l)] (4.31)
This simplifies to
-1y _ 42 1
cls)els™) = [(1 —as)(l —as™)(1—8s)(1 — Bs—l)] (4.32)
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Equation (4.32) simplifies to

()e(s™) = imsy - émsl)r - 2(&)’" ~ iwsl)r
=0’ 2 o 2 B li(as)’“ + i(asl)’”] X (4.33)
liws)r n iwswl
Equation (4.33) simplifies to
c(s)e(s™h) = o (2 o 2 6”) T(s") (4.34)

where T(s") are expressions in terms of s” obtained from Equation (4.33)

At lag0, we consider terms in Equation (4.33) that results in s” and obtain
1(0) =02 [ a3 57| T(s")
r=0 r=0
i
= =i =1 =ap) { 2] }
8 - { 11+ aB)] }
(1= aB)|(1 +aB)? - (a + 5]

.2 1 /A
= (1+¢2)[(1¢2)2¢%]{[1(1 ¢>}}

Therefore, the variance function of the ARMA(2,0) which is denoted by 7, o is

given as
2
720(0) = : (1-0) (4.35)
(14 ¢2) [(1 ) ¢%]
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Atlagl, we consider terms that give s
(1) =02 3o a3 8| T(s)
r=0 r=0
1
:fa—a%u—ﬂ%u—am{4m+ﬁﬂ}

5 1

(1-aB)|( +aB) - (a+ 7] { b }

=0

g2 1 .
b a+@ﬂuwv¢ﬂ{p]}

7(1) is obtained in terms of 5 ¢(0) as

’y(l) — 02 [ qbl(l B ¢2) ]
(1—¢2)(1+ ¢2)<(1 — ¢2)% — ¢%)

:02< ¢1 ) L — ¢, ]
L= 02/ | (14 ¢2) (0 - 027 - )

¢1
= (1 _¢2>72,0(0)

At lag 2, we consider terms in s% and obtain

+(2) =02 [i o2 i ﬁzr] T(s?)

202(1—a2)(1 —152)(1—aﬂ){l[(a2+62)+aﬂ<1_aﬁ)}}
2 1 2 08— (aB)?
> (1aﬁ)[(1+a6)2(Oé+ﬁ)2]{[(a+ﬁ> o ﬁ)}}
9 1

=0

(1+ 6o) [(1 Z ) - (b%] { [(¢1 + 2 — ¢2)] }
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Regrouping, we shall obtain

1

(1+ ¢9) (1 — ¢2)? — ¢% { [Qﬁ] }+
: 1 {M—M}

(1+62) (1 - 6 — 63|

=02 = ! 7 ¢1{ [¢1] }—i—
(1+¢2) | (1 = ¢2)* = 67|

s F ! —¢2{[1—¢2]}
(14 2)|(1 = 62)2 = ¢3]

=¢17(1) + d272,0(0)
:¢1( ¢1¢ )72 0(0) 4 ¢272,0(0)

7(2) =0

g

¢2 (93 + ¢2 — $3)72,0(0)

G120

16

Y2,0(0)

where 01’20 = ¢% = Qb% = ¢2

The autocovariance at lag 3 is obtained as

) =¢ [Zazrzﬁzr} s?)

) L
A a)(1- - ap)
) 1
(1 aB)[(1+aB)2 = (a +B)2]

{hﬁ+@»+m%+a@xrwwﬂ}

=0

{ﬁa+m3—MMa+m—

mm%a+ﬂﬂ}

9 1
(1+62)[(1 = 62)2 = 03]

=0

{ [(dfi’ + 20192 — ¢1¢%)] }
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Expanding some of the terms and regrouping, we shall obtain

1 2 2
u+¢ﬁk1@y¢ﬂ@{kl+@ ¢4}+

) 1
T e[ - o) - ] %{ d }

=$17(2) + ¢2y(1)

=91 ( 1Ci2§52)7(0) o2 ( 1 f1¢2>7270(0)

¥2,0(0)

7(3) =o?

!
1 —¢
v
1 —¢

G220

R

$1c1,20 + P12

o3} (01,20 ar ¢2>

Y2,0(0)

Y2,0(0)

Where ¢z 20 = ¢1€1,20 + 9102
It is obvious that our simplification of the coefficient of s so far leads to the
Yule-Walker equations.

Subsequently,

7(4) = ¢17(3) + ¢27(2)

= ¢ (1 0_2’(;52>’Yz,0(0) + 02 (16_1—’(;)’72,0(0)
1

= ¢1 (¢lcl,20 + ¢1¢2> + ¢QC1720] ’72,0(0)

1—¢

1
4 3 ¢icioo + dide + ¢261,20] ¥2,0(0)
— ¢

1
= 1= | (6 4+ 82)eran + 610

C3,20
— ) 0
1 _¢272,0( )

Y2,0(0)
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Where c3 99 = ((b% + ¢2> 120 + P12

The autocovariance at lag 5 will be obtained as

7(5) = ¢17(4) + ¢27(3)
=¢1< f3:20 )720 +</52( .20 )%,0(0)
1

— 02
¢1 ¢1 + ¢2 C1,20 + ¢1¢2} + @2 [¢101 20 T ¢1¢2] }72 0(0)

— 02
—¢ $1€1,20 ¢1 + ¢2 + ¢ipa + P192C1 20 + ¢1¢2}’Y2 0(0)

$1¢1,20 ¢1 ¥~ <Z52 + P12 <¢2 i ¢2) + d1¢2¢1,20 ¢72,0(0)
T 1= ¢2

{ o7 + ¢2 ¢1C1 20 1 ¢1¢2> + ¢1¢201,20}’72,0(0)

Where ¢4 20 = (¢% + ¢2) (¢1C1,20 S ¢1¢2> + P1¢2¢1,20
Similarly,

7(6) =¢17(5) + d27(4)

—¢1< 42; >72,0(0)+¢2( 32;) 0(0)

: {¢1 [(Qb% + ¢2> <¢101,20+

=—
192 | + ¢1¢201,20] + @2 [(Cb% + ¢2>01,20 + Clﬁﬁbz] }’72,0(0)
:%@{ [(Cb% + ¢2> (Qﬁcmo + ¢%¢2> + ¢%¢201,zo] +

[(¢1 + ¢2>¢201 20 + ¢1¢2} }’72 0(0)
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Further simplification gives

1

7(6) 1= 4

{ (Qﬁ + <Z52) (Qb%Cl,ZO + ¢%¢2) + Pigacr 20+

(¢% + ¢2>¢201,20 + ¢%¢§}7(0)

—1_#%{ <¢% + ¢2) (¢%01,2o + ¢ac1,20 + ¢%(Z32) S ¢%¢2C1,20 + sﬁﬁb%}%,o(o)

Where c5 50 = (qzﬁ% + ¢2> (qb%cmo + @ac1 20 + ¢%¢2> + ¢dac1 a0 + P13

At lag 7, the autocovariance is obtained as

Y(7) =¢17(6) + ¢27(5)

(2 Yo+ (2l

1 _1¢2 {¢1 [(Qﬁ S5 ¢2> (¢%Cl,20 + Pac1.20 + ¢§¢2> L ¢%¢201’20 + ¢%¢3

+ @2 [(aﬁ i ¢2> <¢101,20 ) ¢1¢2> I ¢1¢201,20] }72,0(0)

(dﬁ 73 ¢2> (@5?01,20 + @1¢2¢1 20 + ¢:1])¢2) + ¢§¢201,20+

N
1 — ¢,

[
¢?¢§] s [(Gﬁ R ¢2> <¢1¢2C1,20 + ¢1¢§> + ¢1¢301,20} }72,0(0)
{ (Qﬁ + ¢2) <¢?01,20 + ¢102¢1,20 + ¢:13¢2> + ¢ pac1 20 + 105

+ <¢% + ¢2> (¢1¢2C1,20 + ¢1¢§) s ¢1¢301,20}’72,0(0)

L
1= ¢,

{ <¢% + ¢2) <¢?01,20 + 2¢1¢ac1 20 + D + ¢1¢§)+

P Pact a0 + P1d3C1 20 + ¢?¢§}’72,0(0)

Where ¢ 20 = <¢% + ¢2> <¢:{’01,20 + 2¢102¢1.20 + ¢%¢2 + 9251(15%) + ¢§¢201,20 +

¢1¢§Cl,20 + ¢?¢§
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At lag 8, the autocovariance is obtained as

Y(8) =¢17(7) + $27(6)

=01 (725, )70) + 62 (125 )120(0)

21_;@{@ [(d)f + ¢2> (¢?Cl,20 + 201 ¢2¢1 20 + P12 + ¢1¢g> +

G hac1,20 + P1P3C1 20 + ¢?¢g} + ¢ [(Qﬁ ot </52> (Qbfcmo + @ac1 20+

¢1¢2) + ¢Tgacr 20 + ¢1¢2} }72 0(0)

:1_;%{ [(Cb% + ¢2> <¢§101,20 + 207 hac120 + P12 + ¢%¢§)‘|‘
Bidaciz0 + G105c100 + B1dE| + | (93 + 62 ) (630ac1an+

Gherz0 + 9363 + $303er00 + 6703 }w o(0)

-1 { (6% + 02) (81120 + 20320120 + 016 + 0363 +

Bidaciz + $id5eron + 6103 + (87 + 62) (630ac100 + Sher0+
6163) + dRdBer0 + ¢%¢3}w,o<o>

5 { (3 + 82) (S1era0 + 303 0ncr0 + hero + 61 + 20303 ) +

G1aC1 20 + 205 d3c1 20 + P15 + Qﬁﬂg}%,o(o)

Where c790 = (ﬁ + ¢2> <¢%C1,2o + 303 ¢ac1 20 + P3C1,20 + Hido + 2¢%¢§> +
Pldac1 20 + 207d5¢1 20 + P13 + PIP3

An expression for (k) may similarly be expressed as

1
1= ¢,

(k) = Cr—1,2072,0(0) (4.36)
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Let k — 1 = r. Then ¢, 5 is given by

r—3>2s

) (0 >> s ¢}

Cr,20 :<¢%+¢2>{01 20 Z ( a )¢T B2 s 4

4.37)
C1,20 Z < >¢§ o 2S¢S+1
r—4>2s
Z ((7“ _i )>¢r 3— 25¢s+2
r—5>2s
forall r > 4
Thus, for an ARMA(2, 0) process,
Y2.0(k) = <¢1 + ¢2> {Cl 0 Y ( )¢T_3 5+
r—3>2s
Z ((T_4_ >)¢r o) 25¢s+1}
i 4 Y (4.38)
(T —-4- 8) r— s /s
1,20 r;% < 5 > d-2egstly
(’I“ — )) r—3—2s 15+2 7270(0)
TASZ>25 ( 3 ¢ ¢ 1- ¢2

By normalizing Equation (4.38), the ACF of an ARMA(2,0) process is obtained

as
b1
- 4.
p270( ) 1_¢2 ( 39)
C
p20(2) = 1’2; where ¢, 99 = ¢ — ¢3 + ¢o (4.40)
TP
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For lags greater or equal to 4, the autocorrelation is given as

paolk) = (qﬁ + ¢2) {CLQO 3 ((r - :z - s)) PR
r—3>2s
Z ((7’ - ;l - 3)) ¢71~325¢§+1}+
roa32s ey (4.41)
@i Z ( . ) 71"73725 §+1+
r—4>2s

(T <2 8) r—3—2s 15+2 I

T;ZS ( S )¢1 ¢2+ ] = ¢2

The results in Equation (4.41) shows that the ACF of the ARMA(2,0) is a func-
tion of a coefficient ¢; 99 = qb% = gb% + ¢, the numerator of the autocorrelation at
lag 2. It also involves computation of combinatorial values of the form ((’"7278))
for which r —t > 2s, 3 < ¢ < 5. It therefore suggests that the computation of

p2.0(k) will be sensitive to the lag order.

ACF of an ARMA(2,1) Process

In this section, the ACF of an ARMA(2,1) process is derived. The auto-
covariance generating function (acgf) is used to obtain the variance and autoco-
variances, after which the autocovariances are normalized to obtain the autocor-
relation functions.

An ARMA (2,1) process is represented as
Xe =01 Xi 1 + Xy o+ 0121 + 2, (4.42)
By introducing a lag operator, Equation (4.42) can be simplified as

(1— ¢ L — ¢ L*) X, = (1+6,L)Z,
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Further simplification yields

(1+06,L)

X, =
T L= 1L — gL

Zy (4.43)

Assuming the quadratic 1 — ¢ L — ¢»L? has two different real roots, é and %,
then

1— ¢ L — oL

can be written as

(1 —al)(1-pBL)

It can be verified that (o + 5)=¢; and af = —¢5

If
1+6:L
X; = 7
T (1-aL)(1-p8L)""
then
1
C(S) _ + 015

(1 —as)(1 - Bs)

The acvgf can thus, be written as

_ 1 4 018 1 + 918_1
1% o4 4.44
eBlels )= N\ a=ps) < @ Da-p- | 4
This simplifies to
(14 63) + 015+ 65 (4.45)

(1= as)(l —as™)(1 - fs)(1 — fs7)

Equation (4.45) simplifies to

c(s)e(s ) = [(1+67) + 615+ 057" Z(as)r : Z(as_l)Tx

> (Bs) - (Bs7Y
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c(s)e(s™) =0® | (1 +67) + 015 + 015 Z o Z 32 %
- . 4 TO:OO r=0 N (446)
Sty 3oy || Sy 3o |

Equation (4.46) simplifies to

c(s)e(s™) = o? <Z o Z 527") T(s") (4.47)

where T(s") are expressions in terms of s” obtained from Equation (4.46)

At lag 0, we consider terms in Equation (4.46) that results in s

+(0) =02 ( i a? i 52T> { [(1 + 93)} T(s%) + [913] T(s™%) + {913—1] T(s)}
i —162)(1 — { (1461 +aB)| + [oi(a+ 8)]

+ [1(a+ B)] }

This simplifies to

1
(1 —afb) [(1 + af

2[01(a + 6)]}

2 1 2 _
Oﬁu¢ﬁh@vﬂ{kuﬂﬂl¢ﬂ+P@ﬂ}

. | ] { (1 ’ ¢2) 4o <2¢1 Yo, - 91¢2) }

(1+62)|(1 - 62)? - 63

7(0) =o” {[(1 +63)(1+ap)|+
2= (a+5)?]

Let X = Q(bl + 01 —= 61¢2

The variance function of an ARMA(2,1) process represented as 72 1(0) is given
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by

0,2

{1 — @2+ 91X} (4.48)
(14 62)[(1 = 62)? - 03]

It is clear from Equation (4.48) that if §; = 0, we obtain 72,(0), the variance

72,1(0) =

function of the ARMA(2,0) process. At lagl, we consider terms in s and obtain

(1) =0 ( f: o i 5%) { [(1 + 93)} T(s) + [els} T(s°) + [913—1] T(s2)}

2 1 2
— (1—oﬂ)(l—ﬁ2)(1—045){(1+91)[(a+ﬁ)}+

01|(1+ aB)| +6:[(0® + 8% + aB(1 - ap)| }

=o* : {u+%NW+ﬁﬂ+
(1= aB)[(1+ap)? - (a+ BY]

9{u+am}+mka+ﬂf—aﬁ—mmﬂ}

A simplification gives

3 1
(1+ ¢2) [(1 — $2)? — ¢%]

v(1) =0

{(1 +63)[on] + 61 [(1 — 6]+

e¢ﬁ+@—%ﬂ}

=g - D)| o1 1 f—g
- (1—|—¢2)[(1—¢2)2—¢?]{(1+91)[¢]+6[1+¢ ¢}}

=0” ! {¢1+91<1+91¢1+¢%_¢3)}
(1+ ¢2) [(1 —¢2)? — ¢ﬂ
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Letw:1+91¢1+¢f—¢§

Then,

4(1) = o {qbl +91w}
(14 62) |(1 = 62)” — 3]

01+ hw
= 0
1—¢2+91X72’1( )

The autocovariance at lag 2 is obtained as

r=0

(ZQZT 3 5%) { [(1 + ef)h(s?) + [QIS]T(S) + [918_1]T(s3)}

:02(1 — a1 _152)(1 —5) {(1 +6%) [(aQ + ) + af(1 - aﬁ)} n

0| (@+ )| + 6107+ 5°) + (028 + aB?) (1 - aB)] }

9 1
(1-aB)[(1+aB)2 — (a + B)?

=0

]{u+£ﬁm+ﬁf—aﬁwmﬂ+

e{m+6ﬂ+mﬁa+m&—MMa+m—«wfm+ﬂﬂ}

Further simplification yields

~(2) =o? (1+ 92 ¢1 4y — ¢§>] + o M

<1+¢2 (1 = ¢)?

