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ABSTRACT

In this work, the inverse eigenvalue problem is studied in the context of singu-
lar symmetric and Hermitian matrices, with a particular emphasis on ranks five
and six. We looked into ways to solve singular symmetric and Hermitian ma-
trices’ Inverse Eigenvalue Problem (IEP). We devised a method to reconstruct
such matrices from their eigenvalues, based on a solvability lemma. Through
innovative methodologies, we aim to provide effective solutions for determin-
ing the original matrices from their eigenvalues, shedding light on challenges
posed by singularity and higher rank. In the case of n X n matrix, the number

of independent matrix elements would reduced.
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CHAPTER ONE
INTRODUCTION

In matrix analysis most specifically symmetric and Hermitian matrices,
they are seen in science, engineering and physics in particular that inverse prob-
lems are among the most significant mathematical challenges. Several mathe-
maticians and researchers contributed to the development of the inverse eigen-
value problem (Fallat & Hogben, 2007). The inverse eigenvalue problem can
be found in several disciplines, including control theory, signal processing, and
system identification. It has numerous real-world applications in the fields of
engineering and science where it is necessary to comprehend or create systems

based on defining characteristics.

Background to the study

The inverse problem is a concept that arises in various fields of science,
engineering, and mathematics. In essence, it involves the challenge of deter-
mining the input or cause of a given observed output or result. In other words,
instead of starting with known inputs and predicting the outcomes, the inverse
problem involves working backward to deduce the inputs from the observed out-
comes. An inverse problem involves estimating the value of parameters defining
the system under study for the results of real observation. An inverse problem
uses the effect to calculate the causes. This type of problem is often encoun-
tered in situations where direct measurements of the cause or input are difficult
or impossible to obtain, but the resulting outcomes or measurements are read-
ily available. Solving the inverse problem requires making assumptions, using
models, or employing computational techniques to approximate the unknown

inputs that could have produced the given outputs.

Here are a few examples of inverse problems in different domains:

1. In medical imaging, ( X-ray, MRI, CT scans), the goal is to reconstruct the in-

ternal structures of the body from the observed measurements. This involves
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solving the inverse problem to obtain an accurate representation of the distri-
bution of tissues or substances within the body. The properties of subsurface
geological structures (e.g., oil reservoirs, fault lines) from seismic wave mea-

surements recorded on the Earth’s surface.

2. Signal Processing is another application, such as audio or speech processing,
the goal might be to retrieve the original signal (input) from the recorded

signal (output) that has undergone various distortions, noise, or filtering.

3. In statistical modeling and machine learning, parameter estimation can be
considered an inverse problem. Solving inverse problems can be challenging

due to the potential non-uniqueness and noise in the observed data.

An inverse eigenvalue problem concerns the rebuilding of a coefficient
structured matrix from prescribed spectral data (Chu & Golub, 2002).
According to Dehghan Niri, Shahzadeh Fazeli, and Heydari (2020), an inverse
eigenvalue problem concerns the reconstruction of a matrix with a special struc-
ture from prescribed spectral data. Limiting the number of different options
that are normally feasible requires that in addition to the spectrum requirement,
the matrix produced maintains a required structure if a solution is not found.
Addressing the inverse eigenvalue problem often involves constructing matri-
ces that satisfy the given eigenvalue constraints and have connections to opti-
mization and spectral theory. Rothblum (2006) explains that an inverse eigen-
value problem can also be used in mathematical modeling and parameter iden-
tification. The inverse eigenvalue problem is a mathematical problem where
the goal is to find a matrix that has given eigenvalues and possibly other spec-
tral properties (Rothblum, 2006). Specifically, given a set of eigenvalues and,
optionally, some additional constraints, the task is to determine a matrix that
possesses those eigenvalues. Solving the inverse eigenvalue problem for non-
singular symmetric matrices has occupied most research efforts (Oduro, 2014;
Deakin & Luke, 1992; Chu & Golub, 2002; Chu, 1998). The non-negative

eigenvalue problem of symmetric matrices remained the focus of several schol-
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ars (Marijuén, Pisonero, & Soto, 2007; Soto & Rojo, 2006; Egleston, Lenker, &
Narayan, 2004). The issue of singular symmetric matrices with varying size and
order has been practically tackled by (Baah, 2012 and Aidoo, Gyamfi, Ackora-
Prah, & Oduro, 2013), provided that linear dependence links are given.

Wu (2011) has also made clear statements regarding the prerequisites and solv-
ability of the non-negative aspect of the inverse eigenvalue problem of symmet-
ric matrices. The inverse eigenvalue problem is an important and challenging
area of research with applications in various fields, including control theory,
systems identification, and structural mechanics. Solving this problem is not al-
ways straightforward, and it heavily depends on the specific constraints imposed
and the properties of the given eigenvalues.

Some variations of the inverse eigenvalue problem include.

1. Completing a given set of eigenvalues that is given a partial set of eigenvalues,

the task is to find a matrix with those eigenvalues.

2. The symmetric inverse eigenvalue problem is the version of the problem that

restricts the search to symmetric matrices .

Solving the inverse eigenvalue problem requires advanced mathematical tech-
niques, and there may not always be a unique solution. Depending on the given
conditions and constraints, there might be multiple matrices that satisty the re-
quirements. Researchers in this field employ various algorithms, optimization
methods, and numerical techniques to tackle the problem efficiently. Due to
the complexity of the problem and the lack of a unique solution in many cases,
the inverse eigenvalue problem remains an active area of research in applied
mathematics and engineering.

Iterative methods, sometimes referred to as iteration methods, are numeri-
cal approaches that are used to solve mathematical problems, usually when find-
ing exact answers is difficult or computationally expensive. These techniques

are iterative because they begin with a first guess and keep refining it until they
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arrive at a workable answer .

Typical iteration techniques include the following

1. Jacobi Method is an iteration approach used to determine the structure of
linear equations. It updates each component of the solution vector based on

the components of the previous iteration.

2. The Newton-Raphson Method is a technique for finding the roots of real-

valued functions.

3. The Gauss-Seidel Method is another method to solve systems of linear equa-
tions, but it updates each component of the solution vector using the most

recent values available in the current iteration.

4. Successive Over-Relaxation (SOR) is an extension of the Gauss-Seidel method

that incorporates relaxation factors to improve convergence speed.

5. Conjugate Gradient Method systems of linear equations, often arising from

problems in optimization and finite element analysis.

6. Richardson Iteration is a basic iterative method used to solve linear systems,

based on a simple matrix transformation.

7. Krylov Subspace Methods is a family of iterative methods that seek
approximate solutions within a subspace generated by the matrix and

initial guesses.

A concept from linear algebra related to square matrices is called an eigen-
value. Eigenvalues are special scalars dealing with linear systems of equations
(Marcus & Minc, 1988). We can use eigenvalue and eigenvector in physics and
engineering applications. Each eigenvalue has a matching “eigenvector” that is
coupled with it. Eigenvectors are a unique collection of vectors linked to a linear
system of equations (Marcus & Minc, 1988). In the context of classification and
matrix diagonalization, along with equilibrium and vibration inquiry, eigenval-

ues and eigenvectors are also utilized. According to Voyevodin (1983),
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BX = )\X, (1

when scalars )\, its matching eigenvector, X are present, A is referred to as the

eigenvalue of B. Therefore X € R # 0.

Let B be n x n square matrix

bir bz -+ big
bor by -+ by
2)
_bkl b2 - bkk_
the matching eigenvectors fulfill when the eigenvalues are ),
bir bz o+ bl |n Y1
bar bay -+ bax| |2 ) Y2 3)
_bkl bra -+ bkk_ | Yk | | Yk |
it is the homogeneous method’s counterpart BY = 0, that is
biu—A b o by Y1 0
ba1 bag — A - bar, Y2 0
= | @)
| i ba oo b — Al || |0]

There are different ways to write equation (4):
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(B — AI)Y = 0 (Voyevodin, 1983)

The identity matrix is represented by [ in the equation above. When linear
equations have nontrivial solutions and the determinant vanishes, then the given
solution is det(B — AI).

A matrix is a collection of numbers arranged into fixed numbers of rows
and columns. A matrix is a rectangular array of numbers, symbols, or expres-
sions arranged in rows and columns. Matrices are an essential mathematical
concept used in various fields, including linear algebra, computer graphics,
physics, engineering, and many other disciplines.

Below are some forms of matrices;

A matrix with a single row is referred to as a row vector, while a matrix
with a single column is referred to as a column vector.

An identity matrix is a special square matrix in which all diagonal elements are
1 and all other elements are O.

One unique feature of a square is that it is identical to its transpose when it is a
symmetric matrix. Moreover, if were to reflect a symmetric matrix over its main
diagonal, the matrix would remain unchanged. That is AT = A (Strang, 2012).
A square matrix where the transpose of the matrix equals its negative is called a

skew-symmetric matrix, Q7 = —( (Bronshtein & Semendyayev, 2013).

The transpose of a matrix is obtained by interchanging its rows and columns.
Herstein and Winter (1988), the transpose of a matrix is obtained by interchang-
ing the rows with the columns of a given matrix.

Example, if

a b a c

Q= then Q7 =
c d b d

Connell (2002), transpose is a function to R,,,. @, R, is the matrix whereby
the (ij) term is the (j 1) term of Q. So, row 1 (column j) of Q generates column j

(row i) of QT The transpose of a matrix involves flipping its rows and columns,
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effectively turning its rows into columns and columns into rows. Keep in mind
that not every matrix has a transpose. Only rectangular and square matrices, un-
dertake transpose. Matrices of the same dimensions matrices can added or sub-
tracted. Matrix multiplication is a bit more complex. For two matrices X (m x p)
and Y (pxn), the resulting matrix Z(m xn) is obtained by taking the dot product
of the rows of X and the columns of Y. Matrices have numerous applications in
various fields, such as solving systems of linear equations, representing trans-
formations in computer graphics, and analyzing networks and data sets. They
provide a powerful tool-set for solving complex problems and are a fundamental
building block in linear algebra and related mathematical disciplines.

A symmetric matrix is a square matrix that is the same as its transpose.
Q = QT (Lipovetsky, 2013). In a symmetric matrix (), for instance, the ele-
ment at the ¢th row and jth column is the same for all < and j as it is at the
jth row and ¢th column (Draper & Smith, 1998). Mathematically it can be rep-
resented as Q = Q7. A symmetric matrix is always diagonalizable, meaning
it can be expressed as a product of three matrices: () = PDP~!. Symmetric
matrices are applied in linear algebra, physics, computer science, and statistics
among others. Their symmetry simplifies calculations and makes them valuable
in solving certain types of problems efficiently. If a matrix is symmetric then
Q™ is also symmetric where n is an integer. Also, if Q is symmetric then Q1 is
also symmetric.

For singular symmetric matrices special techniques and considerations are
required. Therefore combining both conditions, a singular symmetric matrix
that is symmetric (AT = A) and singular (det(A) = O). If the determinant is
0, the matrix cannot be inverted. The presence of zero eigenvalues in matrix
A possesses additional difficulties in finding a suitable matrix B. If matrix A
has zero eigenvalues, it means the traditional inverse eigenvalue problem may
not apply directly. So you need to use an altered algorithm to deal with it. In
many different branches of mathematics and applications, such as linear alge-

bra, optimization, and physics, singular symmetric matrices are present. Singu-
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lar symmetric matrices can also be applied in engineering and various science
fields.

A Non-singular symmetric matrix is a square matrix that has an inverse
and is also symmetric. Due to their well-defined features and ability to fre-
quently represent significant transformations or relationships, such matrices are
of special importance in several branches of mathematics, physics, and engi-
neering.

The determinant of a square matrix is a scalar value that can be computed
from the elements of the matrix. It is a fundamental idea in linear algebra with
several geometric and algebraic applications. The determinant is commonly

written as det(B) for a square matrix B of size n X n.

Theorem 1.1. For real symmetric characteristics, the eigenvalue and polyno-
mial C'4(x) have real roots.
Theorem 1.2. Eigenvectors with independent eigenvalues for actual symmetric
matrices are diagonal (Weiss, 2019).

Hermitian matrices are the complex extension of real symmetric matrices.
It can be easily proved that when two Hermitian matrices add up the results will
be Hermitian. A square matrix of the form Q = [g;;]nxn, Where QT = [gji]nxn
is the conjugate transpose of (), is the definition of a Hermitian matrix. This
means that for every ¢;; € @, there is also g;; € Q*. Example: Matrices () and

P shows example of complex and real Hermitian matrices respectively;

2  1+5 3 1 3 4
Q=1[1-5 4 2], P=13 6 5
3 -2 7 4 5 8

Theorem 1.3. The sum of the components of the major diagonal or( the diagonal

from the top left to the lower right), defines the trace of a n X n square matrix
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tr(A) = >2imy Aavijii=

(Sasikumar, Karthikeyan, Suganthi, & Madheswaran, 2009).
An n x n matrix () has as its determinant () — AJ). To obtain a polynomial or

characteristics equation, set the determinant to zero.

g — A q12 s qin
421 Qo2 — A - d21
A(N) =
L dn1 dn2 Tt Qnn — )\_

The polynomial in A that makes up the secular determinant as stated as follows

AN = (=A)"=p1(=A)" - p2a(=A)" 4 ps(=A)" P A paaa () +pn = 0

Theorem 1.4. All eigenvalues of Hermitian matrices are real.

Theorem 1.5. Hermitian Matrices possess perpendicular.

Theorem 1.6. A symmetric matrix is produced when two symmetric matrices
are added together. Proof: Assume S = A+ B and A, B € Symm(n). Con-

cerning the inequality trace
tr(A) +tr(B) =tr(A+ B)
Do A (@) + Z?:l AuBi(B) = 34—y 61 (S)
(Simovici, 2012 ; Bronshtein & Semendyayev, 2013 ; Zhang & Golub, 2001).
Theorem 1.7. The inverse is distinct. In other words, if X has inverses Y
and Z, then Y = Z. This is proven. Let us assume XY = ZX = I. In contrast,

Y =1Y = (ZX)Y = Z(XY) = ZI = Z. Moreover, if X is non-singular,
thensois X' (X71)~'1 = X.
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Theorem 1.8. If () and M are similar n X n matrices, then they have the same

eigenvalues.

Proof: An invertible matrix P exists such that Q = P~'MP since M and

() are similar. Based on determinant qualities, it can be inferred that

M — Q| = |\ — PLMP|
— |P~I\[P — PLMP|
— |P~L(AT — M)P|
= [P~Y|A — M| P|
= [P7Y|PIA — M|
— |P~1P||AT — M|
= |\ — M|

Theorem 1.9. Let S be a symmetric matrix such that S = ST and let A be
a non-symmetric matrix such that —A = A”. Then tr(SA) = tr(AS) (Soto,
2016).

Rank is the dimension of the vector space spanned by the rows (or columns)
of the matrix. For any matrix A, the rank-nullity theorem states that the sum of
the rank of A and the nullity of A (the dimension of the null space) is equal
to the number of columns of A. Mathematically, rank(A) + nullity(A) =
columns(A). The rank of a matrix is useful in various applications, including
solving systems of linear equations, finding the inverse of a matrix, and under-
standing the number of independent equations in a system. There are several
methods, according to Johnston (2021) to compute the rank of a matrix, we use
row reduction techniques (eg., Gaussian elimination).

Rank and Solutions of Linear Systems:
The rank of a coefficient matrix in a system of linear equations is related to the
existence and uniqueness of solutions. Otherwise, there may be infinitely many

solutions or no solutions at all. The rank of matrices is essential in linear algebra

10
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and is applicable in various fields, such as engineering, physics, computer sci-
ence, and data analysis. The matrix is stable and unique at the higher ranks. As
a result, the likelihood that the inverse eigenvalue problem’s solution is unique
increases when the provided matrix has full rank. The problem becomes more
ill-posed and less unique if the matrix has a lower rank, which occurs when
some rows or columns are linearly dependent.

For a system to be stable, all eigenvalues must have negative real portions for
continuous-time systems or must be located inside the complex plane’s unite

circle for discrete-time systems.

Statement of the Problem

The current research in the area of solving inverse eigenvalue problem for
singular symmetric matrices is up to rank four. The research aims to address the
Inverse Eigenvalue and Problem (IEP) specifically for singular symmetric and
Hermitian matrices with ranks five and six. The problem involves determining
a suitable set of matrix entries that satisfy the given eigenvalue constraints, fo-
cusing on the unique challenges posed by matrices of these ranks. The goal is
to provide a solution algorithm that effectively reconstructs singular symmet-
ric and Hermitian matrices of ranks five and six based on specified eigenvalue
conditions. The proposed research seek to provide solutions and insights into
this special domain. This research will improves the understanding of matrices
properties and also lead to numerical stability and applicable in quantum me-

chanics and engineering domain.

Purpose of the study

Finding a solution to the inverse eigenvalue problem for singular sym-
metric and Hermitian matrices of ranks five and six is the goal of this research.
The research will maintain a particular specific structure that satisfies a specific
spectral property. The two main concerns that arise are theoretical ones related

to solvability and practical ones related to computation for inverse eigenvalue

11
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problems. This research focuses on the solvability of the inverse eigenvalue
problem.
Theorem 1.10. A condition that must be met for a matrix with the principal

diagonal ay, as, - - - , a, and eigenvalues, A\;, Ao, - - - A\, 18

2271’ a; = Z?:l Ai

The next stage in the investigation is unquestionably to establish, as indicated
by Mirsky (1964), the relationship between large diagonal elements and the one
values of the general matrix. This correlation was found independently by (Sing,
1976 and Thompson, 1977).

Theorem 1.11. (Sing- Thompson theorem) Each of the two vectors d,s € R"
has entries organized in the following orders: s; > sy > -+ > s, and |d;| >
|da| > -+ > |d,|, respectively. Then, a real matrix A € R™*™ exists, with main
diagonal entries (d) having a potentially distinct order and a single symmetric

value (s).

Z?:l |di| < Z?:l Si
forall i =1,2,---n (305 [di]) — |do] (3215 55) — sn

The primary focus has instead been on developing a method for numerically

constructing a matrix beforehand where the given spectral data are possible

Research Objectives
Aidoo et al. (2013) design strategy of constructing singular symmetric
matrices displaying up to rank four using eigenvalues. Therefore, the objectives

are:

1. Construct singular symmetric matrices of ranks five and six using the eigen-

values.

2. Generate singular Hermitian matrices of ranks five and six using the eigen-

values.

12
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Research Questions

The research questions is based on the objective stated.

1. How can singular symmetric matrices of specific ranks, particularly ranks five

and six be systematically constructed?

2. What are the procedures of generating a singular Hermitian matrix of ranks

five and six?

Significance of the Study

As far as the researcher is aware, research on solving the inverse eigen-
value problem for singular symmetric matrices is currently conducted at a rank
four level. Consequently, increasing the scope of the inverse eigenvalue prob-
lem search for singular symmetric matrices of ranks five and six will improve
knowledge in academia. The research find it applications in quantum mechanics

and engineering domain.

Delimitations
The work may have taken into consideration the inverse eigenvalue prob-
lems for non-singular symmetric matrices and skew-symmetric matrices of rank
five and six. This paper, however, focuses on the inverse eigenvalue problem for

ranks five and six singular symmetric and Hermitian matrices.

Limitations
The work on the inverse eigenvalue has been restricted to rank five and
six singular symmetric and Hermitian matrices since only three matrices were

examined.

Definition of Terms
Hermitian matrices are the complex extension of real symmetric matrices.

Rank is the dimension of a vector space spanned by the rows and columns of

13
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the matrix.

Skew-symmetric matrix, also known as an anti-symmetric matrix, is a square
matrix where the transpose of the matrix is equal to its negative (Riondato,
Garcia-Soriano, & Bonchi, 2017).

Symmetric matrix is a type of square that has a special property: it is equal to
its transpose. Moreover, if were to reflect a symmetric matrix over its main di-
agonal, the matrix would remain unchanged. That is AT = A.

Trace is the total of all the elements on the matrix’s major diagonal.

Transpose of a matrix is an operation that switches its rows with its columns.

Organization of the Study
We have previously talked about the first chapter. The subsequent chapters
are explicated as follows as well: In Chapter Two, some relevant material on the
IEP of Hermitian and singular symmetric matrices is reviewed. The research
approach and techniques are presented in Chapter Three. The primary findings
of the study are presented in Chapter Four. In the study, a summary, findings,

conclusions, and recommendations are found in Chapter Five.

14
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CHAPTER TWO
LITERATURE REVIEW

Introduction

The IEP of singular symmetric matrices specified ranks up to four were
discussed by the author. Acknowledging the paucity of literature on the topic,
the researcher chose to consider the many variations of the symmetric matrix in-
verse eigenvalue problem (Kandié, Reljin, et al., 2008). The researcher decided
to take into account the numerous ways that the eigenvalue problem came to
be solvable. We provide an overview of findings for general inverse eigenvalue
problems as well as nonnegative eigenvalue problems in our work. Researchers
continued to explore different approaches, numerical algorithms, and techniques
to address this problem. It offers insights into the properties of specific matrix
structures and can lead to the development of novel mathematical techniques
and algorithms for solving complex problems in real-world scenarios. It is noted
that the theoretical framework of eigenvalues is a powerful tool in linear algebra
that enable us to understand and analyze complex system and structures (Aidoo
et al., 2013). Circumstances under which Chu (1998), demonstrate how a col-
lection of inverse eigenvalue problems are recognized and categorized following

their properties.

Least Square Inverse Eigenvalue Problem (LSIEP)

The goal of LSIEP is to identify a matrix whose eigenvalue difference
from a specific set of target eigenvalues as minimal as possible. This implies
that there exist situations where an approximation, best in the least squares
sense, might be adequate. We go over how to get the least squares solution
in this part. All the topics discussed at this point can be naturally extended to
the least squares formulation. We therefore need to make clear two definitions
for a least squares approximation, depending on whether the requirement is to
be imposed explicitly. Reducing the difference between the eigenvalues is an

appropriate way to do this (LSIEP) (Chu, 1998).