9 1
(14 62)|(1 = 62)? = 03]

1+92 ¢1+¢2 ¢2}+

=0

R0 [(cbg + 20102 — ¢163) }
[¢3 + @1 + 20162 — P15 }
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Regrouping, we shall obtain

v(2) =0

9 1
(1+62)| (1= 62)? = 3]
9 1
(1+62)| (1= 62)? = 03]
9 1
(1+¢2)| (1= 62)? - 3]
9 1
(1+¢2)| (1= 62)? - 3]

https://ir.ucc.edu.gh/xmlui

i

(1+67) [Qﬁ] + 6, [Qﬁ +¢1— ¢1¢§} }+

y {(1 +67) [¢2 — ¢§} + 6 [2¢1¢2} }

-¢1{(1+9f){¢1} + 6, [1+¢% —¢§} }+

It can be observed that

Y(2) =¢17(1) + ¢27(0)

- ¢1 —|—€1w
_¢1(1 — g2+ i)
_ 1 2
_1—¢2+91X<¢1+
C1,21
= 0
1 —¢2+91X72’1( )

|

@{ A+ =)

+ [2¢191] }

)721(0) + 62724(0)

P2 — 5 + 010 + 91¢1w>’72,1(0)

where ¢; 21 = @3 + ¢g — @2 + 01X + 0101

From ARMA (2, 0), we know that ¢; o9 = ¢? + ¢y — &3

Thus,

C1,21 =C1,20

=C1,20

+ 0102x + 011

+ 01(P2x + 1)
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At lag 3, we consider terms in s* and obtain

(£ 5ot i o)

2 1 2 3 3
:Ua—a%u—ﬁ%u—am{“*””ka+ﬂ>+

(026 + aB?)(1 - aB)| +6:[(* + 5) + aB(1 — af) |+

01 (a* + 8% + (®B + 0?82 + aB*) (1 - aB)] }

9 1
(1= aB)|(1+aB) - (a+ )

208(cc+ B) — (@B)*(a+ B)] +6: [(a+ B — af — (aB)?]+

=0

| {(1 + 63 +63) | (a+ B)°-

0 |(+ B) = 3aBa+ B + (aB)? — (aB)*{(a + B)® + aB}] }

9 1
(1+¢2) |1 6 - &3

—0h

} {(1 +67) [(Qﬁ + 2¢192 — ¢1¢g)] +

9¢&+@—&ﬂ+mwﬁﬁﬁ@+%—ﬁ£—ﬁﬂ}

= : {(1"'9%) [¢?+2¢1¢2 —¢1¢§}‘|‘
(1+62)](1 = 62)? - 3]

&Mﬁ+&+ﬁﬁ@—¢%é+@—¢ﬂ}
Expanding some of the terms and regrouping, we shall obtain

1
(14 62) |(1— 2

1(3) =o? ¢1{<1 +63) |6+ 62 — 03] +
)2 o]

&Mi+m+2m@—¢mﬂ}+

) 1
(14 62) |(1 = 62)” — 3]

o

¢2{(1 +9f)[¢1} + 6, [1 + g2 — ¢§}}
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Therefore,

Y(3) =¢17(2) + d2v(1)

_ C1,21 01+ 01w
=@ <m)%,1(0) + ¢9 (m>%’1(0)
:m _¢101,21 + 0102 + 0192w | 12,1(0)
:m _¢1 <Cl,21 - ¢2> + 91¢2w] 72’1(())

€221 (0)

= o2 + 91)(%71

where ¢y 21 = ¢y (01,21 + ¢2> + 0192w

From ARMA (2, 20), we know that cs.00 = ¢; (cl,go + ¢2)
We also know that ¢y o1 = ¢1,20 + 012X + 0101

Thus,

C2.91 =P1C121 + G192 + O1 o
=01 (01,20 + O1¢2x + 91q§1w> + P102 + 0100w
=01 (01,20 + ¢2> + 010109X + 0105w + 01 o

=920 + 0101P2X + 91@(& + ¢2)

Just like the ARMA(2, 0), it is obvious from this process also that our simplifi-
cation of the coefficient of s* so far leads to the Yule-Walker equations.

Subsequently,

7(4) =617(3) + ¢27(2)

5 2,21 C1,21
= (1 — o+ elx)%"l(o) - ¢2<1 — ¢+ elx)”’l(())
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1
=T 4 1o+ 0 1 01y _¢1 (¢101,21 + P12 + 91¢2w> + ¢201721] Y2.1(0)
:; _<¢2 + ¢2>01 21 + @102 + 01¢1haw | 72,1 (0)
1-— ¢2 + 91)( ! ’ 1 ’
€321
P O
1— ¢2 + 91Xﬂy271( )

where c5.1 = (6% + 62 ) 1.1 + 6302 + 16162
From ARMA (2, 20), we know that ¢3 59 = (qﬁ + ¢2> 1,20 + P12

We also know that ¢; 21 = ¢1.20 + 612X + 0101

Thus,
321 =<¢% + ¢2) crLor + @i + 010109
Z(Qf)% + ¢2> <C1,20 + 01dax + «91¢1w> + ¢y + 019100
g0 + 01X (0302 + 0) + 01 (95 + 2012 )
Similarly,

Y(5) =p17(4) + d27(3)

C3,21 C2.21
=¢1 (m)%,l(o) + ¢ <m)%,1(0)

I

:m{ﬁbl [(ﬁ o= ¢2)C1,21 + ¢l + 91¢1¢2w} i

G2 [¢1C1,21 + P19 + 61¢2w} }72,1(0)

1

T1—at01x {¢1CL21 <¢f + ¢2) + P192 (¢f + ¢2) + Pr12c1 21+

b1 (P2 + B3) }72,1(0)
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1

:m{ (gb% + gz52> <¢101721 + ¢1¢2> + Pr1¢2c1,21+

01 (6262 + 03) }m«»

C4.21

= 0
1—¢2+91X72’1( )

where ¢4 91 = (dﬁ + ¢2> (¢101,21 + ¢1¢2> + p1¢2c1 01 + 91w<¢%¢2 + ¢§>
From ARMA (2, 0), we know that ¢4 29 = <¢%+¢2> <¢1Cl,20+¢1¢2> +d1¢2¢1 20
We also know that ¢; 21 = ¢1.20 + 612X + 011

Thus,

camn =(01 +02) (¢r611 + 6102 ) + Br6acrn + 1 (836 + 63
=(%+ 62) [61(c10 + 160X + 161) + G160 ] +
0162 (c120 + 010 + 0161 ) + B15 (36 + 63
=10+ 01 (9162 + 26103 ) + br (91 + 36762 + 63

The autocovariance at lag 6 is also obtained as

7(6) =¢17(5) + d27(4)

N C4,21 €321
= (1 — 0y + 61X>72’1(0) - ¢2<1 — 6 + elx)”’l(o)

1

:m{qﬁl [(gbf + ¢2> <¢101,21 3 ¢1¢2> + @192¢1 21+

91W(¢%¢2 + ¢g>] + 02 [(Cﬁ o ¢2>61,21 + ¢ipa + 91¢1¢§w] }7271(0)

1

Zm{ [(975% s ¢2> <¢%Cl,21 + ¢%¢2> + idaci o+

91?3((?%2 + ¢1¢§>} + [(@ﬁ + ¢2>¢201,21 + ¢Te5 + 9@@3@} }’72,1(0)
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1

Zm{ (Qb% + ¢2) <¢%C1,21 + Poci 01 + ¢%¢2> + ¢%¢201,21+

6263 + 01 9]0z + 20163 }72,1(0)

C5.21

— G2 0
1—¢2+91X’Y2’1( )

where c591 = <¢% + ¢2) (¢%01,21 + Paci 21 + ¢%¢2> + ¢ipacion + O35 +
01 (8362 + 26103)
From ARMA (2, 20), we know that

C520 = (¢% T ¢2> <¢%C1,20 + Paci 20 + ¢%¢2> a5 ¢%¢201,20 + @73
We also know that ¢y 91 = ¢1,20 + 012X + 011

Thus,

C5,21 :<¢% = ¢2) (¢%Cl,21 + ¢ac1 01 + ¢%¢2> =+ ¢%¢201,21 + ¢ s+
91w<¢:{’¢2 + 2¢1¢3>

A simplification gives

C521 = (Qbf a4 (;52) [Qﬁ(cmo + 0192x + 91¢1?ﬂ)} 2l ((f)f + ¢2> [¢2(C1,20+
10 + 11 )| + (63 + 62) 602 + 6362 (10 + 162X + 01617 )
+ 6303 + 01 (062 + 260103

=cs0+ 1 (9162 + 36163 + 83 ) + 619 (91 + 4102 + 30163 )

Subsequently,

Ce,21
) =2 (0
7(7) 1—¢2+91X%’1( )
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Where

C6,21 :<¢% + <Z52) (¢?Cl,21 + 2¢1¢2c1 91 + ¢?¢2 + ¢1¢>§> + ¢?¢2 + ¢1¢§Cl,21
+ 6163 + 01 (010 + 30303 + 63)

—cs0 + 01X (6762 + 46763 + 36163) + 01 (08 + 501n + 66305 + 0]

Where

C791 = <¢% + ¢2) (¢%01,21 + 3¢%¢2C1,21 + ¢301,21 + ¢l
+26%63) + dldacrar + 2636501 + 9103 + 103+
61 (9362 + 16163 + 36163
—cr0 -+ Oux (632 + 56103 + 69363 + 03) +

v (] + 60362 + 10633 + 46163)
In terms of ¢, 21, an expression for (k) may be expressed as

Ck—1,21
v(k) = —————~,1(0 4.49

Letk — 1 = r. Then

Cr21 Z(ﬁ ) ¢2> {01,21 Z (<T ¢ i B S)) TP+

r—3>2s

Z ((T T ;1 3 5>> q325¢§+1}+

reaz2s (4.50)
4
om Y (“” 8 S)) S
r—4>2s

Z ((T - i - S)) ¢71“—3—25¢;+2

r—5>2s
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forallr > 4

Thus, for an ARMA(2,1) process,

r—3-—s r—3—2s /s
’y(kﬁ) = 0'2 (Qﬁ —+ qbg) {C1’21 Z <( . )> Cbl 3-2 ¢2+
r—3>2s
(’l” —4 - S)) r—3—2s ;s+1
+
7“;23 ( o ¢1 ¢2
= (r—4—s) 4.51)
C1,21 Z ( - >¢§_3_25¢§+1+
r—4>2s
(r—>5-— 5)) —3-2s 5+2 1
¢T‘ S¢S
TEQS ( S - 5 1 —¢9+ 01X
In terms of ¢, 20,
r—1-—s
Cr21 =Cr20 + 01X Z (( 5 ))¢g—l—23¢g+l a
(“1225) (4.52)
r— 38§ <o
o= % (7 )]
r>2s 2
forallr > 4
Equivalently for an ARMA(2,1) process,
2 (r — LesN ey, s+1
Y(k) =073 cra0 + 01 Z f 1 ¢y |+
e (4.53)

e [ > (07 MNer ¢§] }mm@
r>2s

The results in Equation (4.53) shows that the ACF of the ARMA(2,1) is a func-
tion of a coefficient ¢; 21 = c120 + 612X + 611, , which may further be
given in terms of a coefficient ¢, 29, a general coefficient for ARMA(2,0). The
results then involves computation of combinatorial values of the form ((’"7275))
for which r —¢ > 25,0 <t < 1.

Another important observation is that two more constants (x and w) have

been introduced than the constants in the general expression for ARMA(2,0)
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process.

ACF of an ARMA(2,2) Process

In this section, the ACF of an ARMA(2,2) process is derived. The auto-

covariance generating function (acgf) is used to obtain the variance and autoco-

variances, after which the autocovariances are normalized to obtain the autocor-

relation functions.

An ARMA (2,2) process is given by

Xe=$1 X1+ G Xy o+ 6012Zi 1+ 022,20+ Z,

By introducing the lag operator, Equation (4.54) can be simplified as

(1 — L —¢L2) X = (1 + 6.L + 6,13 7,

Further simplification yields

(1+6,L + 0,13

B, =
T 1 — L — L2

Z

(4.54)

(4.55)

Assuming the quadratic 1 — ¢; L — ¢»L? has two different real roots, é and %,

then

1 — 1L —¢L? =0

can be written as

Q(L) = (1 —aL)(1 - BL) =0

If

16, L+0,I°
Xt - t
(1—aL)(1 - AL)

then
1+ 015+ 0,52
(1 —as)(1—pBs)

c(s) =
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The agcf can thus, be written as

1y | 14015+ 6y87 14601571 + Oys2
A)els ) =\ o=y A-asDa-go1y|

This simplifies to

0557+ (614 0162)s + (14 67 + 603) + (61 + 61602) s + Oa572

c(s)e(s™) (T —as)(1 —as (1 - Bs)(1— Bs )

(4.57)

Equation (4.57) simplifies to

c(s)c(s™h) =0 | (1 4 02 + 62) + (61 + 0105)s + 035 + (01 + 0105)s ™

+ 9252] > >y T [Z(Ozs)’" + Z(asl)T] X

r=0 r=0 =1

> (Bs) + Z(ﬁslvl

r=0 r=1

(4.58)

Equation (4.58) simplifies to
e(s)e(s™h) = o ( > oy 527“) T(s") (4.59)
r=0 r=0

where T(s") are expression in terms of s” obtained from Equation (4.58).

At lag0, we consider terms in Equation (4.58) that results in s” and obtain

7(0) =0 (ij: o’ i": ﬁ”) { [(1 + 62 + 93)} T(s?) + [(01 + (9102)8] T(s™ )+

[9282] T(s %) + [(91 + 9192)871] T(s) + [92372] T(Sz)}
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:(1 _a/2)(1 _152)(1 _Oéﬁ){[(l—f—gf—{—@g)(l_f_aﬁ)]_i_

[(01 + 0165) (o + B)} + 6, [(a2 + %) +ap(l — aﬁ)} +

[(01 + 0165) (o + ﬁ)} + 6, [(oz2 + %) + ap(l — aﬁ)} }

= : {[(1+6§+9§)(1+a6)}+
(1= aB)[(1+aB)2 = (a+ B)2]

2 [(a + B)(6; + 6102)] + 20, [(oﬂ + 8% + aB(1 - aﬂ)} }

= ! {[(1—1—0?—1—9%)(1—#@6)}—#
(1= aB)|(1+aB)2— (a+B)2]

2 [<a +B)(6: + 9102)] + 20, [<a +B)?—af— mm?] }

g e (L K

+ 26:(6% + 62— 63)| }

1

:(1 + o) [(1 _ A ¢ﬂ {(1 - 9252) + 0, (2¢1 B 91¢2>+

02(26161 + 203 + 202 = 263 + 0, — 621 }

Let

X =201 + 01 — 0,102

=2¢1 + 01(1 — ¢2)

and

T =2¢101 + 2073 + 209 — 23 + Oy — Oagho

=2¢1,20 + 20161 + 02(1 — ¢2)
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Therefore, the variance function of ARMA(2,2) denoted as y22(0) is given as

0.2

(14 62) |(1 = 62)* — 3]

’)/272(0) = {1 — ¢2 + 91X + 927’} (460)

It is clear from Equation (4.60) that if §; = 0, we obtain 71 (0), the variance
function of the ARMA(2,1) process. Additionally, if §; = 6, = 0, we obtain
72,0(0), the variance function of the ARMA(2,0) process.

At lag 1, we consider terms in s and obtain

(1) =02 ( i a2 i 52r> { [(1 1624 eg)} T(s) + [(91 + 9192)3} T(s%)+

(6252 T(s7) + [ (61 + 01602)7! | T(s?) + [923—2]T<s3)}

1 2 2
=T P = { (1463 + 83)(a + B)]+

[(01 + 610,)(1 + aﬁ)} + [02(04 + ﬁ)] + [(01 + 0105){(a® + B%)+

aB(l = aB)}| + 62| (a* + 8°) + (a?8+aB?)(1 - af)] }

- L {[(1+0§+9§)(a+5)]+
(- aB)[(1+aB)2 = (a+B)2]

[(el +6,0,)(1 + aﬁ)} L [92((1 + B)] + [(el +0:0){(a + B)°—

aB = (aB)}] +6s|(a+ B)* = 208(a + B) — (aB)*(@+ B)] }

e+ - o= o] { (1402 + )] + [0+ 01601 - 00)]+

[92¢1] Sr [(91 + 6102)(67 + ¢2 — ¢§)} X [92(925? + 201902 — ¢1¢%)] }

Further simplification gives
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e e (LA SO RIS

+ 0265+ 61 + 26165 — 6163] }

e G G R G

+ 0197 — 0105 + & + ¢1 + 20192 — ¢1¢§> }

Letw = 14 6141 + ¢ — ¢5 and m = 61 + Oap + 0107 — 0105 + &5 + o1 +
20109 — D103

Therefore,

(L= . 02{¢1+91w+927r}
(1+62)|(1 = 62)? - 6]

Yy 1+ 0w + o
1-¢2+01X+027’

Y2,2(0)

Similarly, the autocovariance at lag 2 is obtained as

[e.9]

7(2) = ( i o’ Z 52T> { [(1 + 62 4 93)] T(s?) + [(91 + (91192>8i| T(s)+

025 T(s°) + [(01 + 6:02)57 | T(%) + [02577] T(s“>}

A ! {a+ﬂ3+%ﬂmﬁ+5%+aM1—am]

(1=a?)(1-5%)(1~—apb)
+ (01 + 616,) [(a + ﬁ)] + 6, [(1 + aﬁ)} + (0, + 0,6,) [(oﬁ’ + B2+

(B +aBH(1 — aﬁ)] + 0, [(a4 + BY + (B + *B% 4 aB?)

u—mﬂ}
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= ! {(1+9§+0§)[(a+6)2—a5—
(1= aB)|(1+aB)? = (a + B)?]