15
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Given a set of scalars A, Ay, -+ , A, € F, (m < n), find a matrix X € N of

indices with 1 < g7 < --- < g,,.

F(X,0) =530 Ao (X) = Ni)? (5)

where the matrix X’s eigenvalues, A\(X),7 = 1,--- ,n, are reduced. Note that
the cardinally of the required set of eigenvalues is m, which could be less than n.
As such, for any fixed point, LSIEP is always associated with a computational
problem. By measuring and reducing the difference between the matrices the
least square approximation can also be expressed in this manner. Determine the

set

F(X) i= 51X — POO)IP ©

that reduces the function from a set of P that fulfills a specific spectral restric-

tion and a set N that defines a structure restriction.

Parameterized Inverse Eigenvalue Problem(PIEP)

In both linear algebra and control theory, there is a mathematical issue
known as the (PIEP). The objective of this task is to locate a matrix whose
eigenvalues, subject to some extra constraints imposed by parameters, match a
given set of desired eigenvalues, and maybe eigenvectors as well. Determine the
value of the parameter r such that 1,---n = Q(r) given a family of matrices
Q(r) € X. Remember that m might not have as many parameters in r as n
does. The formal definition of the family of matrices )(r) in terms of r deter-
mines how the PIEP appears and is solved. Its format typically appears in factor
analysis and discrete modeling. One element common to all PIEP versions is
the usage of the parameter 7 as a “control” that provides a particular, preset so-
lution to the underlying problem; examples illustrating various characteristics

are given in the next section.
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Addictive Inverse Eigenvalue Problem (AIEP)

The AIEP involves finding a matrix whose eigenvalues are the negatives of
the eigenvalues of a given matrix. Conditions for the existence and uniqueness
of solutions to AIEP are frequently explored in this field of study. Moreover, the
set NV can be used pretty widely aside from this. Therefore, we can put a specific
structural restriction on the solution matrix X using the set /NV. Structure on N
can occasionally develop naturally because of the engineer’s design constraints.
On the other hand, Chu, Diele, and Ragni (2005) F' = R and M = H(n),
N = Dg(n) can be used to represent AIEP (Downing Jr & Householder, 1956).
In this regard, the separation of the boundaries valuation challenge with the M

Jacobi matrix. As an illustration

Au(z) = U7 () + p(r)u(z) (7
0 = u(m) = u(0).

the eigenvalue problem in a tridiagonal configuration is automatically brought

about the fundamental variation equation with homogeneous correspond

| b=
2 -1 0
-1 2 -1
0 -1 2 e 0
# +X |u=Au
0 2 -1
0 -1 2

In this case, p(x)’s separation is reflected by the diagonal matrix X. In addi-

tion to this, an AIEP can be considered the discrete analog of the recognized
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inverse Strum-Liouville problem, in which it is essential to determine the po-
tential p(z) to guarantee that the system has the intended spectrum (Zhao, Hu,
& Zhang, 2011). There is an association between the collaboration problem as
stated by (Friedland, Nocedal, & Overton, 1987; Friedland, 1977) and the issue
of schooling. In the first one, given an actual symmetric matrix B with zero di-
agonal figures, create a diagonal matrix D such that the total of B + D contains
as numerous zero eigenvalues as possible. To ensure that B — D and B — D stay
positive semidefinite while D’s record is lowered, in the second case, a positive
diagonal matrix D must be created given a real symmetric positive definite ma-

trix B.

Multiplicative Inverse Eigenvalue Problem (MIEP)

An n X n square symmetric matrix B is per-multiplied by a vector Y
which includes the parameter d = {dy,d,--- ,d,} sothat YB = > " d,B
where d; € Y, (Oliveira, 1972). Some rows become linear combination of other
rows after the multiplication. Some authors have treated the solvability of the
MIEP, for example (Hadeler, 1969; Oliveira, 1972; Shapiro, 1983). For practi-

cal applications, numerous mathematical approaches have also been developed.

1 5 e
IfY = and P = ,
2 1 01

consequently

15 e
YP = P = d ,
2 1 0 1
e+2f be+ f
2 1
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Consequently, the structure meets the requirements by the eigenvalues of

the matrices.

)\1)\2 = le

)\14‘)\2 = 1+6+2f

We show that there is certainly a set (e, f) of real numbers that solve
MIEP given any A € R2. In this instance, the outcome is distinct. From a math-
ematical perspective, compound analysis and linear equations are related to the
multiplicative inverse eigenvalue problem. The product of a square matrix P
and a matrix () is the identity matrix I since matrix () is located. Numerous
disciplines, including control theory, system analysis, and numerical analysis,
all have uses for this issue. Finding the multiplicative inverse of a matrix, for
instance, is essential in control theory for resolving specific control problems
and doing stability analysis. Dumond and Baddour (2016), it can be difficult to
solve the multiplicative inverse eigenvalue problem, and it frequently calls for
complex mathematical procedures and methods. It’s crucial to remember that
not every matrix has a multiplicative inverse. Invertible or non-singular matrices
are matrices with multiplicative inverses. If and only if a matrix’s determinant is
nonzero, the matrix is invertible. The multiplicative inverse eigenvalue problem
is a key issue in linear algebra that has applications in many fields of science

and mathematics.

Partial Described Inverse Eigenvalue Problem (PDIEP)

There are times when partial eigenvalues and eigenvectors are available
during the rebuilding of a structure, rather than the entire range. With lim-
ited information available, the PDIEP entails identifying a subset of a matrix’s
eigenvalues and matching eigenvectors. Numerous applications, including con-
trol theory and fundamental dynamics, encounter this problem. To solve this
issue approaches such as system detection and methods of optimization are fre-

quently utilized, which involve building the missing eigenvalue and eigenvec-
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tors from the given data (Hald, 1976). The process of answering the partial
inverse eigenvalue problem usually entails expressing the issue analytically and
creating techniques or procedures to identify a matrix on the given subset of

elements that meets the provided constraints of (PDIEP) (Hald, 1983). Given

vectors v, - -+, 0. CF™scalars A\, -+, \,C F where 1 < k < n, determine a
matrix X € N whichis Xv! = \o! fori = 1,--- , k. For example,
d? d
M— — kv = 0. 8
dt2+cdtv+ v=20 (8)

That happens in many instances in which M is a positive integer and M, C', and
K all symmetric. When variables are separated, the system inevitably results in
the quadratic -matrix issue.

Consider now the state feedback pressuring mechanism of the following pro-

vides:

u(t) = (ST S0 (1)) + g7 (1) ©

is applied to the system, assuming vectors b, f,g € R™ are constant. The A

matrix problem with pencil is the resultant the closed-loop system.
QN = MM + (¢ —bfT)\ + (k — bgT). (10)

This feedback control u(t) aims to shift the unstable or unsatisfactory eigenval-
ues or substantially induce motion occurrences in the structure while keeping the
positive eigenvalues. This concept leads to the partial pole assignment challenge
that follows. The result of applying the previously described feedback control
u(t) to a dynamical system is a pole assignment. A different kind of PDIEP that
is similar to the PDIEP has the form provided with the corresponding eigenval-
ues, M, C, and K along with their corresponding eigenvalues (A, - - - A,,) of the

quadratic pencil
PN =MN+C N+ K (11)

Given a predetermined vector b € R™ and m complex numbers, such as uy, - -+, Uy,

m < n, find f, g € C" that equals the closed loop pencil’s spectrum.
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Q) = MM+ (¢ = bfT)A+ (k — bg") (12)

has a spectrum u; - - - , Uy, Agy1, -+, A2y (Chu, 1998).

Theorem 2.1. Divide the matrices representing the eigenvalue and eigenvector
of into P = [Py, Py] as A = diag(A1,Ay--- A,) where Xy, € C™2=¥) P ¢
C* xy. Ay € Dc(x), and Ay € Dc(2yx. Define 5 = [f1,- -+, 5.]Y T € C* by

1 o —A i — A
8= :

N bTZEj /\j =1#7 )\z — /\j

Afterward the vector pair

Multivariate Inverse Eigenvalue Problem (MVIEP)

It involves constructing a matrix with specified eigenvalues and eigenvec-
tors. A mathematical issue in control theory and linear algebra is the multi-
variate inverse eigenvalue problem. Sharma and Sen (2018), the objective of
MVIERP is to locate a matrix with a predetermined set of eigenvalues given a set
of matrices. Solving the multivariate inverse eigenvalue problem often involves
optimization techniques and algebraic methods to generate matrices that satisfy
the prescribed eigenvalue and eigenvector conditions. Formally, the multivari-

ate inverse eigenvalue problem seeks a matrix X whose eigenvalues are pre-

cisely (A1, Ao, - -+, Ag) given a set of matrices Ay, As, - -+ , Ay and a set of target
eigenvalues A\i, Ao, - -+, A\;. Other restrictions may be placed on X as well. In
a multivariate eigenvalue problem, actual integers Ay, - - - , \,,, and actual vari-

ables z € R"™ must be found in MVIEP to solve problems. Real scalars and a

real vector must be located so that equations. Bx = Ax

In the case when B € S(n) is a block-divided positive definite matrix, i =

1,--+,m=,1=||zy|| , are satisfied
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Bll Bl2 Blm
A= BQl BQQ BQm
Bml Bm2 Bmm

There is a lateral the matrix \.

A = diag{\ 1™, A\, I}

Blocks are created by partitioning € R" into identity matrices of size n; and
Mg =z ... 21 (Chu, 1998 ; Efron & Morris, 1976) using x; € R™. In
a trivial sense, the m = 1 single variate situation is just a standard symmetric
eigenvalue issue.

Multivariate Canonical analysis in statistics causes the overall issue. There
are several uses for the multivariate inverse eigenvalue problem in many differ-
ent disciplines, such as system identification, structural dynamics, and control
theory. The challenge of solving multivariate inverse eigenvalue problems is
difficult, and there may not always be a single solution. Researchers attack this
issue and seek approximations of answers using various numerical approaches

and optimization algorithms.