(aﬂ)Q] + (01 + 610-) [(a + 5)] + 6, [(1 + aﬁ)} + (01 + 616-) [(a + B)3—

2060+ ) — (af)*(a+ B)] +6:[(a+ B)* = 3ap(a + §) + ()~

(af)*{(a+ B)* + ap}] }
_ ! {u+ﬁ+@mﬁ+@—%ﬂ+
(1 +62)[(1 - 62— 3]

(O +0162) [6n] + 02 (1 = 6] + (01 +0:0) [ (8% + 26165 — 6263)] +

0] (61 + 36265 + 63 — 6305 — 03] }

= ! {(1 + 62 +0§)[¢% + ¢ —cb%] + (01 + 6162)
(1+¢2)| (1= 62)? - 03]

[ﬁ+¢u@@@—¢@ﬂ+%ﬁ+¢%ﬂ&@—¢%aﬂm+%—¢ﬂ}

= : { (Cb% + ¢2 — ¢§> + 64 (91(?% + 012 — 0105 + P+
(1+2)|(1 = 62)? - 63

61+ 20162 = 6163) + 02 (1 + 61 + 36302 — 6103 — 02 + 65 — 6 + 201+

02092 — 02093 + 0167 + 0161 + 2016165 — 91¢1¢§)}

Let n = 0167 + 01¢2 — 0105 + @7 + d1 + 2¢1¢2 — 193 and

A =1+ ¢+ 36702 — 4105 — ¢ + 5 — ¢3 + 0207 + Oaby — O2¢5 + 0167 +
0161 + 2019105 — 010165

Then,

2(2) = : ﬁ{¢?wm—¢%+mn+@A}
(1+2)| (1= 62)2 = 63
COT+ da — 95+ 01+ O\
N 1— ¢+ 01 x + Oor
. C1,22
1 — o+ Oy + Oo7

Y2,2(0)

72,2(0)
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where 61722 = ¢% -+ ¢2 - ¢§ + (9177 -+ 92)\
From ARMA(2, 1), it can be verified that n = ¢ox + ¢ .

Again, C121 = Qﬁ + 9252 - Qb% + 6)1 (¢2X + ¢1YD) and C120 = Qﬁ + ¢2 - ng
Thus,

Cr0 =07 + ¢a — @5 + O1(pax + 1) + O
=ci1 21 + oA

=ci0 + 01 (¢2X + ¢1w) + O\

At lag 3, we consider terms in s* and obtain

+(3) =0 ( i o i 527“) { [(1 - 93)}T(s3) + [(01 + 9102)5]T(52)+

(625 T(s) + [ (61 + 016,)5 7 T(s%) + [925—2]T<55>}

G- =) {(1 +61 48 (0" 184

(028 +af)(1 = ap)| + (61 + 6:62) | (0® + B2) + aB(1 — aB)] +

02 |(c+ B)] + (01 + 0162) | (0 + BY) + (8 + a28? + ap®)(1 = aB)]

+ 0, [(045 + B85 + (a*B+ ®B% + o283 + aBh)(1 — aﬁ)} }

_ ! {u+ﬂ?+%ﬂm+ﬂf—2mﬂ@+@
(1-aB)[(1+ap)? = (a+ 5]

— (@B(a+ B)| + (61 + 6,8 (o + B2 — aB = (aB)?] + 6 (e + B)|
+ (01 + 6:0) | (a + B)" - 3aB(a + B)° + (aB) = (aB)*{(er + B)*+

af}| +02|(a+ B)° — 4aB(a + B) +3(aB)*(a + B) - (aB)*(a + B’

+2mm%a+ﬂﬂ}
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1
(1+62)| (1= 62)? = 03]
(61 + 6:02)[ (83 + 62— 63)] + 62 [61] + (01 + 010 (61 + 3630+

{(1 + 07 + 63) [(@Zﬁ + 20192 — ¢1¢§)} +

0 — 9363 — 03)| + 02 (61 + 4662 + 30163 — 9165 — 2610} }

1
(1+¢2)| (1= 62)? — 62

(01 + 0:602) |61 + 63 + 36365 — 6263 + 62 — 63| + 067 + 1+

| {(1 + 0 + 03) | 01 + 20162 — 9n el +

46162 + 36103 — 9163 — 260143 }

1

= ] {(¢?+2¢1¢2 —¢1¢§) + 6 (¢%+¢%+

(1+62)| (1= 62)? - 62
3630 — G103 + 62 — 03 + 0107 + 2010102 — 016103) + 030 + 61+

A5 da + 3p195 — B103 — 20195 + 0297 + 202010 — Oad1 5 + 011+

0n67 + 3010362 — 016303 + 0162 — 0103 }

Letw = ¢* + ¢2 + 30205 — G202 + do — ¢3 + 0103 + 20,1y — 01612

and

K = @)+ P1+ 40502 + 39105 — G103 — 20105 + 020 + 20501 2 — Bap1 3 +

0197 + 0197 + 3010702 — 010103 + 012 — 0103
Then,

13) =

1
(1+ ¢2) [(1 — )% — Qﬁ]
O+ D192 — 9105 + 1¢2 + bhw + Oak (0)
P 1— g + Oy + Og7 L%
_¢1 (Qﬁ + ¢2 — ¢§> + P19 + 01w + box

1— ¢+ 01 x + 0o
_ C2.22
1—¢2+91X+027

U2{¢z1)) + 2102 — P13 + bhw + 925}

Y2,2(0)

Y2,2(0)
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whete ¢330 = 61 (03 + 6> — 63) + 610 + b1 + O
From ARMA (2, 1), it can be verified that c01 = ¢1¢191 + P12 + 01w =

61(62+ 02 — 63) + dr + 1w
Thus,

cron =01(63 + 62— 63) + G162 + 01 + O
=¢16121 + P192 + 1w + O
=Cg91 + OoK

=co,0 + 01 P12 + 91W<¢% & <Z52> + Ok

At lag 4, the autocovariance is obtained as

+(4) =o? (i a? i 5%) { [(1 Ty eg)} T(s%) + [(91 + 9192)5} T(s®)+

[9282] T(s?) + [(91 + 0192)8_1}T(55) + [023_2] T(SG)}

:(1 —a?)(1 _162)(1 —af) {(1 + 07 + 63) [(oz4 + 84 + (o*8+

%+ aB)(1 - aﬁ)] + (61 + 016) [(a?’ + B%) + (B + af?)

(1= aB)| +6:[(0* + 5) + aB(1 — aB)] + (6 + 6:6)[ (o + 5°)

+(a'8+a* B2 + 06" + ap)(1 - af)| + 05| (a® + 8°) + (®B+

QB2+ a3 4 a2Bt + af%)(1 —a@)]}
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1
(1= aB)[(1+aB)2 = (a+ B)2]

3aB(a+ )’ + (aB)’ = (aB){(a+ B) +aB}| + (61 +6:62)

(@ +8)* = 208(a+ B) = (aB)*(a+ B)| + 0| (a + B)” — aB—
(@B)?] + (61 +0:605) | (o + B)° — 4aB(a + B)° + 3(aB)*(a + B)-
(@B)X(a + B)" + 2(aB)(a+ B)] + 65| (a + B)° — 5aB(a + B)'+

{(1 + 03+ 63) (o + B)'—

6mm%a+ﬁf—uwfm+ﬂf+3mm%a+m”—mmﬁ—mmﬂ}

Il
(1+¢2)| (1 = 62)? = 3]

+ (01 + 616) | (6} + 2016 — 6163) | + 02| (6% + 62— 83) | + (61 + 6161)

(63 + 40302 + 30163 — 6103 — 20100)| + 02 (6% + 5len + 60303

{ﬂ+%+ﬂ@kﬁ+ﬁﬁ@+¢?—ﬁ%—¢%

G163 — 36303 + 0§ - ¢3>]}
1

TR T

+ (61 + 0165) [(@f)‘? + 212 — ¢1¢§)} + 62 [(ﬁ + ¢ — ¢§)} + (61 + 016>)

(8% + 46302 + 36163 — 6163 — 20103)| + 62 (68 + 506s + 60303

| {(1 + 03+ 63) | (61 + 30362 + 63 — 630 — o)

ﬁ%—w%%w%wﬁ}
!
(1+¢2) (1 - 62 = &3]

+ (014 0102) [0 + 61 + 46365 + 26103 + 20163 — 6103 — 20103 +

{u+%+ﬂakﬁwwwy+@—¢wa—@}

o+ -5 0 o ot vt - of]
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Expanding some of the terms and regrouping, we shall obtain

1
(14 62)| (1= 62)? = 62

(61 + 0162) [0 + 63 + 36165 + 6102 — 6163 — nal] + 6208 + 03+

(4) = | {(1 + 03+ 63) | 01 + 20702 — 003+

4¢w2+3ﬁ¢%—¢w€—2ﬁ¢ﬂ}+

1
(14 ¢2) [(1 — $2)? — ¢}

(61 + 6162) [ 6362 + 6162 + 20163 — 163 + 0 + G+

}%1W%WSW@+%£H

3&%—&@—%+@—%”
Simplifying further, the autocovariance at lag 4 is given as

1
(1+62)[(1 - 6

(61 + 0102) [ 8% + 63 + 30362 — 6263 + 62 — 03] + 0261 + 1+

7(4) = P ¢2]¢1{(1+9%+9§)[¢§+2¢1¢2—¢1¢3]+
Tl

4¢%a+3@¢3—¢%%—2@¢ﬂ}+

1
(1+62)| (1= 62)? - 63

(61 +0102) [ 8% + 61 + 2010 = 6103] + 01+ 61 + 36300

¢2{(1+9%+9%) 62+ 62 = 93]+

ﬁ%—@+%—@ﬁ
=¢17(3) + $27(2)

C2,22 C1.99
e 2 0 + ) 0
¢ (1 — ¢+ O1x + 927’)72’2( ) ¢2<1 — ¢o + O+ 927')72’2( )
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1
_1—¢2+91X+927

o1 (¢1C1,21 + o109 + 01¢2w> +

02 (01,21 + 92)\> Y2,2(0)

1
1 — o+ Oy + Oo7

<¢%Cl,21 + Qbfcbz + 010102 + 92¢1/€>+

<¢201,21 + 92¢2)\>] Y2,2(0)

1
:1 - ¢2 + 91X L 927— <¢% a5 ¢2)cl,21 + Cb%QbQ —+ 01¢1¢2w-|—
D215 + Oaa | Y2,2(0)
= ! + 001K + Oap2\ (0)
T1— gyt Oux o+ Opr | T AR T R0 T
G2 72,2(0)

:1—¢2+91X+927’

Similarly, the autocovariance at lag 5 is obtained as

7(5) =02 ( fj o fjﬁ) { [(1+ 624 63) | T() + [ (61 +6102)3] T(s*)+

[QQSQ}T(S?') + [(91 + 9102)s—1]T<s6> + {st‘Q]T(sﬂ}

:(1 —a?)(1 _152)(1 — o) {(1 + 0% + 632) [(oz5 + B8°) + (a*B+

Q3B + a3 + afh) (1 — aﬁ)] + (01 + 0,6,) {<a4 +BY + (o*f+

0?3+ af")(1 = aB)| + 6| (a* + 8%) + (0?8 + aB*)(1 - a) |+

(61 + 0:62) [(0° + B°) + (°B + '8 + 0%B° + 028" + ap”)(1 — af) |+

02 [(047 + B + (a8 +a’B + aB + ap* + ?B° + %) (1 — aﬁ)] }
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= ! {(1+9§+0§)[(a+6)5—
(1= aB)|(1+aB)? = (a + B)?]

dap(a+ B) +3(aB)X(a+ B) = (aB)*(a + B)" + 2(aB)(a + §)| +
(01 +0:602) (o + B)" = 3aB(a + B)* + (aB)? = (aB)*{(a+ B)* + ap}]
+05](a+ ) —208(a + B) — (aB)(a + B)] + (0 + 016) [(a + B)°
baf(a + B)" +6(ap)*(a + B)* — (aB)*(a+ B)" + 3(aB)’(a + B)*~
(@B)* = (aB)*] + 05| (a + B) - 6aB(a + B)° — (aB)*(a + B+

10(aB)?(a + B)® + 4(aB)*(a + B)® — 4(aB)*(a + B) — 3(aB)*(a + ﬁ)} }

e )[(11 ot o] {(1+93+0§)[(¢?+4¢?¢2+3¢1¢§—dfi’cb%
2 - @2 - @1

= 26100)] + (01 + 0:02) (61 + 3626 + 63 — 6305 — 91)] + 0| (91+
20162 — G163)| + (01 + 01602) (65 + 56162 + 66365 — 6705 — 3670+

6= )]+ 0[]+ 60— e 1061 — el - 2000 |

X = | {(1 + 07 +63) | 6} + 46765 + 310 — 6103

(1+ o) [(1 = ¢2)% — ]
20163 + (01 + 0102) |68 + 61 + 5610 + 59363 — 9163 — 39363 — 9+

36362 + 63 + 0201 + 6 + 60105 + 100363 — 9163 — 46103 + 4616~

36163 + 20162 — ) }
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Expanding some of the terms and regrouping, we shall obtain

7(5) = 1 {(1 + 03+ 03) |67 + 3902 + 9103

(1+62) (1= 62 = &3]

G105 — 163] + (01 + 010) |98 + 61 + 46105 + 26305 + 2676,

ﬁ%—w%ﬂ+%M%¢%¢ﬁ@+%ﬁ%¢w&4&£”+
1

(1+ ¢2) [(1 — $2)% — ¢7

(01 + 016:) | 6365 + 6302 + 39363 — 9363 + 6 — 94| + 0| 0en+

]{u+93+%ﬂﬁ@+2@%¢@ﬂ+

@%+4ﬁ%+3@£—¢%§4w@ﬂ}
- ! ¢1{<1 07 +68) [0+ 3600 + 63
(14 62)| (1 — 62)2 = 3]

B2 = 93] + (01 + 010:) |0 + 6 + 46765 + 26165 + 26165

G165 — 20163 + 03 0+ 6 + 50102 + 66103 + 62 — 6 + 93—
ﬁ%—sﬁ@—¢ﬂ}+

1
(1+62) (1 - 2

(01 + 0:05) 0% + 67 + 30302 — 303 + 62 — 63| + 626} + Br+

¥ ¢2] ¢2{(1 + 07 +63) [¢i’ + 20102 — ¢1¢§] +
— o1

4¢3 + 313 — P15 — 2¢1¢§} }
=¢17(4) + ¢27(3)

C3.92 €222
- : 0 : 0
¢1<1—¢2+91X+927)%’2< )+¢2<1—¢2+91X+927’>%’2( )

1
1 — o+ Oy + Oo7

?1 (03,21 + 02015 + 92¢2>\> + ¢2 (02,21 + 92"‘41) Y2,2(0)
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1
1— ¢+ 01 x + Oor

®1 <(¢2 + ¢2)ci o1 + Plps + 0101pa+

a1k + 02650 ) + 62 (1011 + 160+

01w + 92H>] 72.2(0)

1
1—¢2+01X+02T

{(83+02) dr011 + 6100 + 1630+

B2tk + 92¢1¢2)\} + {¢1¢201,21 + P15+

019500 + 92¢2/€}] ¥2,2(0)

1
1—¢2+91X+927

<¢? i ¢2) (¢101,21 + ¢1¢2) + P1¢2¢1 21+

010709 + 010500 + 0207k + Oapark + ‘92¢1¢2)\] Y2,2(0)

1
1-¢2+91X+927’

(ﬁbf e ¢2) (¢101,21 + ¢1¢2) + O102¢1 21+

Oreo02 (6% + 02) + 027 (6162) + 026 (% + 62) | 122(0)

1
\ 1— ¢+ 01 x + Oo1

Y2,2(0)

Cap1 + 92)\<¢1¢2> + 9%(@% + 9252)

Y C4,22
1— o+ 01x + 027

Y2,2(0)

It is obvious that our simplification of the coefficient of s* from ~(4) leads to
the Yule-Walker equations. Subsequently, it is now convenient to precede using

the Y-W equations.
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Thus,

Y(6) =¢17(5) + d2v(4)

C4,22 C3,22
= ) 0 s O
%<1_¢”+%X+9ﬂ>%2(y+@<1—¢f+mx+%r)%ﬂ)

{Qﬁ (04,21 + Oa A (p102) + Oar(dT + ¢2))+

1
1 — o+ Oix + ot

05 (03,21 + 021K + 92¢2)\>] Y2,2(0)

1
1 — o+ 01X+ Oo7

¢1{ (Qb% JF ¢2> (¢101,21 + ¢1¢2) + @121 21+

RevioD <¢% + ¢2) + 92)\<¢1¢2) + 92/£<¢% + ¢2> }+
¢52{ (Cﬁ + ¢2> 11 + Gids + 010109 + Oz i+

02622 } | 122(0)

1
1 —¢o 4 01x + b7

{ <¢% + ¢2) <¢%cl,21 + Cﬁ@) + piac1 o+

01012 (Cb% + ¢2> + 92/\<¢§¢2> + 92H<¢?+
¢1¢2>} S {(Qﬁ 4 ¢2)¢201,21 + @3¢5 + 0101 P5To+

02102k + 92¢§)‘}

Y2,2(0)

1
1 — ¢+ 01X+ 07

(Gb% + ¢2> (Qb%Cl,Zl + Paci 01 + ¢%¢2> + ¢lpaci 1+
63 + 010 (90 +26108) + 02\ (830 + 03 ) +

92/<;<<;5£1)’ + 2¢1¢2) Y2,2(0)

1
1 — o+ 01X+ Oo7

51 + 020 (630 + 03) + are (0 + 2@@)] 12.2(0)

_ Cs5,22
1— g+ O1x + 027

Y2,2(0)
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Using similar deductions,

_ 1 3 2
10 =1 G Oux + 057 | GZA(W2 + Q(MZ) +
021 (81 + 36362 + 63 ) | 12.2(0)
C6,22

= ’ 0

1= st by + 37 220
v(8) = ! Cro1 + 92>\(¢4¢2 + 3¢5 + ¢>3)+
L— ¢ + 01+ 0o7 | W : 12

02663 + 46362 + 36163) | 12200)

_ C7,22
1 — o+ 01 x + o7

Y2,2(0)

Then for r» > 4,

r—3—
Cro2 =Cron g 62)\ Z (( ) )) ¢r 3— 2s¢s+1

r—3>2s

4.61)
.
92’1 Z <( )> r—2— 25¢2:]
r—2>2s o
Hence for an ARMA(2,2) process,
(k) = : (0)
Y/ 1—¢2+91X+97 C(k—1),2272,2
1 (r—3— >> 3-2 1
. Ccr +9 )\ r— s /s+
1 — s+ 01x + 927'{ o T_Z32328 < 9 % %
r—2—
92“[ > (( < )>¢7{ = 28%] }72 2(0),
r—2>2s

(4.62)

forr > 4, noting that k — 1 =1r

The results in Equation (4.61) shows that the ACF of the ARMA(2,2) is
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a function of a coefficient c, 22, which may further be given in terms of a co-
efficient ¢, 21, a general coefficient for ARMA(2,1). The results then involves
computation of combinatorial values of the form ((r—z—s)) for which r—t > 2s,
2<t<3.
It is also observed that the Y-W relation emerged only after lag 3. This
means that there is the need for the computation of individual v(k) for k£ < 3.
Another important observation is that three more constants (7, A, and k)

have been introduced than the constants in the general expression for ARMA(2,1)

process.

ACF of an ARMA(2,3) Process

In this section, the ACF of an ARMA(2,3) process is derived. The auto-
covariance generating function (acgf) is used to obtain the variance and autoco-
variances, after which the autocovariances are normalized to obtain the autocor-
relation functions.

An ARMA (2,3) process is given by
Xi =01 Xs 1+ Qo Xp 0o+ 012 1+ 027 o+ 032, 35+ Zy (4.63)
By introducing a lag operator, Equation (4.63) can be simplified as
(1—¢1L — ¢ L) X; = (140, L + 0517 + 05L%) Z,

Further simplification yields

(14 60;L + 6o L% + 6313)

X, —
! 1 — 1L — ¢oL?

Zy (4.64)
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Assuming the quadratic 1 — ¢ L — ¢»L? has two different real roots, é and %3,
then

1—¢1L—¢2L2:0

can be written as

(1—al)(1—BL)=0

It can be verified that (o + 3)=¢; and a8 = —¢,

If
_1+6,L+6,L%+65L°

A 1 P L

then
1+ 018 T+ 9282 == 9383
c(s) =
(T —as)(1—Bs)

The autocovariance generating function can thus, be written as

o | 1+ 015+ 025% + 038  1+60;5 + 0572+ 0353

L—as)l—Bs)  (—asHd=psD)
(4.65)

c(s)e(s™h) =

This simplifies to

=11\ - 1 0_2 53 52
A =i e D po = oY) {93 y A

(01 4 0105 + 0203)s + (1 + 07 + 05 + 63) + (01 + 010, + 0203)s™"

+ (62 + 0163)s % + 933_3}
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Further simplification yields

c(s)e(s™h) = 0% 058 + (O + 0105)s* + (01 + 0105 + 0203)s + (1 + 07 + 03 + 03)+

(01 + 0105 + 0203)s™" + (0, + 0,03)s 2 + 935_3] X

ZaQTZﬁQT [Z(as)r + Z(as—l)r

=) r=0 r=0

[Z(BS)T + Z(@s*)’i

r=0 r=1

X

(4.66)

Equation (4.66) simplifies to
c(s)c(s™h) = o? <Z o Z ﬁ2r> T(s") (4.67)
r=0 r=0

where T(s") are expression in terms of s” obtained from Equation (4.66).

At lag 0, we consider terms in Equation (4.66) that results in s° and obtain

12.5(0) = (1 + 63 + 63 + 63) | T(s°) + (61 + 6105 + 6a0)s] T(s ™)+

:(02 I 9193)32} T(s~2) + [0333] T(s~3) + [(91 + 0,0, + 0293)3—1] T(s)+

:<92 + 9193)3*2] T(s?) + [935*3} T(s?)

Making substitutions for the respective T'(s") and simplifying as before gives

(1+ ¢o) [(1 1_ éo)? — Qﬂ {(1 - ¢2> + 6y (2(;51 +6; — g1¢2)+

02(2616: + 263 + 265 — 26} + 02 — 0202 ) + 05 (26} + 46102~

Y2,3(0) =

20105 + 03 — O30 + 20501 + 20167 + 2012 — 291¢§) }

Let x = 2¢1 + 01 — 012, T = 20161 + 207 + 2¢9 — 2¢5 + 05 — O2¢2 and

=203 + 41 g — 20103 + O3 — O32 + 20201 + 20197 + 20162 — 26193
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Therefore, the variance function of ARMA(2,3) denoted as v2,3(0) is given as

1
(14 2) |(1— 2

’)/273(0) = 02{1 —¢2+91X+027’+93M} (468)
2 - 03]

It can be observed that the (0) of the lower processes can be deduced from

Equation (4.68)

At lag 1, we consider terms that result in s and obtain

(1463 + 63+ 03)| T(s) + [ (01 + 0162 + 0263)s| T(s°)+

:(02 + 9193)52]T(s—1) + [9333]T(s—2) + [(91 + 0105 + 0,0)s | T(s2)+

:(92 + 9193)5_2}T(s3) + [933—3}T(s4)

Making substitutions for the respective T(s") and simplifying gives

1 2 42
g :(1 + ¢2) [(1 — ¢2)2 — 925%} {¢1 I (1 i ¢2>+

02(01 + 0261 + 0167 — 0165 + 6 + 61 + 2010 — 6163 )+

03 (030 + 02+ 007 — 0203 + 0165 + 2016162 — 016105 + 61+

6% + b2 + 36765 — 6163 — 0} }

Letw = 140,01+ @2 — 3, ™ = 01 +0501 40107 — 0103+ B3+ 1+ 201 po — P13
and

§ = 0301 + 0o + 0297 — 0205 + 0197 + 2016102 — 016105 + 61 + &7 + P2 +
3102 — ¢1¢3 — b3
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Therefore,

(1) = ! 02{¢1 +91w—|—927r—|—93§}
72— il

(1+¢2) | (1 — oo
o ¢1+91w+927r+93€
1 — ¢+ 01 x + O + O

Y2,3(0)

At lag 2, we consider terms in s? and obtain

v(2) =

(1463 + 03 + 03)| T(s?) + [ (61 + 016 + 0:0)5| T(s) +

(65 + 016’3)32]T(SO) + [egsg}T(s—w + [(01 + 6,6, + 9293)3—1}T(S3)+

:(92 + 81«93)5’2}T(s4) 4 [933’3]T(s5)

1
(1—a?)(1-52)(1—-ap)

af(l— aﬁ)] + [(91 + 0102 + 6205) (a0 + B)] + (62 + 6105)

{(1 4 f24-024-62) [(oﬂ + B2+

[(1 + aﬁ)] 40, [(a + 6)} 4 (01 + 01605 + 0505) [(a?’ + 83+
(2?8 +aB?)(1 = aB)| + (6. +616s) | (a* + B*) + (a8 + a?6"+

aB® (1 — aﬁ)] + 05 [(of” + B85 + (o' + a®B% + o252+

ap)(1 - af)| }

1
(1=0a?)(1-p%)(1-ap)

(045)2] - [(91 + 6105 + 0503) (o + /3)] + (03 + 0,03) [(1 + aﬁ)} +

{(1+9§+€§+9§) [(a+6)2 — af—

O3 |(@+ B)] + (61 + 01605 + 0:63) | (o + B)° — 20B(cr + B)—
(@) (a+ B)] + (6 + 6:85)[(c + B)" = BaB(a+ B)? + (aB)*~
(@B)*{(+ B)° + aB}| + 03| (o + B)° = daBla + B)+

3mm%a+ﬂ%—mm%a+ﬂf+2wm%a+ﬂﬂ}

100

Digitized by Sam Jonah Library



Un

iversity of Cape Coast https://ir.ucc.edu.gh/xmlui

1
(1+62)| (1= 62)? = 03]

[0+ 61605 + 6265161 + [(62 -+ 0,65) (1 — )] + 05[] +

{(1+9%+9§+0§>[<¢%+¢2 — 3]+

(6 + 010 + 0265) (63 + 20100 — nB)| + (02 + 026) [ (61+

36702 + 05 — 9165 — 03)] + 0| (61 + 4960 + 36163 — 916} — 20167 | }

1
(1+ ¢2) [(1 — ¢2)? — Qﬁ]

[(91 + 010 + 0205) (47 + d1 + 20102 — ¢1¢§)] + [(92 + 0163)(1 + ¢+

36362 — 02 + 03 — 623 — 63)] + 05| (61 + 61 + 40102 + 3n a3

{ (146203 + 63)(63 + 62— 8B)| +

B3 — 2063 }

1
(1+62)| (1= 62)? = 62

0163+ 61 + 61+ 20102 — 6163 ) + 021+ 01 + 3930 — 93—
G+ 05 — 83 + 026% + 062 — 0263 + 016" + 0161 + 2016192 — 016163
+ 0 (63 + 61 + 40100 + 30165 — 9163 — 20163 + 5% + 30 — a0+

0o + o + 2020109 — 02105 + 01 + 0167 + 30103 — 012 + 0105 —

010308 — 6163) }

| {(qs% + 62— %) + 01 (0167 + 0162

Letn = 0167 + 01¢2 — 0195 + &7 + b1 + 26162 — 193,

A =1+ ¢1 + 30702 — 415 — P2 + 5 — ¢3 + 0207 + Oaby — 0205 + 0167 +
0101 + 20101 0o — 010103 and

0= 7 + @1 + 4970 + 30185 — P13 — 20105 + 0307 + O30 — 0365 + O] +
D201 + 2020192 — 0213 + 01 + 0191 + 30107 P2 — 0192 + 0195 — 010705 — 0163

101

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Therefore,

1
v(2) = 02{¢§+¢2—¢§+9m+92)\+93g}
(1+62) (1= 62 = &3]
_ O+ da— 5+ O+ o)+ O30
1—¢2+91X+Q2T+93/JJ

= 722(0)
1— o + 01X + Oo7 + O3 ' **

Y2,2(0)

where ¢; 93 = @3 + g — ¢3 + 011 + O\ + O30

C1,23 =7 + ¢o — B3 + 011 + O\ + O30
=C1,22 + 030

=cC1,91 + 02\ + O30
Similarly, the autocovariance at lag 3 is obtained as

~(3) = :(1 + 02462+ eg)} T(s%) + [(91 + 616, + 9293)5] T(s2)+

:(92 ¥ 9193)32]T(s) + [0353} T(s) + [(491 40,6, + 9293)3—1] T(s*)+

:<92 + 9193)5*2]T(s5) + [935*3]T(56)

T A= of) {(1 + )|+ B

028+ aB)(1 = aB)] + (61 + 0162 + 26) (0 + )+

aB(1 — aB)] + (0> + 0:05) (a4 B)] +65[(1 +aB)] +

(01 + 010 + 0203) [(o/1 +BYH + (a*8+ ?B + af?)(1 — aﬁ)] -
(02 +0:05) | (@° + ) + ('8 + a*8 + 2B + aB") (1 - aB)| +
0 (% + B%) + (a8 + a*B? + a®B% + a2B*+

+
ap”)(1 - am}}
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:u—a%ajﬁ%u—am{“+ﬁ?+%*ﬂ@ﬁa+ﬂf—

2ap(a+ ) = (aB)(a + B)] + (6 + 610 + 6:63) (o + B)* — ap—

(aﬂ)Q] + (63 + 6105) [(a + B)} + 05 [(1 + aﬁ)] + (61 + 6162 + 6205)
(a+ )" = 3aB(a+ B)° + (aB)* — (aB)*{ (o + B)} +af}|+

(62 + 6:83) | (cr + B)” — 4a(ar + B)? + 3(aB)*(a + B) — (aB)(a + B
+2(aB)(a+ B)] + b (a+ B — 5aB(a+ B)* + 6(aB)*(a + B’

—@wfw+ﬂf+3wm%a+m2—mm3—mmﬂ}

:(1 ¢)[(11 v ¢}{(1—1—0%—1—95%—9%)[(@25?4-2(251(?2¢1¢§)}+
+ Q2 — $2)? — ¢}

(01 + 0105 + 0205) [(@53 + 2 — Qﬁ)} + (02 + 0105) [¢1} 4 93[ 1- Cbz)] +
(61 + 010+ 0:05) [ (61 + 3636 + 63 — 363 — 63)] + (62 + 0105)

(8% + 4630 + 30165 — 663 — 26108)| + 03[ (65 + 5016 + 6063

¢%&ﬂ&@+@—@ﬂ}

L . { [(1 + 67 + 05 4+ 03) (2 + 201 9 — ¢1¢§)} +
A+ 2)[(1 = 22— ]

(61 6402 + 0a60)(&% + 6 + 36762 = 6363 + 62 — 03)|+

(02 + 0165) (65 + 61+ 40305 + 3nE — 6303 — 26109) ] +

%kuw%wﬁ@+w%}ww%%ﬁ£—@+£—@M}
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B : b4 26165 — 167
(1+¢2>[<1¢2)2¢%]{<¢1+2M #163)+

00 (61 + 6 + 36365 — G363 + 0 — 63 + 0163 + 21010, — 016163 ) +

027 + 61 + 46102 + 36165 — 103 — 2010} + 626 + 2026162 — a6+
0101 + 6103 + 3016765 — 016363 + 010 — 0163) + 03 (1 + 08 + 5010+
6305 — $105 — 30105 — b + G5 — Py + 0307 + 2030102 — 3193+

o] + 090 + 30207 a — 020705 + Oapa — 0203 + 0105+

0101 + 40103 s + 3016105 — 01035 — 291¢1¢§> }

Letw = ¢} + ¢1 + 30762 — $1¢3 + ¢ — 3 + 0167 + 2019162 — 016103,
K= 07+ ¢1 + 46702 + 30105 — ¢1d5 — 20105 + 0207 + 2020102 — 02165 +
011 + 0107 + 3016703 — 014705 + 0195 — 0165 and
¢ = 1+ @7+ 50102 + 60105 — ¢1¢5 — 3h105 — Pa+ ¢3 — ¢ + 03¢ + 2030102 —
030105 + 0201 + 0207 + 302070 — 020705 + Oapy — 0203 + 0107 + 0191 +
4010702 + 3019165 — 010705 — 20,9165
Then,
v(3) = : 0—2{¢§’ + 20102 — 195 +91w+92/§+63§}
(14 62)|(1 = 62)2 - 03]
_ 1+ G102 — 0103 + d1¢a + 6hw + 0ok + 03¢
1 — o+ 01X + a7 + O3
61 (62 + 02 = 83) + G162 + 010 + O + b
1— s+ O1x + Oa7  Oa

L C2.23
1 — o+ 01X + 07 + O3p

Y2,3(0)

Y2,3(0)

Y2,3(0)
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where ¢35 = 01 (6% + 6 — 63) + G102 + 010 + O + fiss

2,23 =01 (925% + ¢ — 925%) + P102 + 01w + Ok + 03¢
=C,22 + U3¢
=C221 + (92/1 + 93§

=¢1c121 + G192 + 12w + O2k + 056

At lag 4, we consider terms in s* and obtain

v(4)

(1463 + 63+ 63)| (%) + [ (81 + 0165 + 0205)s| T(s%)+

:(92 + 9193)32} T(s?) + [9333} T(s?) + [(el 40,60, + 9293)371] T(s%)+

:(92 v 9193)3—2] T(s®) + [935—3} T(s7)

! {(1 L6+ B+ )|+ s

(1-a)(1-p8)(1-ap)

(038 + a2 + af)(1 = aB)| + (61 + 6160, + ) | (0 + B)+

(@28 +af?)(1 = aB)| + (6 + 0:63)| (® + 82) + aB(1 - aB)|

+ 0| (a+ B)] + (61 + 016 + 6a65) [ (0° + B°) + (' + 0P+

0?8+ aB')(1 = aB)| + (02 + 6105) (0 + 8°) + (a°B+ o B+
Q¥ + 2B + af”)(1 — )| + b (" + 8+

(088 + aBB32 + a*B3 + 3B + a5 + af5)(1 — a@)] }
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:u—a%ujﬁ%u—am{“+ﬁ?+%*ﬂéﬁa+ﬂf—