Structured Inverse Eigenvalue Problem (SIEP)

The structured inverse eigenvalue problem is a mathematical problem con-
nected to control theory and the science. Calculate a matrix with a certain
structure, often known as a structured matrix, whose eigenvalues match a set
of target eigenvalues. The following is an example of a generic SIEP: To obtain
A(X) = {A1, -+, \} (SIEP), find X € N that is composed of specifically
structure matrices. It is important to keep in mind that the generating and solv-
ability of the problem are prerequisites for the solution of n X n symmetric

matrices (Chu & Golub, 2002).
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Inverse Eigenvalue Problem for Jacobi Matrices

The inverse eigenvalue problem for Jacobi matrices involves determining
the matrix entries when the eigenvalue are given. It’s a challenging problem with
applications in various fields, including signal processing and quantum mechan-
ics. Various methods such as moment methods and iteration algorithms are used
to tackle this problem. Asymmetric tridiagonal matrix is an accepted norm Ja-
cobi matrix. We demonstrate how to create a matrix of this kind with two sets of
eigenvalues that meet overlapping conditions, (Boley & Golub, 1987). Due to
its creation by the removal of the initial row and final column of the primary di-
agonal matrix, the lower principal subordinate matrix has order (n—1) x (n—1)
(Bronshtein & Semendyayev, 2013). The IEP of the Jacobi and Periodic Jacobi
matrices has attracted a lot of scientific concern. Consider, for instance (Andrea
& Berry, 1992 ; Xu & Jiang, 2006). One technique for creating symmetric Ja-
cobi matrices is as follows. Considering a real symmetric tridiagonal matrix of

the following kind denoted as Jacobi matrix ().

aq bl 0

bl a9 0
Q=

0 bnfl

0 bn—l G,

with bz >0

, I =il — )

dy; = n .
! Hj:lj 7£ 1()‘j o )\z)

All the eigenvalues are normalized to have norm 1, a;; is obtained from the

relation

Z;L Ai — ?71 228

The IEP for the periodic Jacobi matrix is then covered. Inverse scatter-

ing theory problems typically involve this inverse problem. Real entries can
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be found in the tridiagonal periodic Jacobi matrix. Consequently, the corre-
sponding orthonormal eigenvectors and eigenvalues are real. There are at most
2n—m=1 galutions for the periodic Jacobi matrix, where m is the number of com-
mon eigenvalues between the leading primary sub-matrix and the main matrix.
There is no unique solution for the periodic Jacobi matrix. Throughout our
discussions, we refer to .J,, and J,,_; as the principal sub-matrix and the main
matrix, respectively (Xu & Jiang, 2006).

Bronshtein and Semendyayev (2013), a real symmetric matrix of the following

type is called a periodic Jacobi matrix:

In
a; by - - b,
by ay by - 0
=10 by a3 -+ by
0 «+ o apq by
b, 0 -+ b,_1 ay,

We form the following matrices from the matrix above:

. ay (b+)t
bt K

and
P (b7)"
b- K

where K is a Jacobi matrix given by .J,,_;.

The eigenvalues meet the specified linking characteristic and are unique.
Using the connection, we calculate the matrix A’s row eigenvectors (Baah, 2012
; Aidoo et al., 2013). Solving the inverse eigenvalue problem is a challenging

task and can be ill-posed in some situations, implying that significant changes in
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the solution might result from minor adjustments to the input data. Researchers
and mathematicians continue to explore different approaches, numerical algo-
rithms, and techniques to address this problem. It offers insights into the prop-
erties of specific matrix structures and can lead to the development of novel
mathematical techniques and algorithms for solving complex problems in real-
world scenarios. Finding a solution to the inverse eigenvalue problem of singu-
lar symmetric matrices has received a lot of attention from research ( Fiedler,
1974; Marijuén et al., 2007; Soto & Rojo, 2006; Egleston et al., 2004; Wu,
2011; Aidoo et al., 2013 ). Inverse eigenvalue problems of singular symmetric
matrices are the main focus of this research, and before we go into depth about
our work, we need first to describe the various approaches. In addition to the
spectra requirement, it is usually important for the matrix regenerated to keep
certain features. To reduce the amount of potentially endlessly many solutions
that are usually possible if a solution does not exist. A specific case of the IEP,
which Kolmogorov initially posed in 1937, is the nonnegative inverse eigen-
value problem. In the nonnegative inverse eigenvalue problem, provided the
collection of complex numbers that comprise the indeterminate matrix’s range,
it is necessary to determine whether any entrywise nonnegative matrices exist.
Numerous approaches have been used to resolve the extensions and associated
conditions of the principal submatrix of .J. Numerous studies on the eigenvalues
of nonnegative matrices have been published since 1949. If the integers

(A1, > Ag, > -++, >, \,) are real numbers such that Ay + >, oA > 0 as re-
ported by Suleimanova [S] and demonstrated by Perfect [5],

Radwan (1996) argue that the spectrum of a n X n symmetric non-negative
matrix is equal to n actual numbers, and the spectra of a n X n normal non-
negative matrix is equal to n complex numbers , some new sufficient require-
ments are discovered.

Soto and Rojo (2006) presented several simple necessary conditions and

demonstrated the creation of a realizing matrix.
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Theorem 2.2. A = {AA\y---\,} be a list of real numbers satisfying A >
>N 202 A\ LetS = At g1, g = 2,3, 2

i1 = min{)\%, 0}IfA > N\, — Zsj<0 S; Then A € 6R ( by a non-negative
matrix).

Regarding this theorem, they established.

T(A) =M+ A+ 35 <0

Recall that (2) corresponds to 7'(A) > 0 and that if A = {A g, - -+ , \,,} satis-

fies the sufficient condition (2) then,

A= (A= T S M)

is a list that can be achieved, and the number —)\,, — > <0 9j is the minimum
value that \; may take order that A must meet the realizability criteria speci-
fied by the theorem utilized, which is that A must be realizable. Suppose that
A={A\,Ag, -, A\, }is partitionedas A = Ay UA, U---UA,

Then according to the theorem, they have for each sub-list A = {Ag1, Apo - -+, Ak}

of the partition, £ = 1,2, --- , n the number.
T(Ag) = Ti = My + Aiyy, + ZSkj‘

In their research, there is an extending of Perfect’s result, they give a new re-
liability criteria for the real Non-negative inverse eigenvalue problem, which
contain Soto’s realization criteria.

Marijuén et al. (2007) established the fact to determine the necessary con-
dition and sufficient condition for a list of real numbers, A = {\, Ao, -+, A\, }
to be the spectrum of an entrywise non-negative matrix. The study demonstrates
how to compare these conditions or sufficient conditions for the spectrum of an
entrywise non-negative matrix. According to Johnston (2021), the entrywise

non-negative matrix A = (a;;);. = 1 is said to have constant row sums if all its

n
ij
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rows sum up to the same constant say, A i.e. > 7,

a; = XN = 1,2,--- n.
Suleimanova 1949 cited by Marijuin et al. (2007), demonstrate or figuring
out the prerequisites for a list of real numbers entry-wise non-negative matrix
A={Xo, A\, -, A}

Wu (2011), established the fact that for three unsolved non-negative in-
verse eigenvalues problem (NIEP) problems that have lain unsolved for up to
70 years, they provide solvability requirements. It will provide practical meth-
ods for determining whether an NIEP is solvable. The researcher establishes
his factors based on theorems to find unique solutions to the problem. Accord-
ing to Fielderas cited by Wu (2011) concerning the first systematic treatment
of eigenvalue of symmetric matrices. Additionally, the researcher demonstrated
how Boley and Golub (1987) can use the concept of symbolic dynamics to de-
scribe the circumstances in which a particular set is a part of the spectrum of a
primitive matrix or non-negative matrix. They also talk about the basic require-

ment of the solution inverse eigenvalue problem (IEP) and non-negative inverse

eigenvalue problem (NIEP). The researcher based his argument on the

Theorem 2.3. For a given list of complex numbers A, Ao, - -+ , A, if it has
closed property under complex conjugation, then the sufficient condition that

has at least one non-negative matrix A with the spectrum, { Ay, Ao -+ , A, }.

Theorem 2.4. For a given list of complex numbers A = {A;, Ao - -+ A\, }, there
must be at least one real matrix A with spectrum A if it has closed property un-
der complex conjugation, meaning that A includes an element and its complex
conjugation (Aidoo et al., 2013).

Proof. The polynomial is constructed via Aidoo et al. (2013) the closed property

of A under complex conjugation:

F(z) =L, (@ — M)
Aidoo et al. (2013), the above equation can be expressed as: by multiplying out,
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merging related terms, and simplifying:
F(x) = 2" + a12" ' + -+ + a,_17 + a, with the zeros in the polynomial

(1) are A1, A9, - - - , A\, and the real numbers are ay, as, - - - , a,. Thus, the matrix

A can be formed as using ay, as, - - - a,.

0 1 0 0 0
0 0 1
A—
0 0 0 -0 1
|—Qn —Qp-1 —App -+ —ay —aq|

Theorem 2.5. For rank one with a n X n singular symmetric matrix, the in-
verse eigenvalue problem is solvable given the spectrum and the row multipliers

ki,i =1,2,---n — 1. For the proof of the theorem, see (Baah, 2012)

Theorem 2.6. For a n x n singular Hermitian matrix of rank one, the in-
verse eigenvalue problem is solvable given the spectrum and the row multipliers

k; =1,2,--- ,n — 1. For the proof of the theorem, see (Baah, 2012)

Theorem 2.7. For ranks two, three, and four with a n X n singular symmet-
ric matrix, the inverse eigenvalue problem is solvable given the spectrum and
the row multipliers k;,7 = 1,2,---n — 1. For the proof of the theorem, see
(Aidoo et al., 2013).

Aidoo et al. (2013) investigate the conditions under which symmetric ma-
trices become singular as well as how this affects the matrix’s internal structure.
Determine the conditions in which A will form the spectrum of a dense n x n
singular symmetric matrix, given a list of real numbers A = {\;, Ao, - A\, }.
For a given list A and dependence parameters, an algorithm to compute the ma-
trix’s members is derived based on a solvability lemma. To demonstrate the

findings of their research, computations are done for n < 5 and r < 4. Their
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research is also based on the following theorems below.

Theorem 2.8. Let A = {)\ ---  Albe a set of real numbers such that \; >
Ay > -+ > A, >0 > A1 > - > A, If there exists a partition A =
AMUAU---UA,

with A, > Ay > Ao Aoy > 0= A k=12, s

A= {)\k‘la )\kg e )\kpk}

Sk; = Ay + Mopr i1, j72,0 0, ['%’“], and for £, odd
St _ mm{—/\pgﬂO}
T = My + Ak 25,5 <0 Sk
k=1,2,---s

and

L =max{—-X,, — 2551_<0 smax{Aki1}}2<k<s

satisfying

A Z L o Z;1Ic<0k=0 Tk:

Following that, A can be realized by a non-negative matrix with constant row
sum. Theorem A; ;A3 has been demonstrated to be sufficient for the existence
of an X n symmetric non-negative matrix with real spectrum.

In their research, they take a 5 x 5 singularly symmetric matrices of rank 4 into
consideration. According to Aidoo et al. (2013), the following quartic equation
in aq;, where Ay, Ao, A3, \4 are the nonzero members of the spectrum, is derived
using the general polynomial equation.

Which yield the result
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1.3 27 8 —4 5
27 54 16 =8 10
§ 16 4 6 14
-4 -8 6 7 17

5 10 14 17 12

Chapter Summary

Several types of inverse eigenvalue problems have been reviewed and ex-
plained in this chapter. The matrix’s internal structure solution provided by
(Baah, 2012; Aidoo et al., 2013). Aidoo et al. (2013)) uses an approach of

generating singular symmetric matrices from the eigenvalues.
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CHAPTER THREE
METHODOLOGY

Introduction

This chapter contains a detailed description of how to take given size and
order of matrices to generate singular symmetric and Hermitian matrices of
rank. This chapter covers the research methodology that was applied to this
investigation. The technique used by Aidoo et al. (2013) and Baah (2012) has
been altered to generate nx n singular symmetric matrices of ranks five and six
depending on the solvability lemma. Subsequently, a supplement is developed
to construct singular Hermitian matrices of ranks five and six. Initially, the ap-
proach for constructing singular symmetric and Hermitian matrices is explained

followed by an improved approach for solving the same problem.

Procedure for Constructing Singular Symmetric and Hermitian Matri-
ces
The procedure is to determine a particular size and rank of a square matrix.

This research uses 2 x 2, 3 x 3, and 4 x 4 as the foundation for this procedure.

Making matrix B simultaneously singular and symmetric is our objective. A

symmetric matrix has the same value as its transpose B = BT

bir bia
IfB=

ba1 b2

31
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then

bll b21
b21 b22

this indicates b1y = ba;.

The singularity det(B) = 0 which implies

det(B) = bllbgg - blgbgl =0

= by1bag = b12boy

Given that we expressed matrix B in terms of b1y, b1o, ba1, boo, We can see that
the row’s linear dependence is given by b1, = by; = kb, where k is a parameter,

and the column and row becomes scalar multiples of one another.

= by1boy = kby1kbyy

b22 = kgbll

Hence for 2 x 2 singular symmetric matrix, we have

bll kbll
B = (13)
kbyy Kby
1 k
—— bll
ko k2
32
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Since the number of scalars given by equation (3.0), n — r, for By ) with rank
(r)=1,thevalueofn —r=2—-1=1

Assume A = {\;, \2}. Given that B, is singular of rank one, A\ = 0. We have

gotten:
TT(B(QJ)) = )\ = bll(l + kf2)
Consequently
A
=
Thus:
A 1 k
Pen =1 |,

Since blg = bgl
Consequently, for given scalars, k, B( 1) has created and provided A (Aidoo et
al., 2013). The 2 x 2 singular symmetric matrix of rank one is stated clearly

below. For example, if A = 5 and k£ = 2, then

1 2
ba1 =

2 4

= scalar = k

The following methods are defined by the research and produce (nxn) singular
symmetric matrices with the same size and rank as given by equation (13).
Stepl: Take into account the dimensions of the symmetric square matrix’s con-

stituent pieces.
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Accordingly,
bll b12 T bln bll b12 T bnl
b21 b22 T b2n T b21 b22 e bn2
B = = B! =
bnl bn2 e bnn bln b?n e bnn

The research also takes into consideration 3 X 3 singular symmetric matrix.

b1 bia bis
B = ba1  bag  bos

b?)l b32 b33

The research presume that the row dependence connections shown below are

the cause of the singular:

Riy1 = kiR;.

Additionally, for rank 1 singular symmetric matrices with a specified row mul-
tiplier, there is only one solution to the inverse eigenvalue problem. In other

words, n — r = 3 — 1 = 2, thus get the number of scalars next

b12 = b21 = klbll
b13 = b31 = k1k2b11
biz = by = k{kabii.

baa = k1b12
basz = k1bi3
34
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b31 = k2b11
b32 = k2b12
b33 = k2b13

= by = kibi2 = k1by = k%bn
bas = k1b1s = k1bsy = k1kabyy
by = kabiz = kobs1 = k3k3b1y

Now B(31) is the form:

bi1 kibir  kikabyy 1 kv kiko
B(3,1) = klbll k%bn k%]{fg = bll ]{?1 ]{?% k%]{fg
kikobyy  Kkikobyy kK32 kiky Kiko KIK2

We also look at whenn = 4 and r = 1.

bll b12 b13 b14
b21 b22 b23 b24

b31 b32 b33 b32

By using the same process to determine that there is n —r = 4 — 1 = 3 scalars.

Thus:
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b12 = b21 = klbll

blS = b31 = k2b11

bay = k1b12
bas = k1b1s
baa = k1b
bs1 = k2bn1
b3z = kabia
b33 = kabis
b3y = kabia
by = ksbiy
bya = ksbio
baz = k3bis
byg = ksbia

= by = k1b1o = k1byy = kiby
bas = k1b1s = k1b3y = k1kob1y
bay = k1b1a = k1bgy = k1ksbia
bss = kobiz = kobs1 = k3byy
bsy = kobia = kaobyy = koksbiy

b44 = k3b14 = k3b41 = kjgbll

Thus
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1 kq ko ks

. ky K2 K2k K2hoks s)
(4=
knks  K2ky K22 K22k

kikoks kikoks K3k3ks k?kak2
1=1,2,3,4,--- ,n — 1 where R; is a non-zero scalar. The matrix’s non-zero

eigenvalue, A can be used to generate the following:

If a matrix of rank one has the following row dependence relations, R, 1 = k; R,

bu k1b11 k1 kabia o ke

klbll k%bll k%kall e kn—l

B(n,l):bll kikoaqy k%kzbn k%k%bn SR kn_1
_klkzbn cee ki—l k%k’g(lll k%k%l{gbn cee ki—l cee an —1 ]

Step 2: Calculate the scalars multiplication number, n — r
Step 3: Using equation (13), we employ the following formulas based on the

number of scalars:

Number
of

scalars

0 1

2 1 Ky k1 ko
by (16)

3 1 ]{31 k?lkig k1k2k3

N 1 Kk kiky  kikoks -+ koksky --- Ky,
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elements in the matrix’s first row that correspond to the requested entry’s
first, second, third and so on. The first row’s elements in the corresponding rank
of the symmetric matrix are replaced by the data elements depending on the

number of scalars. The table below provides information:

Table 1: The List of Elements that should be substituted for Symmetric

Elements depends on the Matrix’s Size, Rank and Number of Scalars

Size of matrices Rank(r) Scalars Symmetric elements
2x2 1 1 bi1k1b11
3x3 1 2 bi1k1b11k1kabiy
nxn 1 n-1 bllklbllklkgbn s kn,1b11
3x3 2 1 b11k1b11py,
4 x4 2 2 bi1k1b11k1kabiy
4 x4 2 2 b11k1b11b13b14
nxXn r>1 n-r bllk1b117 s kznfrbll RRN/ATS

Step 4a. Make use of the structure’s row reliance.

Ry = K1 Ry
R3 = K>R»
Ry = K3R;3
Rs = K4Ry
Rn = ananfl

to produce the next third and so on, up to the designated column or row number.
Once more, the number of scalars is the only factor that determines the next
stated number of rows.

Step 4b. We use rank (r) and dimension (n) to generate a singular symmetric
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matrix.
Step 5. We use rank (r) and dimension (n) available to generate the singular

Hermitian matrix.

Altered Algorithm for Generating the Singular Symmetric and Hermi-
tian Matrices
We build the structure given the matrix’s eigenvalues and certain param-
eters that create the distinction between the square matrix’s size and the ranks
five and six, or n — 5 and n — 6 respectively. Which results in k1, ko, - - - k, — 7,
we construct the structure.

We designed the real case

For complex

= diag(bii[L + k2 + k3k3 + K2R2RZ + -+ k2 - s + D0 o bigei = J)

Next, the research generates the terms that come from the sum of the eigen

values, which correspond to the elements in the main diagonal order.

MNi=2,--- 7 (17)
MoNii =3, -7 (18)
Aghis - Ni =4, (19)
Mt =5, 7 (20)
A\t =6, -+, 7 (2D
PYDYY.VIRERD VIPY VNP W A IR (22)
MAsAi, - Mo himi A =4, -+ 7 (23)
PYPYY VIRERD VIPY VEED ¥ A IR (24)
MAaAs i, - M dadg Aoy, i =5, --- 7 (25)
39
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)\1)\2)\4)\1', e )\i,2>\1)\2)\4i =5 , T (26)
)\1)\3)\4)\1', cee )\i_g)\1>\2>\4i =6--- , T (27)
AMAASAGN, - - AT A A3 AN o N At = 6, -+ - 7 (28)

Lastly, the polynomial of the matrix is found by adding the terms in the pre-
vious equation presented above , that is from (17) up to (28). This is addressed
to find a relationship between the eigenvalues and diagonal matrix elements.
This connection is then used to construct the structure with extra independent

variables, resulting in singular symmetric matrices.

Chapter Summary
This chapter outlined the steps of solving the IEP for singular symmetric

and Hermitian matrices of ranks.
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CHAPTER FOUR
RESULTS AND DISCUSSION

Introduction

The generation of singular symmetric and Hermitian matrices is exam-
ined in this chapter. This important subject explores the characteristics and uses
of symmetric matrices that meet singularity requirements. We seek to compre-
hend and produce these specialized matrices using a range of techniques and
algorithms, illuminating their importance in a variety of mathematical and real-

world contexts.

Constructing Singular Symmetric Matrix
Using rank five as a starting point, let’s address the research topic. In the
beginning, we construct dimension, n = 6, and rank, » = 5 singular symmetric

matrix. Assume

bi1 b2 Dis bis bis big bi1 bar D31 by bs1 b
ba1 baz baz bas bz bog biz baz bz biz bs2 De2
B bsi bs2 b3z bsa bss bss _pr_ bis bas b33 bas bss Des
by baz baz baa bas bas bia bas b3s baa bsa bes
bsi bs2 bss bss bss bss bis bas bss bas bss bes
_b61 be2 bes bea bes b66_ _b16 bas bss bag bse b66_

Initially, we use row procedure to find a set of scalars.