3aB(a+ B)? + (af)? — (aB)*{(a + B)* + aﬁ}] + (01 + 0102+

0205) [ (c+ B)" = 2a8(a+ B) — (aB)*(a + B)| +

(62 + 0105) (o + B)* — B — (aB)?] + 5 [( + B)] +

(61 + 6162 + 0:63) | (o + B)° — 4aB(a + B)* +3(aB)(a + B) -
(@B)*(a + B)° +2(aB)(a+ B)] + (B + 6105) | (e + B)°—
baf(a+ B)" +6(aB)*(a + B)* — (af)*(a+ B)'+

3(aB)*(a+ B)* = (aB)* — (aB)*] +bs|(a + B) — 6aBa+ B)-
(@B)*(c+ B)° +10(aB)*(a + B)° + 4(aB)(a + B)’ -

4mm%a+m—3mm%a+ﬁﬂ}

1
(1+6)|(L =2 = ]

P15 — qb;’)} + (61 + 0105 + 0205) [(Cb? + 20102 — ¢1¢§)] +

{(1 03+ 03+ 63) | (01 + 30705 + 93—

(02 +0265) [ (6% + 6 — 6B)] + 63 [0n] + (61 + 016+ 0,05) [ (653+
4662 + 36105 — 6705 — 26103)| + (02 + 0265) | (6 + 5676+

66705 — 9165 — 36765 + o — 63) | + 0| (6] + 66702 — Gle3+

mﬁ%—4ﬁ@+4@@—3@@ﬂ}

o 1 {[(1 + 07+ 65 +65)(61 + 3670 + &3 —

(1+¢2) [(1 — ¢2)? = Qﬂ

R0 — 8] + (01 + 0.0 + 0.05) (65 + 61 + 4600 — Sh05+

26163 + 20102 — 20163) | + | (62 + 010)(65 + 63 + 51+
6625 — 9163 — 30303 + 02 — 63 + 6 — 6)| + s | (6] + o1+

6&@—ﬁ%+mﬁ%—w%%4@£—wmﬂ}
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(H¢)w1¢y(ﬂ{@%3ﬁ@+%%%£%
2)(\+ — W2) — @1

01( 67 + 61 + 46102 — 9163 + 20163 + 20162 — 20105 + 0161+

3010302 + 0165 — 010303 — 0163) + 02 (65 + 6% + 5010n + 66305 — o103
— 30105 + o — ¢ + G — P + a0} + 30272 + o —

O2p705 — a3 + 0107 + 0105 + 401072 — 010565 + 201195+

2010162 — 20103 ) + 05 (0] + 61 + 60302 — 6103 + 106105 — 4070+
40105 — 3h103 + 0301 + 3030702 + O35 — O30T — O35 + b2+

0205 + 40205 hs — 0207305 + 2020105 + 202912 — 202105 + 6195+

0107 + 5010102 + 6010795 — 010195 — 3010705 + O1ps — O13+
0163 — 016%) }

Letv = ¢} + &F + 4dis — G105 + 20105 + 20102 — 20105 + 0161 + 3010762 +
0195 — 016165 — 0193 ,

L= Y + 1 + 5102 + 66765 — 6165 — 3¢T0] + ¢ — G5 + 83 — ¢ + O] +
30207 da + 0205 — 02765 — 0205 + 0163 + 0107 + 40167 b2 — 01673 +201¢1 93 +
201012 — 20,93 and

v = O] + d1 + 6070 — ¢35 + 104705 — 4dids + 4193 — 3h1y + 361 +
30307 2 + 0305 — 0367 o — 0303 + 0207 + 0207 + 40267 b3 — O2b{ 3 + 20201 93 +
2050192 — 2020103 + 018 + 0167 + 5010102 + 661675 — 1615 — 3010705 +
012 — 0165 + 0165 — 0195
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Therefore,

v(4) :(1 » [(1 1 pye ¢2] 02{&1‘ +3¢1ds + ¢ — iy — P + 01 + Oar + egv}
+ @2 — P9)° — @1
_¢%+3¢%¢2 + ¢5 — 15 — @3 + 010 + Oor + O3v (0)
B 1 - 9252 + 01X + 927’ + 6’3,u 72’3

(6% +02) (63 + 62— 63) + G + 01 + a1+ G0

) 0
1 — o + O1x + 057 + O3 723(0)

= C3,23
1_¢2+91X+027+63M

Y2,3(0)

where 63723 = (Qﬁ% + ¢2> <¢% —+ gbg = QS%) —+ ¢%¢2 -+ 01V —+ HQL —+ 93’0
From ARMA(2,2), it can be verified that 6, = 65 (gbm + @9 A)

€3,23 :<¢% + ¢2) (¢% + ¢ — ¢§) + @i + 011 + Ogt + O30
=C3,22 4 93’0
=C3,21 + 92L + 93?)

= (¢% + ¢2>01,21 + @30 + 01610 + ot + O30

The autocovariance at lag 5 is obtained as

1(5) =[(1+ 63 + 63 + 63)| (%) + [ (81 + 016 + 6:05)s] T(s*)+

(65 + 9183)82}T(S3) + [8383}1‘(52) + [(91 + 6010, + 9293)3_1] T(s®)+

:(92 h 9193)3*2] T(s7) + [935*3} T(s®)

This simplifies to
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7(5) =

(-1

1
(1-a?)(1=p5*)(1—-ap)

{(1 + 07 4 07 + 632) [(oﬁ + B°)+

(0'8+ 0’8 + 028" + af")(1 — aB)| + (61 + 610 + 0:65)
(0" + BY) + (a°B+ 028 + af)(1 — aB)| + (6 + 0165
[a + 8% + (o®B + aB?)(1 —aﬁ)] + 05 [(oﬂ + B%) +ap
(1= aB)] + (01 + 0162 + 0:03) [ (0° + 8°) + (a°B + 08+
o*B° + a8 + af°)(1 - aB)| + (02 + 6:6s) [ (7 + BT)+
(a°B+0°8 + a'B° + 0’8" + 0?8 + af%) (1 - aB)| +
65 [(oz8 + 8% + ("B +a°B% + B + a'Bt + B+
&ﬁ+mﬂu—mﬂ}

1

16 —aﬁ){(l + 0% + 63 +9§)[(o¢5 + 3%)+
(@48 +a®B% + 0?8 + aB)(1 — aB)| + (61 + 6162 + 6:6)
(0" + BY) + (@°B+ 0?8 + o) (1 — aB)| + (6; + 0165
[oz + B3 + (@®8 + af?)(1 —aﬁ)] + 05 [(on + B8%) +apf
a_am](a+&%+%@kﬁ+ﬁ%+m%+awh
o*B° + a8 + af®)(1 = a)| + (0 + 0:65) | (" + BT)+

(86 +a’B%+ o' + a®Bt + o*8° + a1 — aﬁ)] +

05 [(ag + 8+ ("B +a’B +a’B + o't 4+ P B+

&w+aﬂxyﬂwﬂ}
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Further simplifications yield

1
(1-a?)(1—=p5%)(1—-ap)

daf(a+ B)° +3(aB)*(a+ B) — (af)(a+ B)* + 2(af)’(a + B) |+

v(5) = {<1+9%+0§+9§) (a+B)°—

(61 + 0102+ 0205) [ (o + B)" = 3a(a + B)* + (aB)? — (a)?

{(a+ B +aB}] + (62 + 6165) [ (a + B)° — 20B(a + B)-

(@B)*(a + B)] + 6 [(a+ B) — @B — (aB)?] + (61 + 6:65 + 0:6y)
[(a+8)° - 5aB(a+ B)" + 6(aB)*(a + B)* - (aB)*(a+ B)'+
3(aB) (@ + B — (aB)° - (@B)*] + (62 + 6:65) [ (a + B)-

6aB(a + B)° — (aB)*(a+ B)° + 10(af)*(a + B)° + 4(aB)* (o + B)°—
4(aB)*(a+ B) = 3(af) (o + B)] + 6 |(a + B)} = Tap(a + )~
B (a + B)° + 150°B% (o + B)* — 100’5 (a + B)* + 50* 3% (o + B)* -
60'5' (0 + B)? +a'B" + a*] }

=(1+¢)[(11 y ¢2]{(1+0%+0§+0§>[(¢?+4¢?¢2+
2 - @2 - @1

36165 — 6703 — 20109) | + (61 + 010, + 6:05) | (91 + 36762 + 63—
G203 = 0)] + (62 + 0165) (6] + 20002 — 9163) | + 5[ (63 + 62—
6B)] + (81 + 01602 + 026) (65 + 5610, + 66303 — 6108 — 30303+
63 — 98)] + (62 + 0:105) | (6] + 60100 — 6103 + 100363 — 46iol+

46165 — 36103) | + 05 (8% + 0802 — 9165 + 150163 + 100303

56163 — 66703 + 63 = o) }
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— ! { [(1 + 07 + 05+ 03) (4] + 46702 + 36105 —

(1+62)| (1= 62)? = 03]
G163 — 20169)] + [0 + 0102+ 0,05)(65 + 01 + 56162 + 30300+

6% + 50165 — 0103 — 30303 — 63)| + [ (02 + 0103)(6] + 6 + 66576
G103 + 106103 — 40308 + 46,03 — 36104 + 20162 — 6163)| +

03 (6% + 01 + 76862 — 063 + 150165 + 10636} — 56103 — 606}t

@—¢am%—@ﬂ}
Expanding some of the terms and regrouping, we shall obtain

_ 1 {u+%+%+%ﬂﬁ+%ﬁﬁ¢@%

(1+6)[(1 -2 = ]

B85 — $108] + (01 + 01605 + 0205) [ 6% + 61 + 4616 — o103+

26765 + 26762 = 26303] + (62 + 0:05)(6] + 61 + 50762 + 60163
OR% — 36768 + 6102 — 6103 + 6108 — 6108)| + 03 (6} + 6% + 6650,
%&+wﬁ£—@ﬁ£+wﬁﬁﬂﬁﬁﬂ}%

1
(14 2)|(1 = 62)? - 63

(61 + 010 + 0:05) (6162 + B30 + 36265 — 5303 + 6% — 03] +

}{u+@+e;+%ﬂﬁ%+2@%—¢@ﬂ+

(6 + 6165) | 916 + G162 + 46103 + 36165 — 6763 — 20104 +

%kﬁw%wﬁﬁ%+w%&wwﬁﬂﬁ@—%+%—£ﬁ
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_ ! gbl{ [(1+9§+9§+0§)(¢‘{+3¢§¢2+¢3—
(14 ¢2) [(1 — $2)? — Qﬂ

65— 03)| + [(00+ 0,05 + 0a05)(8% + 63 + 4030, — B3+

20165 + 26165 — 26108)| + [(62 + 0:05)(65 + 8 + 56365 + 66303
G163 — 36265 + 62 — 03 + 0 — 6D)] + 05 | (6] + 61 + 66100 — 103+
106103 — 46363 + 4616} — 36109)] }+

]
(1+62)(1 — 62)? = 03]

|6+ 0162 + 0262) (6} + 6% + 36302 — 6103 + 62 — 0] +

cbz{ (1463 + 62+ 03) (6} + 26165 — 103) |+

(6 + 0.63)(65 + 6 + 46365 + 36163 — 6303 — 26,09)] +
%kuw%wﬁ@+w%%wwaﬁﬁ@—@+@—%M}

=p17(4) + d27(3)

)
)

3,23
= ’ 0)+
%(1—¢T+&x+%7+%u>”“>
>72 3(0)

¢ C2,23
2\ 1~ ¢+ 01x + 0o + O3p0

1
1 — o+ 01 + Oo7 + O3p

o1 (03,22 S 931/) + ¢ (02,22 + 93§) Y2,3(0)

1
L — ¢ + b1 X + 027 + O3

o1 (03,21 + 0291k + Oa2\ + 937/) B

O2 (02,21 + Osk + ‘93§> Y2,3(0)
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1
1= ¢o+ 01X+ Oo7 + O3

b1 <(¢2 + ¢o)c11 + Plps + 0101pa+

Oop1k + O\ + 93V> + @2 (¢101,21 + @192 + 0102w + ok + 93§> 72.3(0)

1
1 — o4 O1x + ba7 + O3p

{ (Qﬁ + ¢2>¢101,21 + ¢§’¢2 + 91w¢%¢2+

ok + a1 ho\ + 93¢1V} + {¢1¢2C1,21 + ¢13 + 0105 + Oagpari+

93¢2<} Y2,3(0)

1
1= ¢o+ 01X+ Oo7 + O3

(Gbi + ¢2> (¢1C1,21 = - ¢1¢2) + @121 21+

91915%(1)2@ = 91¢§w I 92¢%’£ + O2¢ak + 0201 P2\ + O3, + 93¢2§] 72,3(0)

1
1 — o4 O1x + bo7 + O3p

(Qﬁ + ¢2> (¢101,21 + ¢1¢2> + P1¢2c1 21+

&w@0ﬁ+¢g+ﬂﬂﬂm@)+%n@?+@)+&{@u+@ﬁlwam

Ca29 + 03 <¢51V T ¢2§>

"1 — ¢+ Gux + Oo7 + Ope
L | C4.23
1 — ¢o + 01 x + 07 + Osp

Y2,3(0)

Y2,3(0)

Subsequently,

7(6) =¢17(5) + d27(4)
- C4,23
=41 (1 — g + O + o + 93M> 123(0)+

C3,23
: 0
¢2<1—¢2+91><+927+93,u>72’3( )

1
_1—¢2+91X+927+93M

1 (04,21 + o\ (P109) + Oar (T + o)+

O3(prv + ¢2€)> + ¢ <C3,21 + 021K + Oa2 )\ + €3V> v2.3(0)
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1
1 —¢o+ 01X+ 0o7 + O3

Or6a011 + 0100 (63 + 6 ) + 0M (9162 + 0 (63 + 62) +
s (910 + 02¢) | + 62{ (63 + 62 ) eron

¢1{ (Qb% + ¢2> <¢101,21 + ¢1¢2> +

S by + 01619970 + Oyt -+ oo + egu} 72.5(0)

1
1 — o+ O+ 07 + O3

G dac1 21 + 010001 ba (clﬁ + Qf)z) + 92>\<¢%¢2> = 92/%’(@5? + ¢1¢2> +
03 (925%7/ + ¢1¢2§> } + { (Qﬁ + ¢2> Pac121 + G105 + 0101 s+

{ (¢% - ¢2) <¢%Cl,21 + ¢%¢2)+

Os1 ok + B2 P3N + 93¢2§}] Y2,3(0)

1
1 — o4 01X + b27 + O3p

Biacion + G308 + 01 (0100 + 20103) + 02\ (0302 + 03) +

(Qﬁ + ¢2> (Qb%Cl,Zl + ¢Pac1 21 + ¢%¢2) +

026 (3 + 2616 ) + 05 (6102 ) + 8 (63 + 62 ) | 12.(0)

C500 + 03 <¢1¢2> + ‘93V<¢% + ¢2>
- 1 — o + 01 x + 0o + Osp

- %23(0)
1= 6o+ 01X + Oo7 + O30 >

Y2,3(0)

Subsequently,

C6,23 =Cp21 1+ Qz)\<¢?¢2 + 2¢1¢%> + 92/*@(&1L + 372 + Cb%) +
7218 <¢%¢2 + Qb%) + 93V(¢:f " 2¢1¢2>
—cgz2 + +055 (030 + 63) + 0w (] + 20102
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cras =cran + 020630 + 36303 + 61) + Oarc (6 + 46705 + 36163 ) +
055 (0362 +20163) + 03 (61 + 30300 + 03
=722 + 03¢ <¢?¢2 + 2¢1¢3> + 93V(¢Z11 + 3070y + ¢g>

Then for r > 5,

o (T‘ —4 = S) r—4—2s ;s+1
Cr,23 =Cr,22 + 036 T;% ( . o} ¢y |+
( r ) (4.69)
r—3—s r—3—2s 18
o] 3 (0727 ¢2]

Hence for an ARMA(2,3) process, the general autocovariance function is given

as
Cr23
k) = : 0
) = gt o+ o+ a2
1 (r—4—s) —4-2 1
= Croo + 056 T+
1—¢2+91x+927+93u{ S _;2( s )1 ?

93,/[ 3 ((r — Zj — S)) ¢71~—3—28¢§] }7273(0)’
r—3>2s
(4.70)

for r > 5, noting that k — 1 = r

The results in Equation (4.70) shows that the ACF of the ARMA(2,3) is
a function of a coefficient ¢, 23, which may further be given in terms of a co-
efficient c, 22, a general coefficient for ARMA(2,2). The results then involves
computation of combinatorial values of the form ((T_Z_s)) for which r—t > 2s,
3<t<4

It is also observed that the Y-W relation emerged only after lag 4. This
means that there is the need for the computation of individual (k) for k£ < 4.

Another important observation is that three more constants (y, ¢, and v/)
have been introduced than the constants in the general expression for ARMA(2,2)

process.
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The processes so far for deriving the ARMA(2,¢q), ¢ < 3 have shown
some clear pattern among the autocovariances at consecutive lags of the re-
spective process as well as between particular lags of consecutive orders of the
process. For example, for any 7 3(k) of the ARMA(2,3) process, it is possi-
ble to deduce the expression for v22(k), 72,1 (k) and 72 ¢(k) for a given value
of k. The pattern can similarly be extended further down to the v, ,(k) of the
ARMAC(1, q) process. Following this pattern, the general autocovariance func-

tion for the ARMA(2, ¢) may be obtained.