R2 = k’1R1
Rg = kQRQ
Rn+1 = K,R,
Givenn =6andr =5
41
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= n—r=6—5=1

Next, we substitute kby; for b5 the number of scalars equals one. After

that

Ry = KRy

The entries made are symmetric within the key diagonal, but this concludes our

row procedure. Therefore;

buu kb bz b bz bie
kbiy k*by kbiz kb kbis  kbig
Bigs) — bz  kbis  bss  bss  bzs  Dsg 29)
bia  kbiy  bss by bys by

b15 kb15 b35 b45 b55 b56

b16 kblG b36 b46 b56 b66

Secondly,
for B 5) in equation (29),

we have

)\1#0,)\2%0,)\3#0,/\4%0,)\4#0)\5%03.1’1(1)\6:0.

such that

tr(B) = A1, Mg, Az, A, As = b (1 + /f2) + b33 4 bag + bss + bgs

However:
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A= bi[1 + &7

>\2 = bS3
)\3 = b44
)\4 = 655
)\5 = 666

Next:

Mds = b1 + K2]bss
Mg = b [l + K2bus
Mg = by [1 + k?)bss
MAs = by [1 + k?)bes
A2z = bazbay
Aoy = b33bss
A2 A5 = bazbee
A3y = byybss
A3As = basbes
A5 = bssbee
M AoAz = b1y [1 + k?]bssbyy
A Aoy = by [1 + k?]basbss
A2 As = by1[1 + k?]b33bes
MAsAg = b1y [1 + k?]byabss
AMA3As = bi1[1 + k?]byabes
M5 = b1 [1 + k?]bssbes
AoA3 Ay = b33b44055
AoA3A5 = b33b44bg6
A3Ag A5 = byqbs55066
M A2 AzAy = byy[1 + k?|b3zbaabss
A A2 A3As = byi[1 + k?]b33basbes
M A5 = bii[1 + k?|bssbssbes

43
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

M AoA3 Ay = byg[1 + k?]baabssbes
A2 A3 Ag A5 = 33044055066

M Ao A3 A5 = b1 [1 + k?|b33basbssbee
A1 A2 A3\ A5
= b33byybssbgg = ————
33044055066 b (1 + k)
Now
A A2 A3 AL + A1 Ao A3 A5 + A Ao dads + A1 A3 A5 + Az dads =

k?b1abssbge + bs3baabssbee

Which gives
A A2 A A A A2 A3 A5+ A1 Ao A A5 A A3 Aa A5+ Ao A3 Ay A5 = byq [14+k2][D33baabss+

b33b44b66 + b33bs5066 + baabssbes| + b33baabssbes

Also

A A2 A3 + A1 A2 g + A Ao A5 + A Az Ay + A A3 As + A A5 + Ao s Ay + AaAsAs +
A3Ag 5

= bia[1 4 k?][b33bas + bssbss + bazbes + baabss + baabes + Dssbes] + bszbaabss +

b33b44b66 + D14b55b66

Furthermore,

bll[l + k’2] [)\1)\2)\3 + )\1)\2)\4 + )\1)\2/\5
FAA3AL + A A3 A5 + A Aads + Ao ds g + Ao
AsAs + AsAsds] — A AaAs A
FA 35 + A1 Ao A A5 + Ao Az Ay 5]
+A1 A2 A3 A4 A5
by [1 + kT

(30)

b11[1+ k%] [b33 + bas + bss + bee] + b33baa + b33bss + bssbes + baabss + baabes + bs5be6
= AMA2 + M Az + M+ A5 + Aads -+ XA + A ds + A3 + Ashs + Aads
Substituting into (30),

we have
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b1+ 22 A e + Az + A+ A5 + A ds + Aoy
+A2 A5 + A3y + AsAs + Agds] — Do [1 + K2 A Ao
Az + A AoAs + A s + A A\
+b11[1 + /{?2] A1 A2 A3 04 + A1 A2 A3 A5 + A Ao A5 + A A Ay 5]
— A1 A2 A3 A4 A5
bi’l[l + /{52]3

A+ Ao+ A3+ Mg+ A5 = b1 [1 + k2] + bz + bag + bss + bes

Substituting (31), that is,

b3 (14 23 A e + Mz + Adg + A5 + Aads + Aoy
Ao A5 + AsAg + Az s + MAs] — b3 [1 + B2 M\,
A3+ A AaAg + A A As + A3y
+AA3A5 + A1 A5 + Ao Az Ay + AoAsAs + Az Ay 5]
+011[1 4+ 2] [AAaAsAs + A Ao dsAs + A Auds + AadsAg)s]
— A1 A2 A3 A4 A5
by, [1+ k%4

Leading to

by [1 4 2P — A+ Ao+ Ag + A As]big [1 + K2

FA A2 + A A3+ A A+ M As + Aodg + Aody + Ao

+ A3\ + A3 s + Mg b3 [+ K2)?

—[A1 A2 A3 + A1 Ao Ay + A1 Ao ds + A1 A Ay + A1 A3 A5

FA AN + Ao Az Ay + Ao dshs + A3 As)b3, [1 + E2)?
FA A2 A3 AL + A A A3A5 + A1 A Ag A5 + A Az A A5 + Aoz Ay \s]
bi[1 4 k2] — M AsAshds = 0

The result of solving the quartic equation is

A

?lkr Xy = bags Mg = bss, Ay = bgg, As = bry

b=
Independent variables included:

b137 b147 b157 blﬁ) b34) b357 b367 b45; b46; b567 b57'

tT(B):)\1+)\2+)\3+>\4+)\5:b11
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Example 1.0
Suppose)\l :5,)\2 :2,/\3 :3, /\4 :4and/\5 = 5,1{3: 2b13 = 1,614 :2,

bis = 3,b16 =4, b3 = 1, b35 = 2, b3 = 3, bys = 4, byg = 4 and b5 = —1

It is necessary to construct a 6 x 6 singular symmetric matrix of rank five. With

the knowledge at our disposal, we can now ascertain that

Hence

1 2 2 1 2 3
A(6,5)

2 41 3 4 5

3 6 2 4 4 -1

Let us proceed to address the research topic with a 7 x 7 with rank five. First, we
want to create a singular symmetric matrix with a rank of » = 5 and a dimension

of n = 7. Assume
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bi1 bia b1z b bis big by
ba1 bag bog boy bos b Doy
bsi bs2 bsz bsa bss bss bsr
B=\by biy baz ba bis bsg bur
bsi bs2 bs3 bss bss bs sy
be1 be2 bes bes bes bes ber

b?l b72 b73 b74 b75 b76 b77

Afterwards,

bir bar D31 by bs1 ber b
bia by bsa byo bsy bga bro
bis bas b3z baz bs3 bes Or3
BY= by by bz bu bss bes b
bis bas bss bas bss bes D75

b16 b26 b36 b46 b56 b66 b76

b17 b27 b37 b47 b57 b67 b77

Row procedure is used to find the number of scalars.

R2 - klRl
R3 = kaRy
Rn—l—l - Kan

Givenn =7andr =5

= n—-r=7—-5=2

Next, since the number of scalars equals 2, we should substitute b, with kby;

b13 with klkgbll. Then
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R2 = KRl
Ry = KRy

It completes our row operation; however, the entries are symmetric concerning
the primary diagonal. Additionally, we produce a rank five 7 X 7 singular sym-

metric matrix.

B(75)

b11 kibia  kikabiy b14 bis bie b17
k1011 kibiy  Kikobyy  kibuy  kibis kibig kibig
kikobyy  kZkobiy K3k2biy kikobiy  kikobis kikobig  kikobir
- bia kibis  k1kobig baa bus bas baz (32)
bis kibis  k1kobis bas bss bs6 bs7
bie kibig  ki1kabig bas bse bes be7
b7 kibiz  kikobiz  bar bs7 ber b7

From (32), Ay # 0,A2 # 0,A3 # 0,M4 #,0 A5 # 0,06 = 0, A7 = 0

tT(B):/\1+)\2+)\3+/\4+/\5

Using the comparable method, we are able to

b3 [+ K2 — [A1 + Ao+ A3 + A As)bn [T+ &2

+ M A2 + Az + A+ A + Aoz + Aoy + Aods

+ AsAs + AsAs + A As]07, [1 + £2)°

— [AMA2A3 + A1 de Ay + A Ao ds + Az + A s,

+ A A5 + AaAz Ay + Aadzds + Az AgAs)0%, [1 + K22

+ [A1 A2 A3 L + A1 A2 A3 A5 + A Ao A As + A A3 A5 + Ao A Ay A5
bi[1 4 k% — MAaAshds = 0

The result of solving the quartic equation is

A1

=m, A2 = baa, Ay = bss, Aa = bees As = by

bll

48
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Independent variables included:
bia, b5, big, b3a, b3s, bss, bus, bag, bse, bs7 and bgy.

tr(B) = A+ Ao + A3+ Mg+ A5 = bug[1 + k2 + k2k2] + bag + bss + be + brr

Example 2.0
Suppose,)\1 = 1932,/\2 = 3,)\3 = 4,)\4 = 6,)\5 =8 ]Cl =4 ]{ZQ =3 14 = 2,
bis = 3,b16 =4, b17 = 2,by5 = 7, bag = 3, bs¢ = 1, b5y = 4 and bg7 = 6

B 193.2
142 +42(32)

= by =1.2

We need to create a rank five, 7 x 7 singular symmetric matrix. Equipped with

the given facts, we have

1.2 48 144 2 3 4 2
48 19.2 576 8 12 16 8
144 576 172.8 24 36 48 24

2 8 24 3 7 3 5
3 12 36 7 4 1 4
4 16 48 3 1 6 —6
2 8 24 5 4 -6 8

The row procedure is used to determine the number of scalars.

R2 - klRl
R3 = k2 Ry
Rn+1 = Kan

Givenn =T7andr =6
— n—-r=7—6=1
Next, since there is one scalar, we can replace byo with kby;. Let us pro-

ceed to address the research topic using a 7 x 7 with rank six. The singular

49
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

symmetric matrix with size n = 7 and rank = 6 is initially generated. Assume

bll b12 b13 b14 b15 b16 b17
b21 bQ2 b23 b24 b25 b26 b27

b31 b32 b33 b34 b35 636 b37

B = b41 b42 b43 b44 b45 b46 b47

b61 b62 bG3 b64 b65 b66 b67

b71 b72 b73 b74 b75 b76 b77

Then,

biy boy bsi by bsi b bn
bis by bsy by bso bes bro
b13 b23 b33 b43 b53 b63 b73
B"= by boy by bu bsy bes br
b15 b25 b35 b45 b55 b65 b75
b16 b26 b36 b46 b56 666 b76

b17 b27 b37 b47 b57 b67 b77

A 7 x 7 singular symmetric matrix of rank six is also produced.

Bz
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biy kb bis bua bz big bir
kbiy k2byy kb kbiy kbis kbyg kbig
bis. kbis  bss bz bys bz bsr
= | bia kbia bss  bag b5 bag  bar (33)
bis kbis  bss  bas  bss bse  bsr
bis  kbie bss b bse  bes  ber

b17 kbl? b37 b47 b57 b67 b77

From (33), we have

Al%OaAQ%0’A3%07A47£70A5%OaAG%OaA'?:O
tr(Berg) = M + A+ A3+ Ay + A5 = iy [1+ k%] + by + baa + bss + bes + brr

By following the same method as earlier, we can get the quartic polynomial

below;

VS [+ K2]% — [A1 + Aa + A3 + Aads + Ag]bT, [1 + £2)°

FA A2 + A3+ A A+ M As + Adg + Aods + Aods + Ao ds + Aol

A3 + AsAs + Azdg + Mads + Madg + Ashg]bi [1 + k2]

=AM A2A3 + A Aoy + A1 de s + A Ao A + A Az s + A AgAs + A A3 e

FALAAs + A1 A6 + Ao Az ds + Ao A3 A5+ Ao g Ag + Ao Ay A5 + Ao dg g + As A5
+A3 A h6 + AaAsAg] 03, [1 + K23

FIA A A3ALF AL A2 A3 A5 A1 A A3 A6+ A1 Ao Ag A5+ A1 Ao Ay A+ A1 Aa As A6 A1 A3 A4 A5
FA A3 N6 + A1 A5 6 + A2 Az A5 + Aoz Agde + A3 Ay A5\

b2, [14E2)2—= A Ao ds Aa A+ A1 Ao As A Ag+ Ao As Aa As Ag bra [14A2] 4+ M1 Ao As Ag As A
=0

The result of solving the quartic equation is

A
by = rlk:? A2 = b3z, A3 = bag, Ay = bs5 A5 = bge and A = br7.
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Independent variables include;

b13,b14 ,b15,b16, b17,034,b35,b36 b37,b45,b46, ba7,bs6, bs7 and bey.

tr(B) :)\1+)\2+)\3+>\4+)\5+)\6:bll[l+k2]+b33+b44+b55+666+b77

Example 3.0

Assuming, Ay =20, o =4, A3 =5, =3, N =1, =7,k =2by3=—1,
biy = 2,015 = —=3,b16 = 2,017 = 7, b3g = —2, b5 = 4, bgg = 3 bzy = 4,
bis = 8, by = 1, ,bar = 5, b56 = 9, b5y = 3 and bgy = 1

20
14 22

b =

We need to create a rank six, 7 X 7 singular symmetric matrix. Equipped with

the given facts, we have

-3 -6 4 8 3 9 3
6 12 3 1 9 1 -1

T 14 4 5 3 -1 7

Let us now use a 8 x 8 with rank six to address the research topic. initially, we
constructed a seven-dimensional or 7 x 7 singular symmetric matrix with a rank
of six.

To complete our row operation, however, the entries are symmetric concerning

the primary diagonal. In addition, we produce a 8 x 8 singular.
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Bs.)

bll k1b12 klkZbll b14 b15 blG b17 b18
klbll k%bll k%kall k1b14 k1b15 klblﬁ klbl’? k1b18
Fikobin  kikobin KPR3bin Kikebia Kikabis kikobig Kikabiz  Fikabis
b14 k1b14 k1k2bl4 b44 b45 b46 b47 b48
(34)
b15 k1b15 k1k2b15 b45 b55 b56 b57 b58
b16 klblﬁ k1k2b16 b46 b56 666 bG? b68
bl? k1b17 k1k2b17 b47 b57 b67 b77 b87

b18 kl b18 kl k2b18 b48 b58 b68 b78 b88

From (34), we have

A # 0N £ 003 2 0,0 #,0 A5 # 0,06 # 0, \s = 0.\ = 0

tr(Ber)) = AMi+Xa+A3+ A+ A5 = big[1+kf +EkTk3]4baa+bss+bes +brr+bss

By following the same method as earlier, we can get the quartic polynomial

below;

V9, [1 4 k2% — [A + Ao + Az + Aads + Ngb3y [1 + K2

A1 A2 + A3 + Mg+ A5 + Mg + A ds + Aoy + Aads + Aag

+A3A1 + A3As + A3he + Mads + Aadg + Ashg]bi [1 + K2)*

=AM A2A3 + A Ay + A1 de s + A Ao A + A AsA L + Mg s + A A3 e

FA A5 + A A 6 + Ao AsAg + A2 A3 A5 + AadsAg + Ao Agds + Aoy Ag + AsAg A5
+A3 A6 + MaAsAg]03 [1 + K23

FIA A A3ALF AT A2 A3 A5 A Ao A3 A6+ A Ao Mg A5+ A1 Ao Ay Ag+ A1 Ae A A6 + A1 A3 A4 A5
FA A3 N + A1 A5 6 + A2 A3 Aads + AoAsAgdg + AsAg s\

b2, [14+522 = A Ao A3 A ds + A A As Aa e+ Ao A3 AaAs A b1a [T4HA2 M Ae As A ds A
=0

Using similar procedure, we arrived at:
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A1

bii = ——5—53
U TR+ kRS

A2 = baa, A3 = bss, Ay = bge A\s = b77 and \g = bgs.

The variables that are independent include;

bl4 ’b15,blﬁabl79b18,b459b46» b47»b48ab56’b57’b58,b6776689b78

Example 4.0

M =3, =5 =1L XN=8, =4 =2,k =4,k =3
bl4 =2 ,615 - 1ab16 = 3,bl7 = 4ab18 = 8’b45 = 7,b46 - 2’ b47 - 3’ b48 = 87
bse = 2,b57 = 3,b58 = 9,bg7 = 1,bgs = 2,075 =1

3 3

— b — e
YT 1121232 161

It is necessary to construct a rank six’s 8 x 8 singular symmetric matrix. Con-

sidering the data provided, we have

3 12 36
o it ier 2 1 3 4 8

12 48 144
e 161 160 S 4 12 16 32

361442 94 19 36 48 96
9 8 24 5 7 2 3 8
1 4 12 7 1 2 3 9

3 12 36 2 2 8 1 2
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Extension to Singular Hermitian Matrix

Begin with 6 x 6 square matrix as the size of rank five. Consequently,

by k7bun bz by by big
kb K2y kb Kby, Kb Kb
b k~b b b>, bz b,
3(6’5) _ 13 13 33 34 35 36 (35)
bia k7biy bss  bay by by
bis k7bis bss  bas  bss  bsg

big k7big bzs b bsg  bes

For (35), the eigenvalues will show the results that follow

A1 # 0,0 # 0,03 # 0\ # 0,\5 # 0, \¢ = 0 such that tr(B) = A\ +

)\2+)\3+)\4+)\5:b11[1+k2]+b33+b44+b55+b66

Then, using a comparable procedure, the polynomial properties will be

b3 [+ K2 — [A1+ Aa + Az + A As)bn [T+ K2

H[A1 A2 + A A3+ M A+ M5 4 Aods + Aoy + Ao

+A3A1 + A3 A5 + A As)o [1 + k2P

-[MA2As + A Ao As + Aoy + A Az Ay + A A3

M A5 + XA A + oAz s + Az Ag\s5]0%, [1 + k2]

FIA A2 A3 + AT Ao A3 A5 + A1 Ao Mg A5 + A Az A5 + Aoz A \s]
bi[1 4 k%] — M AaAshds = 0

The result of solving the quartic equation is

A1
1+ k2

bll =

55
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

)\2 = b337 )\3 = b44
>\4 = b55> )\5 = b66~

Additional independent factors include;

613-b147 b15b167 b347 b357 b367 b457 b467 b56

Example 5.0
Suppose \y =2, Ao = =1, A3 =5, Ay =3, A5 =8
k:iblg:2—1',614:4,615:2—3i,b16:3

1934:1+3i,b35:6i,b36:2—5’i,b45:2—7’i,b46:1+4ib56:6

The solution of is

2
= Tip !
Therefore

- 1 1 2—1 4 2+ 3 3 -

—1i 1 1—-20 4 3420 &
46,5) = 2447 1+2¢ -1 143 —6i 2—3
4 —4i 1—-3 5 2-Ti 1+4+4

2—3i 3—2i 61 247 3 6

3 =3t 243 1—-4 6 8

Now for rank, 6 and dimension, 7, will result:
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b K7bun bz by bis by by
kbiy k*by kb kby, kb kb kbl
bis k7biz bsz by b3y by by
B(7,6) = | biy kb by ba by by by | (30)
bis k7bis bss bz bss by s
bie k7bis bss  bis  bsg  bes by

bl? k~ bl? b37 b47 b57 b67 b77

This is what the eigenvalues for (36) will demonstrate

A # 0N # 0,A3 # 0,04 # 0, A5 # 0, Agneq0, A7 = 0 in such a manner

that tr(B) = A\i + Ao+ A3+ Mg+ A5+ g = bi1[1+ k2] + b3z +bag + bss + bes + brr

Then, using a comparable procedure, the polynomial properties will be

V9, [1 4 k2% — [A + Ao + A3 + Aads + Agb3y [1 + K2

FA A2 + A A3+ A A+ M5+ Adg + Aods + Aoy + Ao ds + Aol

FA3A + AsAs + Asdg + Mads + Aade + Ashglot [1 + &2

=AM A2A3 + A A0y + A1 do s + A dods + A AsA L + AiAsAs + A A3 g

FA A5 A A6 + A2 A3 Ay + A2 A3 A5 + A2 A A6 + Ao Ay A5 + Ao Ay Ag + Ag g5 +

A3 A6 + AgAs 603, [1 + K22

FH[A1 A2 A3 1 + A1 A2 A3 A5 + A A2 A3 e + At Ao ds + A A A + A Aads A +
AMAAAs + A1 A3 A6 + A AA5 A6 + Ao A3 g5 + A Az Aadg + Az Ay A5 6]

b2 [1+HE2 =M Ao A3 A A5+ A1 Ao Az A As+ Ao A3 A As A6 |11 [1T+HE2 ]+ A Ao A3 A A5 N =
0

The result of solving the quartic equation is
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Az = b3z, A3 = bay
)\4 = 6557 >\5 = 666, )\6 = b77

Independent variables for addition consist of;

b13.b14, b1s, big, 17, bsa, bss, bsg, bar, bas, bag, baz, bse, bs7 and bgr

Example 6.0

Assume A\ =5, Ao = -8 A3 =-3 X =5, =2 =1
k=2ibi3=1—-2i,014 =2+1,b15 =31, b1s = 4,017 =3

bsy = Ti, bgs = 5, bsg = 1 + 94, byy = 3 — 5i byy = 2 + 34, byg = 6 + 54,
byr =7 —4ibsg =8 — i, bs57 =3+ 8i, b7 =1+ 41

With the rank, six and dimension, seven we generate complex square matrix

leading to
5t
== T 1
Consequently
i 1 21 1—2¢ 2474 —31 4 3 ]
—2i 4 4421 =2+4 6 81 61
142 4-—2 8 T 5 14+97 3—-5¢
Brey=12—i —-2—4i —T7i -3 2430 645 T—4
3t 6 ) 2—-3% 7 8—1 3+&
4 -8 1-9% 6-51 8+1 5 1+ 4
I 3 -6t 345 T+4 3-8 1—-4 1 |

The aforementioned process is then generalized for singular symmetric and Her-

mitian matrices by,
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1. For an x n square matrix of rank five, we generalize.

2. We extend this procedure to a rank six n X n matrix.

Theorem 4.1. The n x n singular symmetric matrix of rank five can have its
inverse eigenvalue problem solved given the range of values and the number of
variables by = 1,2,3,--- ,n — 5.

It follows that given the rank of A5 and the range A, = {\1, Ao, A3, -+, A, } for
1=6,7,8---,n—1XN=0,A5#0, s #0,A3#0,\s #0and \; # 0
However, since » = 5, it follows that the number of scalars is n — 5. Conse-

quently, we swap out the column or row for

bll 1 k?l k’lk’g klkgkg, kn—5

then continue the row procedure until all of the variables are utilized to create
the following rows. Ultimately, we acquire as the entries are symmetric about

the major diagonal.

Bins) = ]
bll klbll klebll e kle Tt bln
k1011 k%bn k%/@an s k%kg s k11,
kiko -« kn_sbi1 kiks---kn_sbi kik3 - - kZ_gbin  kikg- - bin
b1(n—2) k1b1(n—2) k1kabi(n—2) e bi(n—2)
b1(n—1) F1b1(n—1) k1kabyn-1) e bi(n-1)
bln klbln klebln k1k2kn—5 e brm
that is
59
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t'f’(B(n,5)) =M+t + M+ A=

b |1+ kf+ kPR3 + -+ KIRPx - K2

n

+b(n—2)(n—2) + bn—1)(n—1) + bnn
It gives us the formula for quarts.