ACF of an ARMA(2,9) Process

In this section, we seek to extend the acgf to obtain a generalized ACF of
an ARMA(2, q) process. Our motivation is that if the approach has worked for
ARMA(2,0), ARMA(2,1), ARMA(2,2) and ARMA(2,3), then it should work
for ARMA(2, g).

The ARMA(2, q) process is given by
Xe = 1 Xeo1 — 0 Xy 0 =0Zyp 1+ + 04124 (g—1) + 0qZ1—q + Z;
which is equivalent to

q
Xi— 01 X1 — o Xy 0= 0;7 (4.71)

J=0

Introducing a lag operator, the ARMA(2,q) process can be written as

q
Xi(1 = ¢1L = ¢oL?) =) 6,177, (4.72)
j=0
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Noting that 6y = 1

Equation (4.72) can be simplified as

Z?:o Hij
1= ¢1L — ¢ L?

t:

(4.73)

Assuming the quadratic 1 — ¢, L — ¢ L? has two different real roots, é and %,
then 1 — ¢ L — ¢ L? can be written as c
It can be verified that (o + 3)=¢; and a5 = —¢o

Equation (4.73) can thus be written as

1 0,07
b, 20 (4.74)
(1—aL)(1- AL)
From autocovariance generating functions,
O(s)O(s!
c(s)c(s™h) = o? ) (4.75)

Thus, the autocovariance generating function of an ARMA(2,q) process is given

as

q .eJ N4 o]
=) 0;s ijoejs

() = 0 T A = a5 ) = o)A = s ) (4.76)
Equation (4.76) can be simplified as
c(s)c(s™) = o? f:(as)r-f:(as 4 i ’ f: s1) 0;s’ Z@ s~
r=0 r=0 r=0 r=0 7=0 (4 77)
From Equation (4.76),
Z(as)r Z(as—l)r Z( S)T ' Z(ﬂs—l)r _! [Za2r Zﬂ??‘]
r=0 r=0 r=0 r=0 r=0 r=0
Z(&s)’HLZ( )][Z Bs)" +Z ]
r=0 r=1 r=0
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and
Zes 295*3—292 [qi ]H}H[qfejeﬁg}su
= j= 5=0 §=0
-Zej0j+3]83+ [59]9]+4i| . [§9j9j+5i|35+...+
- j=0 j=0 =0

1

o

7=0 7=0
q—2 q—3
S 0|57+ [ Y 056500572+ [ D 000] 570+
=0 =0
_q—4 2
>, 9j‘9j+4] Bl - [Z ‘9j‘91+(q72>] I
- j=0 j=0

1
> 619j+<q—1)] s+ [Z ejeq] s
~j=0 j=0

At lag 0, the variance function is obtained by considering in only s° as follows

[ia2r262r+2( Za2r 5252T+C¥ Za%“ 522527'
r=0 r=0 r=0
Q3ZOZ2T'53§:62r+"'&q_22&2r'Bq_2252r+

=0
ol 1Za2r Bq 1252r+&qza2r ﬁqZB2T+

r=0 r=0
aq-i—l Z a27‘ 6114-1 Z 627" qu+2 Z O(2T Bq+2 Z /32r+
r=0 r=0

aq+3za2r_ﬂq+3252r+___+> ZQJ2'+
r=0 r=0 7=0
ia2r_5i62r+aia2r'ﬁ2i62r+
r=0 r=0
a2ia21ﬂ_ﬁ3i62r s 2Za2r Bq 1ZBQT+
r=0 r=0

r=0

a1 i - B4 Z 5% +al Z . Bqul Zﬁ2r+
r=0 r=

r=0
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adt! Z o . g2 Zﬁw 4 qt2 ; o . gits ; By
aq+3za2r Bq+4zﬁ2r —l-'--—i-ozioz% . i52r+
r=0 r=0 r=0
QQZQZT"ﬁZ/BQT_‘_aSiOZQr.62§:ﬁ2r+”‘+
=0 =0 r=0 =0
od1 i o . fI2 iﬁm« 4 af i o . g i B4
aq+1r§o§a2r . Bq ZBQT dt? Z o . /Bq—f—l ZB2T+
=0
Oéqu:% Z azr ﬁq+2 Zﬁzr aq+4 Z a2r ﬁq+3 Zﬁzr . 9 i1 4.
9 aquza% _52627«_‘_&%32&% -5QZBQT—I—
=0 r=0
aq—4ia2r . B3 iﬁzr el Zazr pa—4 Zﬁm_i_
r=0 r=0 r=0
o2 iaw . 173 iﬁw i aZaQT . 3172 ZBQT +
=0 =0 =0 r=0
ia%'ﬁq1i52r+aiazr'ﬁqi52r+
o2 Z o . gt Zﬁm« +ad ZQQT B+ ZB%_'_
E

a4za2r_Bq+3252r_'_”__'_aqleOé?r_ZﬁZr_i_
r=0 r=0
ozqf%a 525%%-@(”12&% B Zﬂ% 21; 0j+(g-1)t
r— i
9 O‘q_lza%'ﬁzﬂ% +aq—2za27~_52252r+
r=0 r=0 r=0 r=0
aq—3ia2r_ﬁ?)iﬁ??”_‘_”__{_a?)iam".

q 3ZB2r+a Za%’ ﬁq 2Zﬁ2r+aza2r 6q IZBZT—i_

r=0 r=0

Q
|
-

<.
Il
o
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ZaQT 6(] Zﬂ%‘ + OéZOé2T ﬁq—i-l 2527“ + 042 Z a2r Bq+2 ZBQT_‘_
3 Za%‘ 6q+3 ZBQT +a Za2r Bq+4 ZBQT +
r=0

OZQZOZQT'ZBQTOZQ+1ZO[2T'BZBQT+
r=0 r=0 r=0 r=0
00 oo 0
odt? Z o B2 Z 527" 4. Z ejejJrq
r=0 r=0 7=0

The expression simplifies as

q

_ i a? i 527"{ [1 + 203 i(aﬁ)r} )

0o = 00 q—2
2/(a+8)Y (a8 ]269]+1+2[ (02 + 8% D (aB) | Y 036510+
r=0 7=0 r=0 7=0

2( 2B+ af’)+ (@ +6°)) (aB ]29j9j+3+'“
r=0 7=0

2[ (0" 28+ aT 33 + -+ + a2B1 + 0fT2) + (0t

g 1>§;<a5> ]Z Oiran) +2| (B +at 2B 4t
Q26772 + a7 + (af + B9) i }iejem}
= =
:ioﬂriﬂ {[1+a6 i@ﬁ ]292
= = = po
2'(a+5)iO 5 ;«9«9]+1+2[a5+ (® + 2) io }:ejeﬁﬁ
2[ (028 + a?) + (o + 5°) f}aw] Z N
= po
2[(a728 + @172 1 - + 0BT 4 a4
e i }ieﬂjﬂq1)+2[(a‘1—15+aq—252+---+
= po
BT+ af?h) + (o + B7) i }ZOI%W}
= =
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= ia% iﬁzr i(aﬁ)r{ [(1 + Ozﬁ)] i@? +2 [(a + B)} i@ﬁHH—

2 [am —aB) + (a® + 52)] > 0010 +2 [(azﬂ +af?)(1 - aB)+

J=0

q—3
(a® + 53)} Z 0043 +---+2 [(aq_Qﬂ +af 382 4 4 a?B18
=0
1

aB??)(1 - af) + (a1 + ﬁqfl)] > 0305g1) +2 [(O‘HBJF

J=0

0
Oﬂ—262 AL o o R a26q—2 -l aﬁq—1>(1 — Oz@) + (oﬂ + 6‘1)] Z «9j9j+q}
=0

:(1 —a2)(1 _152)<1 —af) { [(1 N 045)} Zi; 9]2' g 2[(0 + 5)] 1209j9j+1+

2[0B(1 - aB) + (02 + 7] 3 0640 +2[ (02 + af?)(1 — af)+

J

sl

Il
o

q—3
(a3 _1_53)} Zejej—% e +2[(aq—2ﬁ+aq—362 AL +a26q—3+
Jj=0

1

ozﬂq_2)(1 —af) + (aq—l 4 ﬁq—l)] Z 6;0i4(g—1) + 2 [(aq—lﬁ—i-

§=0

0
262 4. 4 02872 4 BTN (1 — aB) + (af + ﬁq)] Z 9j9j+q}
j=0

Therefore, the variance function of an ARMA(2, ¢) in terms of the reciprocal of

the roots « and f3, of the quadratic (L) = 0 is given as

1 L
O - Ao {“ e ) o
) . > (4.78)
23 [0 S 0™ 5 + (" + 47 Zej9j+n}

The obvious restriction on this function is that whenever a limit in a summand

exceeds the upper limit, the term goes to zero.
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Using similar deductions, it can be shown that

and

7(2) =

2

qg—1
o
N [ ) {(1 +aB) ) bt
Z |:(Oén+1 Bn+1 Zan+1 rﬁri| ZQ 63+n+
n=0
g—1 n—1 g—(n+1)
Z [(a +08") + (1 —ap) Za"ﬂ"ﬂr] Z 9j9j+(n+1)}
n=1 r=1 7=0
2

q

D

n=0
q—2

2

n=1

(1-a?)(1-p%)(1

q—2 q—1
d —aﬁ){(l +aB)) 002+ (a+B8) D 0,0,

j=0 7=0

[(an-i-? 4 /Bn+2) =+ (1 . Ofﬁ) Z an-l—?—rﬁr] i: 9j9j+n+
r=1 1

n—1 n+2)
[(Oz + Bn 1 — Oéﬁ Z an—rﬁr} Z 0. 9]+(n+2)}
=l =

Subsequently, for h = 1,2,--- ,q — 1,

v(h) =

2 q—h

= a?)(1— 7)1 - ap) {“ o))tk

(@ +57) + (1= aB) Y al+n=2rp| Z@ Ojnt

1

—~

i
i
D‘

3
Il
pa
-
Il

3
Il <
=)

_(an+h + B 4 (1 — af) Zamh—rﬁr] 29j9j+n+
. r=1 j=0

7
>

) n—1 q—(”+h)
(@"+ ")+ (1=aB)) oz”"’ﬁr} > 00 men }
B r=il

J=0

3
Il
—
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At lag g, we consider terms in s?. After similar derivation,

o’ — q—n q—n
7((]):(1—042)(1—62)(1—045);{[(@ + 4 )+
q—(n+1) q-n
(L=aB) 3 " B> 0050n + (1+aB)0,+
r=1 7=0
q+n g—(n+1)
(a4 1 gore) 4 (1~ 0) Y et rg] Y 9j9j+n+1}
=1 Jj=0

Atlag (¢ + 1), terms in s7™! gives

2 g-1

et ) =0 j52)(1 ~h) ; { [(art1on 4 grHi=n) L

g+1—(n+1) q+1—(n+1)
1-aB) Y o™ g] S 0.+
= 7=0
qg+14n

[(@q+1+(n+1) 4 AEHLHED) | (1 of) Z Q=1 gr
r=1

gt+1—(n+1)
S ee}

J=0

Using similar deductions,

S 02 = q+2—n q+2—n
”(“”‘<1—a2><1—52><1—a@>;{[(‘” + AN
q+2—(n+1) q+2—(n+1)
(L-aB) > g S g6+
r=1 7=0

q+2+n
[(aq+2+(n+1) 4 BHZHEED) | (1 o) Z QFErn—r=1gr
=il

q+2—(n+1)
> 0]

=0
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Subsequently,

2

g +h) :(1 —a?)(1 _052)(1 —af) Z% { [(O/Hh% LA

n=

qth—(n+1) qth—(n+1)

(1 _ Oéﬁ) Z anrhfnfrﬂr] Z 9j9j+n+
r=1 7=0
q+h+n
[(aq+h(n+1) + ﬁquh(nJrl)) + (1 . Oéﬁ) Z qu+h+nfr716r
r=1

g+h—(n+1)
> 9j9j+nﬂ}

j=0
The autocovariance of an ARMA(2,q) process can be summarized as

1 q )
(-1 - )1 - ap) {(1 +aB) ;0j+

n—1 q—n
2 Z [ (1-0p)) o™ 7" + (" + ﬁ”)] = ejej+n}
j=0

7(0)

=il

forallh=1,2,--- ,¢q—1

2 g=h
" e ) af) {“ o iy

Jj=0

i
(=t
;"
NJ

(@4 57 + (1= 0B) Y 27| 3" 6,674t

1 §=0

_(an+h . Bn—l—h) + (1 _ Oéﬂ) Z an—l—h—rﬁr} Z 9j9j+n+
L r=1 ]

i
I

Il

r

(4.79)

3
I S
=)

7
=
=

n—

- —(n+h)
_(Oé” + ﬁn) + (]_ — Oéﬁ) an—rﬂr] Z 0; 0]+(n+h }

1

3
Il
-

r
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V(Q) :(1 _ a2><1 _ 52)<1 _ Oéﬁ) ; { |:(qu7n + qun)‘F

q—(n+1

) q—n
a3 @] S 000+ (4t
r=1 7=0

q+n q—(n+1)
TR S o
r=1 i

0

(4.80)
forallh > 1
o i
) — [ gth—n i .
) <1—a2><1—52><1—a5>;{ S e
g+h—(n+1) g+h—(n+1)
(1-aB) 3 a™mg] 3 Gt
r=1 7=0
q+h+n
|:(aq+h(n+1) +Bq+h(n+1)) + (1 —Oéﬁ) Z O[q—l—h—i—n—r—lﬁr
r=1
a+h—(n+1)
> 0|
=0
(4.81)

For each autocovariance function, the usual restriction is that whenever a limit
exceeds an upper limit, the term in the summand equals to zero.

It will be demonstrated later in the chapter that the general expression
for the autocovariance function of the ARMA(Z2, ¢) may further be expressed in
terms of the parameters of the process as obtained for the lower orders in the
earlier part of this section. It should be noted in the meantime that (k) of the
ARMA(2, q) process is a step-function for £ = 0,1 < k < ¢q, k =qgand k > q.

The next section examines much higher order ARMA(p, q) processes par-

ticularly for p = 3.

The ACF of an ARMA(3,0) Process

This section examines the first two autocorrelation functions of an ARMA(3,0)

process. The autocovariance generating function is used to obtain the variance
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and autocovariance at lag 1, after which the autocovariances are normalized to

obtain the autocorrelation functions. An ARMA (3,0) process is given by
Xt =01 Xi1 + 02Xy o+ 03X 3+ 24 (4.82)
By introducing a lag operator, Equation (4.82) can be simplified as
(1 =1L — o L? — $3L°) X, = Z,

Further simplification yields

1

X F—
" 1- 61l — Gl — 5L

Zy (4.83)

Assuming the polynomial 1 — ¢ L — ¢ L? — ¢3 > has three different real roots,

1 s 1
o and ) then

1—¢1L ~ ¢l = ¢3L°

can be written as
P(L)=(1—-a1L)(1 — asL)(1 — a3l)

It can be verified that (o + g + ag)=¢1, (e + s + aag) = —¢, and
Q103 = @3

If

1
A T asL)(1 — azL) 2

then
1

c(s) = (1 —a18)(1 — ass)(1 — azs)
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The autocovariance generating function can thus be written as

~1 _0_2 1 X
c(s)e(s) = (1 —a38)(1 —ass)(1 — ass)

(4.84)
1

(1 —as™H)(1 — azs™H)(1 — ags™!)

Equation (4.84) simplifies to
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which further simplifies to

(s)e(s™Y) :&fjogrfja Za {[i als)ri(%s)ri(agsyh
:éals f: (025) f; (0as) ]
:2(0‘155’” 2(0@8 Dl i(ags)r] -
:g(als io 755) 2 s+
:fyalsvfyaas-wr§;<a33—1>r]+
iwlsl)é(ags)é(ags s

(4.85)

To obtain the autocovariance at a particular lag, say k, we consider terms in s”

in each of the expressions in Equation (4.86), and sum all of them.
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At lag 0, terms in s° gives the variance function as follows:

) =0 Za Za Za {[} [(a2a3+a2a3+a§a§+ <)+

ars(ag + asas + ahaz 4+ )sTh + ads* () + ajas + - )s T2

adsd(ad +aja + -+ )84 - ] + [1(a1a3 +alai+

3o+ ) +ags(ag +daz+  adai+---)sTH+adsi(ad+

afas +afad + )5 + s’ (o} +afag + )54 |+

2.2 —2 3.8 2 2 -3 4.4 3 2 2
[oz3s (aro2)s™ + ais®(onag + ajon)s™ + ags™ (ana; + ajos+

045’042)574 + - ] + [1(a2a3 + a2a3 + 042043 + 0/21043 + )+

3 4 2.2

a1s(az + el + asal + asag + -+ )sT! + afs?(ad + asas+

2 4 -2, 3.3(.3 4 25 -3
azas + - )s T Hayst (o + aog +az0n + - )S —|—---]+
20 Lol A 2, 2 N3, 4.4 i o o
[als (apa3)s™ + af (s + agas)s™ + ajs” (aas + asa;+
3 5.5 —4
asaz) + b s’ (awas + ajal + asa; + asas)s Tt + - ~}+

22 —2 3.3 2 2 4 4 3 2 2
[a2s (anag)s = + ays°(aqas + ajas) + ays  (aras + ajas+

afaz)s™t 4 - ] }
< ZO‘ ZO‘ Za {H s Y (an0z) +

r=0
(0.0
Q03 E a100p) E agarg) T] + [041@3 E (a1as)"
= r=0
(o] oo (o] (0]
o009 E ajae)” E ajag) } [alaga E ajag)” E asa3) ]
r=0 r=0 r=0 r=0
o
[042063 E OéQOég +041063 E 041043 'r' E O(Q()ég)r]‘i‘
r=0
o o (o]
[alagag g ajas)” E ajas) ] [a1a2043 g ajas)” E an0r3) ]
= r=0 = r=0
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[ —

[041(12 + azag + Oz1a3} — Q103 |:a1 + ag + az

7(0) =0 Z a2 Z a3 Z a3’ Z(Q{lO{Q)T (naz)” Y (agag)” { 1+
r=0 r=0 r=0 r=0 r=0 r=0
- [(041%043)2]}
o2

(= ad) (1~ )1~ ad) (1~ man) (1 —a0z)(1 — aas) {”

[041042 + a3 + a1a3] — Q1003 [Oq +ay+ as] - [(@1(12@3)2] }
The denominator in the expression above simplifies to

[1 — (CleéQ + asaig + &1a3) atd alagag(al + g + 043) — (a1a2a3)2:| .
[1 —{(aqg + a2+ 063)2 — 2(1ap + g + avag) } + {(woe + anaz + 042043)2

= 2@1&2043(0(1 + oo + &3)} — (a1a2a3)2]

Substituting ¢; = (aq + ag + a3), ¢ = — (1 + agaz + asaz) and ¢3 =

a0, the variance of the ARMA(3,0) process denoted by 73(0) is given by

L~y — 163 — 3
L+ 2+ G165 — 63| |1 = 63 — 265 + 63 — 26105 — 03]
2 1 — ¢ — ¢3(¢1 — ¢3)
1+ 65+ 6361 — )] [(1 = 62)2 = 63 = 6(201 + )]

7(0) =0’ [
(4.86)

=0

It is clear from Equation (4.87) that if ¢3 = 0, we obtain 12(0), the
variance function of the ARMA(2,0) process. Additionally, if ¢ = ¢3 = 0, we
obtain v, o(0), the variance function of the ARMA(1,0) process. It is noted in

this case that the MA component vanishes.
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Atlag 1, terms in s gives the autocovariance as

) =0 Za Za Zoz {[ Qg + az)s + (1)a13] + [1(a2a3 + asal

+adag + - )s + aps(agas + asai + asdas + -+ ) + afs(ap + adaz+
asas 4+ )s T+ ads (ad + adag + agal 4+ - )3_2] + [1(a1a§+
2ol +adas + )+ ags(aras + adaj + atas + -+ ) + aps? (o +
olaz +asal+ - )sT 4 adsP(al + adas + afal + - - - )5_3} +
[ags?’(alag)s_Q + agst(aai + afas)s™ + ajs®(arah + a2aj+
aBap)s™* + als® (a0 + a2ad + adal + afag)s ™ + - - ~]—|—

[1(@2043 +adal + agal + -+ )s + ags(apas + aza3 + asad + - )+
asai + asas)st + afsb(anas + asal + ajal + asaz)s 5} N
[a§s3(a1a3)s_2 + apst(aaj + afaz)s™ + s’ (arad + afaz+

a?Oé3> ‘4 aS 6(a1a3 ats a1a3 o a1a3 + 041043)} et }

o o (0.9] o
2 2 2 2 2 2
=0 g a;” g oy’ E asz” [al + ay +053i| + [alo@ag g ()"
r=0

00 0o
E (042043 :| [ala E OQCYQ, + 103 E alas) ] +
r=0 =l r=0
= 00 00 00 [%S)
7" 2 r r
061062 E 041062 E OélOég jl |:041062063 E (061063) E (CYQOég) i|+
r=0 r=0 pr_

(e.9]

O_/lCl/QOég g (o))" E (cv1ag) } |:052053 g ana3) ]
— r=0

h 00 o9

3 r

0610620635 (ca3) g aja) ]

3 r=0
oo o0

3 1‘

|:061052a3§ (oar3) E Q) ]

r=0 =0
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7(1) =0 Z o’ Z ol Z a3’ Z(alag)T Z(alag)r Z(O@O&g)r{ [Oxl—i—
r=0 r=0 r=0 r=0 r=0 r=0

Qg + C¥3} - [041042@3(041043 + asaz + 041012)} }

0_2

(1= ad)(1—ad)(1 - a2)(1 — araz)(1 — araz)(1 — amas) { ot

g + 043} — [Oéla20é3(041043 + a3 + 041042)] }

P1 + P203
L+ 62+ 6105 — 03] [1 = 0% — 262 + 6§ — 26105 — 03]
P1 + Pa¢3

= [1 = il ¢3)] ¥3,0(0)

’7(1) =0’ [
4.87)

It is possible to deduce the expression for v, (1) and 7, ¢(1) from the 73 (1)
given in Equation (4.88) by putting ¢3 = 0 and ¢ = ¢35 = 0, respectively.
The processes so far for deriving the autocovariance at lag k£ of the ARMA(3,0)
have shown a clear pattern among the autocovariances at consecutive lags of the
respective process as well as between particular lags of consecutive orders of
the process. For example, for any 73 o(k) of the ARMA(3,0) process, it is possi-
ble to deduce the expression for v, o(k) and 7, o(k) from the 5 o(k) by putting
relevant parameters to zero. It is clear therefore that for a general ARMA(p, q)
process, the autocovariance at any lag k can be obtained. There is also a clear
connection between autocovariance at lags of consecutive orders of the process.
Using similar deductions, the variances of an ARMA(3, 1) is also obtained

as

(14 03) [1 = 62— 05(61 — 65)] + 20161 + 626)

L 2 + @a(én — 63)] | (1 = 62)2 — 6 — 6(201 + 6s)]
(4.88)

¥3,1(0) =0 [
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Validation of Derived Expressions

For the general ARMA(2, q) process, for example, the autocovariance
function is already given in terms of the reciprocal of the roots of the quadratic
equation in terms of the lag operator L even though specific expressions for
some values of ¢ have been shown in terms of the actual parameters. In this
section, is to demonstrate that it is possible to derive any specific autocovari-
ance function from the given expression in terms of the roots. Particularly, we
validate that ARMA(1,4) and ARMA(2,3) processes can be obtained from the
step functions in Equations (4.23-4.26) and (4.78 - 4.81).

Deduction of the ACFs of an ARMA(1,4) process
For an ARMAC(1,4) process, ¢ = 4. From our derivations of the ACFs of an

ARMAC(1,q) process, the variance of an ARMA(1,4) process can be obtained as

4 4—n
{Ze +222¢“99]+n} —7

nlJO

4-3
:(72{ > 6 +2 Z $0;0;41 + 2 Z $°0;0,42+ 2 d0;0;45
7=0 ' j=0 =0

7=0
4 3
:"2{ > 6 +2) 068 +2Z¢ 00,15 +2Z¢ 0,0,15
Jj=0 j=0
. 1
+ 2 Z ¢40J03+4} ¢2
7=0

Therefore, the variance function of the ARMA(1,4) process denoted as 71,4(0)
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is given as

4 3 2 1
s :az{ S 01263 0004267 00501 26 0,050
=0 =0 =0 =0

+ 2¢494}

1
1— ¢
(4.89)

To obtain v(1), we use the equation in h where h = 1,2,--- ,q — 1.

1-1 4—(n+1) 4 4-n
{ D Z 00 ey + YD B0, 4+
n=0 n=0 j=0
Z Z ¢1+n9j9j+(1+n+1)}1_—1¢2
3
=028 > 00101 + Zgbe? + Z $20,0,1 + Zgb 0,0, .0+
Jj=0 j7=0
1
> 0" 9J+3+Z¢ 0, 9J+4+Z¢0 9j+2+2¢ 0,043+
J;O
St
3 2
202{ > 0641+ ¢Z 02 + ¢ Z 0,041 + ¢ Z 00542+

429 9J+3+¢529 9j+4+¢29 02+ ¢ Ze 0,15+
j=0 7=0

¢3 Z 0. 0]+4} ¢2

Using the same deduction for lag h where h = 1,2,--- ,¢ — 1, v(2) and ~(3)
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will be obtained respectively as
3 2 4 3
2) 202{9252 00541 + Z 0;0;12+ ¢ Z 0; + ¢’ Z 0051+
j=0 j=0 j=0 j=0
2 1 0 1
¢! Z 0,052+ ¢° Z 00505+ 0° Y 030550+ 60055+
j j j=0 3=0
¢2 Z 0. 9]+4} ¢2
4 3
202{¢ Z 0041 + Z 00542 + ¢ Z 65+ " Z 030541+
j=0 j=0 j=0 J=0

2 1 1
o Z 0,042 + ¢° Z 0,045 + ¢°04 + & Z 0,013 + ¢294}
pary =0 =0

1
1— ¢?
and

3 2 1 4
3) =o> {¢2 > 0050+ ¢ Z 0,010 + Z 0,043 + ¢° Z 0,07+

¢ Ze 0; 1 +¢° Ze emwﬁze 05+ @7 Ze Ojat

7=0

¢Z 0; m} —7
2 1 4
—o? {q52 > 00501+ ¢ Z 0,0, + Z 00,43+ ¢° Z 0,07+

¢’ ZQ9]+1+¢52993+2+¢6299j+3+¢ 94+¢94} — 5

j=0 Jj=0 Jj=0

The autocovariances at lag 4 will be given as

3 2 1 4
4) :(72{¢3 Z 0;0,11 + ¢° Z 0i0j+2 + & Z 0;0; 15 + ¢ Z 0]-0]2.—1—

1
¢529 9j+1+¢629 9]+2+¢729 0,13+ ¢ 94+94}

A2
j=0 Jj=0 j=0 1¢
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Subsequently, the autocovariances after lag 4 will be given as

Y4 +h)=¢"y(4), h>1

The ACF at each lag of the process is obtained by dividing the respective auto-

covarince function by the variance.
Deduction of the ACFs of an ARMA(2,3)

For an ARMA(2,3) process, ¢ = 3. From our derivations of the ACFs of an

ARMA(2,q) process, the variance of an ARMA(2,3) process can be obtained as

1

“m:a_aau—ﬁ%u—a@{u+am%;%+
2§:U1—am§ijW“+W”+ﬁﬂ,%@@“}

2 3

= 4 {[(1+a5)29§]+

(1= aB)[(1+aB)2— (a+ B)2]

Jj=0

2 [<a + B) 22: ejejﬂ] +2 [<a2 + 82 + aB(1 - oﬁ)} 21: 0,0; 42+
j=0 Jj=0

25| (0® + 5) + (o°B + aB%)(1 = aB)] }

2

= 2 } { [1 — (,/)2} 23:9? + [2¢1] i9j9j+1+
j=0 J=0

(1+¢2)|(1 = 62)? - 63

1
[QW)? + ¢z — Gﬁ)} > 0,045+ 265 [¢? + ¢1 + 20102 — ¢1¢3] }

J=0

This expression is the same as 72 5(0) obtained earlier in Equation (4.68).
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The autocovariance at lag 1 will be obtained as

L e m{“*a@;;%%ﬁ+

—_
l\)

-1 1-

_(an + ﬁn) (1 o Oéﬁ) a1+nf2frﬁr:| ZejejJrn—i_

1

3
Il
—

T

:(an-i-l Bn—l—l 1 . Ofﬂ Zan—‘rl rﬂr] ZQ 0]+n+

w 3
| I )
-~ o

_ n—1 &= (”'H)
(an +Bn) (1 _ Oéﬁ Zan TBTi| Z 0, 6]+(n+1 }
- r=il

S
Il
—

2

V(1) = . ]{ka+m§f%b

(1= aB)|(1+ap)? - (a+ B)?

[u+m%§}wﬂJ+ka+m§f@@4+ﬂ4m+ﬂf—
af — (aB)?| + |(a+ )2 —aB — (a }}je@ﬂ+
Ra+ﬁf—2mﬂa+ﬁ%—mm%a+ﬁﬂ}j&@m+%

J=0

B&+ﬁf—3mﬂa+ﬂf+@wf—&wfﬂa+ﬁf+aﬂﬂ}

3

= ! { [cbl Z 9?] + [1 + 07 — cbg] 22: 0;0;11+

1+ |- -t 1 = =

1
(8} -+ 61 4+20102 = 6163)] D 0,000 + 03 |6} + 0% + 3630~
7=0
ﬁ%+@—@ﬁ

It can be verified subsequently that v, (k) is the same as what is obtained earlier

under ARMA(2,3) process.
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Application to Pandemic Data

Having studied the general autocorrelation function of the ARMA(p, q)
process, this section now uses real data to examine the performance of the de-
rived procedure. In order to relate the derived functions with the literature, the
results obtained is compared with existing functions. The data used covers the
Covid-19 cases for Ghana, Nigeria and South Africa. It is only in these coun-
tries that cases are found to be stationary in nature with respect to the series, and
are therefore suitable for the implementations of the results.

Table 1 is a summary of the selected ARMA processes that were observed
to characterize the daily new Covid-19 cases in the selected countries around
the globe. The thoretical ACFs were obtained from the parameters of each re-
spective model. It can be seen from Table 1 that all parameter values for the

various ARMA processes are all statistically significant.

Table 1: Summary of appropriate ARMA models of the daily new
Covid-19 cases in some selected countries

Country Process Parameter  Coeff. SE Coeff. p—value
o1 0.9560  0.0137 0.000
0, -0.9326  0.0380 0.001
Ghana ARMA(1,4) 0, 0.0248  0.0520 0.011
05 0.0250  0.0539 0.028
04 0.1373  0.0358 0.003
o1 0.9798  0.0077 0.000
Nigeria ARMA(1,2) 0, -0.8707  0.0371 0.003
0- 0.1318  0.0338 0.012
b1 1.2075  0.1044 0.034
. 02 -0.2210  0.1024 0.014
South Africa B ¢ 0, -0.5621  0.1020  0.009
0o -0.1051  0.0594 0.004

Source: Researcher’s computation (2023)
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Time Series Plot-Ghana ACF based on R-algorithm
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Figure 1: Time series and ACF plots of daily Covid-19 cases for Ghana

Figure 1 shows the time series plot of the daily corona virus cases re-
ported in Ghana, together with its emperical(sample) ACF. The data was sub-
jected to the "ARIMA(fit” function in R, and ARMA(1,4) was selected to best
fit the data. Based on the model and its associated parameters, the ACF based
on the McLeod algorithm presented in the R statistical software, and the theo-
retical ACF based on the derived expressions are obtained, and the results are
included to Figure 1. It can be observed from the figure that the sample ACF
shows a sinusoidal pattern, which implies that the autocorrelations of the daily
new covid-19 cases in Ghana demonstrate some wave-forms. It can again be
observed that the times between successive waves are not even, showing that
the waves are not necessarily periodic. Notably, it is evident from Figure 1 that
the autocorrelations die out as the lag gets larger, an indication that in the dis-
tant future, incidence of cases would not be influenced significantly by previous
cases. The ACF based on McLeod’s algorithm and that obtained from the de-
rived expressions do not exhibit any significant difference. From the theoretical
ACEF, the ACF of the daily covid-19 cases in Ghana attenuates exponentially,
and cuts off just after lag 100. Although an ARMA(1,4) process is best chosen

to characterize the series, it is interesting to observe that while the emperical
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(sample) ACF shows sinusoidal waves which eventually dies out at higher lags,

the theoretical ACF shows a damper exponential pattern.

Time Series Plot-Nigeria ACF based on R-algorithm
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Figure 2: Time series and ACF plots of daily Covid-19 cases for Nigeria

Figure 2 shows the time series plot, sample ACF, ACF based on the McLeod
algorithm presented in the R statistical software, and the theoretical ACF based
on our derived expressions. The sample ACF shows a sinusoidal pattern, which
implies that the autocorrelations of the daily new covid-19 cases in Nigeria de-
picted some wave-forms. It can be seen again that the times between successive
waves are not even, showing clearly that the waves are not necessarily peri-
odic. Notably, it is evident from Figure 2 that the autocorrelations die out as
the lag gets larger. The ACF based on McLeod’s algorithm and that obtained
from our derived expressions do not exhibit any significant difference. From
the theoretical ACF, the ACF of the daily covid-19 cases in Nigeria attenuates
exponentially, and cuts off at about lag 300. Although an ARMA(1,2) process
is best chosen to characterize the series, it is interesting to observe that while
the emperical (sample) ACF shows cosine waves which eventually dies out at

higher lags, the theoretical ACF shows a prolonged damper exponential pattern.
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Time Series Plot-South Africa ACF based on R-algorithm
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Figure 3: Time series and ACF plots of daily Covid-19 cases for South Africa

Figure 3 shows the time series plot of the daily corona virus cases reported
in South Africa, together with its emperical ACF. The data is subjected to the
”ARIMACfit” function in R, and ARMA(2,2) is selected to best fit the data. Based
on the model and its associated parameters, the ACF based on the McLeod al-
gorithm presented in the R statistical software, and the theoretical ACF based
on the derived expressions are obtained, and the results are added to Figure 3. It
can be observed from the figure that the sample ACF shows a sinusoidal pattern,
which implies that the autocorrelations of the daily new covid-19 cases in South
Africa also demonstrate some wave-forms. The times between successive waves
does not appear to be even, showing clearly that the waves are not necessarily
periodic. Additionally, it is evident from the emperical ACF of Figure 3 that
the autocorrelations do not die out as the lag gets larger, an indication that in the
distant future, incidence of cases would still be influenced significantly by previ-
ous cases. The theoritical ACF based on McLeod’s algorithm and that obtained
from the derived expressions do not exhibit any significant difference. From the
theoretical ACFs, the ACF of the daily covid-19 cases in South Africa attenu-
ates exponentially, and cuts off at about lag 300 in the derived ACF but appears
to cut off well after lag 300 in the one based on R. Although an ARMA(2,2)

process is best chosen to characterize the series, it is interesting to observe that
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while the sample ACF showed sinusoidal waves which eventually dies out at

higher lags, the theoretical ACF shows a prolonged damper exponential pattern.

Discussion of Results

The derivations made in this chapter have shown into much detail that the
ACF of an ARMA(p, q) process is predominantly influenced by the Moving Av-
erage order. More clearly from the generalization of the ARMAC(1, ¢) process,
it is seen that ACF at lag ¢, which is the order of the MA component, and that
beyond lag ¢ is given by the relation (¢ + h) = ¢"y(q), for all h > 1. The
relation shows that the ACFs after lag q is expected to decrease by a rate of ¢".
The ACFs from lag 1 to (¢ — 1) for ¢ > 2, do not quite relate to the ACFs at
lag ¢ and beyond. This supports the reason why the ACFs of an ARMA(1, ¢)
that precede lag ¢ are determined separately. Similarly, the presentation of the
ACFs of a generalized ARMA(2, q) process shows that the ACFs at lags after ¢
1s related to the ACF at lag ¢, while those that precede lag ¢ are obtained sep-
arately. This pattern is expected to be a dominant feature of the ARMA(3, q)
and the general ARMA(p, q) process. The study has therefore obtained explicit
expressions for a general ACF of the ARMA(p, q) process, a result that is not
existent in the literature.

The literature (Chen et al., 2011; Eshel, 2003) point out the relationship
among the autocovariances and autocorrelations obtained from the Yule-Walker
simplifications respectively as y(k) = ¢1y(k — 1) + --- + ¢,7(k — p) and
p(k) = ¢1p(k — 1) + --- + ¢pp(k — p) for &k > p, where p is the order of
the Autoregressive part. Notably, it has been seen that the ACF of ARMAC(p, q)
processes for cases where p > 2 does not follow the Y-W recursive formula in
general. The derivations pinpoint that the Y-W recursive formula does not hold
for the ACFs at certain lags of some ARMA(Z2, q) processes. Noticeably, for an

ARMA(2,1) process the Y-W recursive formula holds for lag £ > 2, which is
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consistent with the literature. However, for an ARMA(2,2) and (2,3) processes,
the Yule-Walker recursive formula holds for lags £ > 4 and k& > 5, respectively,
a result which is also not observed in the literature. The derivations also show
that for ARMA processes where p > 2, the Autoregressive component needed
to be expressed in a factorized form. The consequence of this is that the initial
ARMA model parameters are transformed into several new roots. To be able
to relate the ACFs of the ARMA(p, q) process for p > 2 to the ACFs of an
ARMAC(1, q) process, the new roots should be converted back to the original pa-
rameters.

The slow decay of the theoretical ACFs in Figures 1, 2 and 3 show that
the corona virus cases in Ghana, Nigeria and South Africa are expected to con-
tinue for a long time, but will eventually die out. Comparatively, it is expected
that daily new Covid-19 cases in Ghana which follows an ARMA(1,4) process
cuts off faster than that of Nigeria and South Africa, which follows ARMA(1,2)
and ARMA(2,2), respectively, since there is a longer memory in the ACF of the
two countries than that of Ghana. This agrees with Montgomery et al. (2015)
that generally, the higher the order of the Moving Average in an ARMA(p, q)
process, the shorter the memory. Although there was a clear difference between
the emperical ACF and the theoretical, the waves which eventually diminishes
in the emperical ACF shows that as the number of lags increases, incidence of
future cases could only be sporadic, and would not follow any discernible pat-
tern. This is in line with the literature that the theoritical ACFs are the limiting
values of the emperical ACFs. In other words, the emperical ACF mimics the
theoretical ACF for cases where the data points are extremely large. There does
not appear visible differences in the performance of the derived and the existing
theoretical ACF. This is visible in all the three datasets applied in the study. The
only difference identified is the running time of the codes based on the derived
ACEF. It is observed that for higher order ARMA processes, the derived ACF

could be quite slow.
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Chapter Summary

This chapter has presented extensions and generalizations of the ACFs
of stationary ARMA(p, q) processes. Since the ACFs of lower order processes
which includes the ARMA(1,0), ARMA(O,1), and ARMAC(1,1) are well-documented
in the literature, this chapter begins with a study of the ACFs of ARMA(1,2) and
ARMAC(1,3), after which a generalization is made for ARMA(1,q) process.

The ARMA(1,2) and ARMAC(1,3) reveals a clear pattern among autoco-
variance at consecutive lags of the respective process. It is observed that for any

v(k) of a given ARMA(1, q) process,
(k) = ¢*79y(q) fork >q+1

The pattern also suggests that separate ACFs should be obtained for individ-
ual lags prior to the order ¢q. The chapter also reveals that for an ARMAC(1, q)

process,

p*(a+1) = pla) x p(g+2)

Additionally, the ACFs of ARMA(2,0), ARMA(2,1), ARMA(2,2) and
ARMA(2,3) are derived, after which a generalization is made for ARMA(2,q).

The results show that the ACF of higher order ARMA(p, ¢) may be ex-
pressed as a function of a certain coefficient c, ,,, which may further be given in
terms of a lower order coefficient ¢, (,,—1), a general coefficient for ARMA(p, g—
1). The results then involves computation of combinatorial values of the form
((T’_z_s)) for which r — t > 2s.

It is also observed that the Y-W relation emerged after lag ¢ + 2 for pro-
cesses higher than ARMA(2,1). This means that there is the need for the com-
putation of individual (k) for £ < (¢ + 2).

In an attempt to obtain explicit expressions for specific ARMA processes,

there is an inclusion of additional constants in the ACFs to those in the ACF of
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the lower order process. For example, three more constants are introduced in
the ACF of the ARMA(2,3) than the constants in the general ACF expression
for ARMA(2,2) process.

The processes for deriving the ARMA(2, ¢), ¢ < 3 shows some clear pat-
tern among the autocovariances at consecutive lags of the respective process as
well as between particular lags of consecutive orders of the process. For in-
stance, for any v, 3(k) of the ARMA(2,3) process, it is possible to deduce the
expression for vo2(k), Y21 (k) and y2,0(k) for a given value of k. The pattern
can similarly be extended further down to the 7; ,(k) of the ARMA(1, ¢) pro-
cess. It is further noted that (k) of the ARMA(2, ¢) process is a step-function
fork=0,1<k<gq,k=qgandk > q.

The chapter has also explored the strategy adopted for deriving ACF for
ARMA(3,0) process. The processes for deriving the autocovariance at lag k
of the ARMA(3,0) have shown a clear pattern among the autocovariances at
consecutive lags of the respective process as well as between particular lags of
consecutive orders of the process. The chapter establishes that for a general
ARMA(p, q) process, the autocovariance at any lag £ can be obtained, since
there is also a clear connection between autocovariance at lags of consecutive
orders of the process.

The daily new Covid-19 cases for Ghana, Nigeria and South Africa are
found to be stationary among Covid-19 cases in several countries explored around
the world. These three datasets are therefore used for illustration and have
brought out some pertinent observations. The data for each country is sub-
jected to the "ARIMAfit” function in R, and ARMA(1,4), ARMA(1,2), and
ARMA(2,2) are selected to best fit the data for Ghana, Nigeria, and South
Africa, respectively. Based on the models and their associated parameters, the
ACF based on the McLeod algorithm presented in the R statistical software, and
the theoretical ACF based on the derived expressions are obtained for Covid-19

cases in each country. In each case, it is observed that the sample ACFs show an
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imperfect sinusoidal pattern that has no specific periodicity. This implies that
the autocorrelations of the daily new Covid-19 cases in all the selected coun-
tries demonstrate some wave-forms that may not be significant. Thus, the times
between successive waves are not even, showing that the waves are not neces-
sarily periodic. The theoretical ACFs in each case tails off slowly as the lags
increased. The slow decay of the theoretical ACFs show that the corona virus
cases are expected to continue for a long time, but will eventually die off. Ad-
ditionally, the observations show that incidence of future cases could only be
sporadic, and would not follow any discernible pattern. Comparatively, it is ex-
pected that the corona virus cases in Ghana would cut off faster than those of

Nigeria and South Africa.
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CHAPTER FIVE

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

Overview

This chapter presents an overview of the entire work and conclusions
based on the discussion of the results in Chapter Four. Based on that, recom-

mendations will be given.

Summary

The nature and importance of the autocorrelation function (ACF) of a time
series process cannot be over-emphasized. This is because the ACF reveals the
inherent characteristics of a time series data that may not be visible from the
original time series plot. There are also clear differences between the emperical
ACF and the theoretical ACF, since the latter is based on only the parameter
estimates from the sample. These reasons, among others, provide adequate mo-
tivation for continued studies on the ACF of a time series in order to generate
deeper understanding on the concept. The study has examined with a presen-
tation of the three main approaches to obtaining the theoretical ACF of lower
order ARMA(p, q) processes existing in the literature. The three approaches are
the Yule-Walker approach, the comparison of moving average weights, and the
autocovariance generating function method. The review of the literature on the
theoretical ACFs of higher order ARMA(p, q) process has shown that the pro-
cess is an arduous one and lacks analytical clarity. This challenge is particularly
the motivation for considering a derivation of an alternative theoretical ACF
through the autocovariance generating function. The new attempt will deepen
understanding of identifying inherent characteristics of a time series that follows
a linear process.

As an application to the covid-19 pandemic, a brief review on how previ-
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ous investigations have used mathematical, statistical, and deep machine learn-
ing procedures to model and forecast covid-19 cases across the world is made.
Due to the changing waves of the pandemic, the study applies results to examine
the real characteristics of the parameters of the covid-19 pandemic around some
parts of the globe.

This study has presented the basis for the use of the acvgf in obtaining the
ACFs of stationary ARMA(p, q) processes. Specifically the ACF of an AR(1)
process has been examined in addition to that of lower order MA(q) process. To
aid in the implementation of the formulas that will be derived, the chapter has
studied the characteristics of the data selected to aid in this regard.

The study has presented extensions and generalizations of the ACFs of sta-
tionary ARMA(p, q) processes. Examination of the general ARMA(1,q) process
reveals a clear pattern among autocovariance at consecutive lags of the respec-

tive process. It is observed that for any (k) of a given ARMA(1, q) process,
v(k) = ¢""v(q) fork>q+1

The pattern also suggests that separate ACFs should be obtained for individual

lags prior to the order g. It is also shown that for ARMA(1, ¢) process,

p*(q+1) = p(q) x p(q+2)

Additionally, a generalization is made for the ACF of ARMA(2,q). Using
this generalization, specific ACF of ARMA(2,q) processes have been deduced
for, e.g., the ARMA(2,0) and ARMA(2,3). The results show that the ACF of
higher order ARMA(p, ¢) may be obtained explicitly and expressed as a func-
tion of a certain coefficient ¢, ,,, which may further be given in terms of a lower
order coefficient ¢, (p,—1), a general coefficient for ARMA(p,q — 1). The re-

sults then involves computation of combinatorial values of the form ((“?s))
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for which r —t > 2s.

It is also observed that the Y-W relation emerges after lag (¢ + 2) for
processes higher than ARMA(2,1). This means that there is the need for the
computation of individual v(k) for k < (¢ + 2).

The processes for deriving the ARMA(2, q), ¢ < 3 shows some clear pat-
tern among the autocovariances at consecutive lags of the respective process as
well as between particular lags of consecutive orders of the process. For in-
stance, for any 72’3(k:) of the ARMA(2,3) process, it is possible to deduce the
expression for vo2(k), Y21 (k) and y2,0(k) for a given value of k. The pattern
can similarly be extended further down to the 7; ,(k) of the ARMA(1, ¢) pro-
cess. It is further noted that v(k) of the ARMA(p, q) process is a step-function
fork=0,1<k<q,k=qgand k > q.

The technique of autocovariance generating function has been used to ex-
plore the ACF of processes as far as ARMA(3,0) process. The processes for
deriving the autocovariance at lag k of the ARMA(3,0) have shown a clear pat-
tern among the autocovariances at consecutive lags of the respective process as
well as between particular lags of consecutive orders of the process. It is es-
tablished that for a general ARMA(p, q) process, the autocovariance at any lag
k can be obtained, since there is a clear connection between autocovariance at
lags of consecutive orders of the process.

The daily new Covid-19 cases for Ghana, Nigeria and South Africa are
found to be stationary among Covid-19 cases in several countries explored around
the world. These three datasets are therefore used for illustration and have
brought out some pertinent observations. The data for each country is sub-
jected to the ”ARIMA(fit” function in R, and ARMA(1,4), ARMA(1,2), and
ARMA(2,2) are selected to best fit the data for Ghana, Nigeria, and South
Africa, respectively. Based on the models and their associated parameters, the
ACF based on the McLeod algorithm presented in the R statistical software, and

the theoretical ACF based on the derived expressions are obtained for Covid-19
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cases in each country. In each case, it is observed that the sample ACFs show
an imperfect sinusoidal pattern that has no specific periodicity. This implies that
the autocorrelations of the daily new Covid-19 cases in all the selected countries
demonstrate some wave-forms that may not be significant. Thus, the times be-
tween successive waves are not even, showing that the waves are not necessarily
periodic. The theoretical ACFs in each case tails off slowly as the lags increased.
The slow decay of the theoretical ACFs show that the corona virus cases are ex-
pected to continue for a long time, but will eventually die off. Additionally, the
observations show that incidence of future cases could only be sporadic, and
would not follow any discernible pattern. Comparatively, it is expected that the
pandemic cases in Ghana would cut off faster than those of Nigeria and South

Africa.

Conclusions

The thesis is an additional attempt at adding to the already existing litera-
ture, an alternative approach for obtaining a generalized autocorrelation function
of higher order ARMA processes. The autocovariance generating function was
used to achieve this ideal. Although the approach is widely known, its usage in
obtaining the ACFs of higher stationary time series processes is scarce, while
the few have had it difficult to generalize the ACFs after breaking the autoco-
variance generating function into partial fractions.

To obtain the ACFs of a higher order ARMA process using acvgf, one has
to have a solid understanding of power series. The study has therefore identi-
fied how the AR(p) part of the ARMA(p, q) process is converted into an infinite
power series to enhance easier derivations. Additionally, the study determined
that for ARMA processes where p > 2, the AR(p) process will have to be bro-
ken into new roots so that the polynomial expression in terms of the original

coefficients can be written in factorized form.
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The study has presented coherent derivations of generalized ARMAC(1, q)
and ARMA(2, q) processes as well as the variance and the first autocorrelation
of ARMA(3,0) process. The derivations of the general ACF expressions for
ARMAC(1, q) and ARMA(2, q) has shown that the ACF of an ARMA(p, q) relies
heavily on the order of the Moving Average. It has been shown that the ACF
of an ARMA(p, q) process at lag ¢, the order of the Moving Average part, is
the reference point for the ACFs of the lags after it. In addition, it has been
seen that to link the ACF of an ARMA(2, q) process to the ACF of ARMA(1, q)
process, one will have to convert the new roots of the Autoregressive part back
to the original parameters of the ARMA(2, q) process, and set ¢o, the second
parameter of the Autoregressive part to zero. The study establishes that for a
general ARMA(p, q) process, the autocovariance at any lag k£ can be obtained,
since there is a clear connection between autocovariance at lags of consecutive
orders of the process.

The study has also examined the behaviour of the ACF of the Corona virus
pandemic cases in some locations around the globe where incidence is station-
ary and found that in general, the pandemic would eventually die out, though
there could be sporadic cases.

It is established that for a general ARMA(p, q) process, the autocovariance at
any lag k can be obtained, since there is a clear connection between autocovari-

ance at lags of consecutive orders of the process.

Recommendations

The study has shown that for a general ARMA(p, q) process, the auto-
covariance at any lag £ can be obtained as there is a clear connection between
autocovariance at lags of consecutive orders of the process. The results therefore
provide useful relations that may be utilized as diagnostic tests for determining

whether a given data follows a specified process.
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The results of the generalized ACF of the ARMA(p, q) process shows that
the theoretical ACF presents the long term behaviour of the series rather than the
actual behaviour based on the sample values. The application therefore shows
that the corona virus pandemic is expected to die out eventually, in the studied
locations with stable cases. It should however be reiterated that there could also
be sporadic incidence that are not informed by previous cases. Measures should
therefore be put in place to contain such eventualities. In addition, actual causes
of these possible sporadic cases may be investigated.

It has also been reported that the algorithm based on the derived ACF
could by slow, particularly for higher order ARMA processes. The causes of
this slow convergence may be a subject for further investigation.

Future studies can consider ACFs of ARMA(p, ¢) processes beyond con-
ditions that has guided the work in this study. Specifically, the ACF could be

studied also under conditions of real and repeated roots, and complex roots.
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