Vo[ + K2+ K2R3 4+ E2RS X x B2 )5 — [0 NOh [+ K2+ B2RS +
R ) I A 20 Aehire + 200 Ashis
F S AN A B3 (LR RS e kR X B2 P[00 M dadiss
SR DD YD YO VI ED SN VO VP VI INED Sl vy Vo VPR LD V9 Y9 VI
+ 300 Aodshies
S MM A by [L AR KR RRE X X K2
32 A A Ashirs + L Mo dghi 4+ 24
S MAs ] T A =0

After resolving the quartic equation above, we get

A1
L+ R KRR 4+ KRS X X K2
A2 = b(n—3)(n—3)

bll

b

A3 = b(n—2)(n—2)
Ay = bin—1)(n—1)
)\5 = bnn

It is solved.

1. For 7 x 7 singular symmetric matrix, we obtain a single scalar, k, which ac-

counts for the independent variables,
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b13 ,b14, b1s, big, b7, b3a, b3s, bsg, bs7, bas bag, baz, bse, bsr and bgy.

Generally, we obtain n — 5 scalars for a n X n singular symmetric matrix:

b(n—l)n9b1(n—2)nab1(n—2)(n—1)9b1n’b1(n—1) and bl(n—2)-

. For a n X n singular symmetric matrix of rank six, the inverse eigenvalue

problem can be solved given the range and the number of scalars

kii=1,2,3,-,n—6.

Proof: Taking into account the range given the rank Ag of

An = {1, A0, Az, S AT

it can be deduced that fori = 7,8,9,--- ;n—1X; = 0,5 #£0, Ay #0,
A3# 0, A #0and \; #0

However, since r = 6, it follows that the number of scalars is equal to n—6

(Bronshtein & Semendyayev, 2013). Consequently, we swap out the column

or row for
Bine) =
bll klbll klebll e kle e bln
kb k21, Khobi - K2K2-- kb
kiks -« kikn_gbin  K2ko -+ kn_ebin Kkik3 - k2 _gbir kiko - bin,
b1(n—2) k1b1(n—2) k1kabi(n—2) e b1(n—2)
bi(n-1) k1b1(n—1) k1kobyn-1) e bi(n-1)
bln klbln k1k2bln klkanfG e bnn
since

tT(B(n,6)> = )\1 + )\2 + )\3 + )\4 + )\5 + )\6 =
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buin |1+ K+ kPR3 + -+ KIKEx o K2

n—6
+b(n-2)(n—2) + bn—1)(n—1) + bnn

leading to quartic equation.

DO (1 k24 R2k2 A+ - A R2h2 X - x k2 g8 =[S0 \JbE, [14+-h2+k2k2 + - - - x
/@%76]5[22‘:1 AAiy1 + Z?Zl AoAiyo + Zle Ashit3 + 23:1 Mdipa)b? 1 +
N R ) - SRRE LA ) D YD V) VPSS SN VP ¥ VP &
S XA s+ 0 A AsAins + i Ao dadira + D or ) Aads Ay
3 NN by [T R+ R2RE e RPRE X x K2 ] +
D20 AdadsAigs + Dy Mda i+ 00 MAsAsAigs + 30" AadeAiga+
S A

Aadiga b4 [1+ K + kTG + - x k2P [Ty Al =0
We arrived at after resolving the quartic equation above.
At

TR AR A+ Rk X X K2
A2 = b(n—4)(n—1)

bll

b

A3 = bin-3)(n-3)

At = D(n—2)(n—2)

As = bn—1)(n-1)
A6 = bnn

It is solved.
These are the independent parameters:

. We obtain one scalar, k, for the 7 x 7 singular symmetric matrix; thus, the
independent variables by3, b14, D15, big, D17, b3a, bss, bss, b37, bas,bag, baz,bse,

b57.
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2. We obtain two scalars, k; and ks, for the 8 x 8 singular symmetric matrix;
these are the independent variables. b4, b5, big, 017, bis, b34, D35, b3g, D37,

b3gbas,046 baz, Das, bsg, bs7, bss, ber, bes, and brg.

3. The independent variables come from the one scalar, &, that we obtain for the

n X n singular symmetric matrix. These are:

b(n—1)n’b1(n—?)n’bl(n—2)(n—1),bln’bl(n—l) and bl(n—2)-

Theorem 4.2. It is possible to solve the inverse eigenvalue problem for the n xn
singular Hermitian matrix of rank five, given the range of values and the number
of variables k;,2 =1,2,3,--- ,n — 5.

Proof: Since the rank of As is A, = {A\1, A2, A3, -+ , A, }, we may consider the
range fori = 6,7,8,--- . n—1 X\ = 0,A5 # 0, \y # 0,A3 # 0,\y # 0 and
A #0

However, since » =5, it follows that the number of scalars is n — 5. Conse-

quently, we swap out the column or row for

bll 1 k‘l k’lkg k]lk’gk’g tee k‘n,g‘,
then continue the row procedure until all of the variables are utilized to create
the following rows. Ultimately, we acquire as the entries are symmetric about

the major diagonal.

B =

63
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

by kb Kkybu - kiky - by
kibiy K2y, Rhsby - KK kbo
kiko -« kn_sbyy k?ko---ky_sby, Kkik3 - k2 by kikg - b1,
bi(n—2) ki b1(n—2) k1kaby(n—2) e bl_(n—2)
b1(n—1) ki bi(n-1) Rikabi(n-1) T by (n-1
b, Kby kikybin  kikykps o-bu]

that 1s

tT(Bn’5):)\1+)\2+/\3+>\4+)\5:

bu |1+ k4 kK34 -+ KK*x - K2

n

+0(n—2)(n-2) + On—1)(n—1) + bnn
It gives us the formula for quarts.

Vo[ + K2+ K2R3 4+ B2 x o  x R2 )5 — [0 NOh [+ K2+ B2RS +
X B2 I M D A + 3070 Ashis
D VD VR | e N L SRR Y A LR ) D UP VY VP
SR DD YD YO VI ED SN VO VP VI INED Sl vy V) VIPIR ) LD V9 YD VI
+ 300 Aodshies
S MM A b [L AR KR R2RE X x K2
FI2 L M Ao dsdiss 4 S0 A dadgXi + 2+
S MAs ] —] T A =0

After resolving the quartic equation above, we get
L+ R RPRE A RPRE X x K2
A2 = b(n—3)(n—3)

bll

A3 = b(n—2)(n—2)
At = bin—1)(n-1)
)\5 = bnn

64
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

It is solved.

For 7 x 7 singular Hermitian matrix, we obtain a single scalar, k, which ac-

counts for the independent variables,

b13,014,015,016,017,034,b35 b36,037 bas bag ,ba7,b56,057 and bey.

Generally, we obtain n — 5 scalars for a n x n singular Hermitian matrix:

b(n—1)n’b1(n—2)n’b1(n—2)(n—1),bln’bl(n—l) and bl(n—2)-

For a n xn singular Hermitian matrix of rank six, the inverse eigenvalue problem

can be solved given the range and the number of scalars

kii=1,2,3,,n—6.

Proof: Considering the range, since Ag has arank of A\, = {\1, Ao, A3, -+, A},

it follows that

/\1%0)\2#0)\3%0/\4%0)\5#0)\6%0/\1:OFOTZ:7,8,9,

However, since » = 6, it follows that the number of scalars is equal to n—6.

Consequently, we swap out the column or row for

Bg) =

since tT(B(mG)) =M+t +MM+ A+ A=

65

b1y ki b1 kykybig--- kyky -
k1011 k3b1y k3ky byy - kTkS - -

kiky - knogbin KPky- - knogbin KRS kh_bu kika -

b11(n—2) k1 b11(n—2) ki ky bin—2yn
bi(n—1) k7 bii(n—1) ki kg biign—)
bln kl_bln kl_k;bln kl_kQ_k;—ﬁ

b

In

k1by,,

bin
b(_n—2)n
b(;z— 1)n

.
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bu 1+ k34 kPR3 4+ KRPx oo K2

+o(n—-2)(n-2) + On-1)(n—1) + bnn

leading to quartic equation.

VO 14k B2k 4 K2R3 o k2 g]0 —[ D00 NGBS [T+ K2+ K2E2 4 - - - X
k263t A hirn + 20 Ao diea + D0y Ashivs + Dy A0 [+ A +
R2k3 4 BRRS X X K2 = [0 M e e + S M s higs +
S M+ 3 A ds s + S M dia 3 A dshirs

0 NN A [ B2 kRS b e KRS X X K2 ] 4
0 M A dshins + 3 Ao hine + 300 M dsdis + 307 Aade s +
S Mg

Nadi D3 [1+ k3 4 k3k3 + -+ x k2 P T Al =0

After resolving the quartic equation above, we arrived at
At

TR KRR AR X X KR
A2 = b(n—4)(n—1)

bu

A3 = D(n-3)(n-3)

Ay = bn—2)(n-2)

A5 = bin-1)(n-1)
A6 = bun

It is solved.

The independent variables are;

1. We obtain one scalar, £, for the 7 x 7 singular Hermitian matrix; thus, the
independent variables b3, bi4, b15, bi6, b17, b3a, b3s, bse, b7, bas,bag,bar bses

bs7.
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2. For 8 x 8 singular Hermitian matrix we get two scalars that is & and ko,
hence the independent variables 614,b15, blﬁ, bn,blg,b34,bg5,b36,637,b38b45,b46

b47,b48,b56.057,058,b67,b6s, and brg .

3. The independent variables come from the one scalar, k, that we obtain for the
n x n singular Hermitian matrix b(,—1yn, bi(n—2)n> b1(n—2)(n—1)> Oins b1(n—1)

and bl(n,Q) .

Theorem 4.3. If n — r variable parameters are given, the inverse eigenvalue
problem for a n x n singular symmetric and Hermitian matrix of ranks five or
six may be solved.

Proof: B, ,) = b;j, where n > 2, is the case. It is evident that,

Mok, i<y
bij=0buq ([ k)2 i=3j

oK
moreover
by = M
YOI R R KRR
and
b@j = )\2, where z:j:n—r—i—Q
bn,n - )\r

A1, Ao, -+, A € Rsuchthat R; = k;_1R;_1 and R; is the ith row of B.

Tr(B) =1+ " ([T} ks)?
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We see that

r=2>5:

by = Al

S Ty TRy ) By =y N
r = 0:

b a

L+ R RMRE A4+ KRS K2

n

Chapter Summary

The inverse eigenvalue problem relating to ranks five and six singular
symmetric and Hermitian matrices are solved in this chapter. Building Her-
mitian and singular symmetric matrices using a modified procedure to come out

with the results.
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CHAPTER FIVE
SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

Overview
The summary, conclusions and recommendations are looked at in this chapter.
Summary

In this study, ranks five and six singular symmetric Hermitian matrices
with an inverse eigenvalue problem are to be solved. Upon knowledge of the
matrices’ eigenvalues, the primary objective is to locate the original matrices.
Matrix features exhibiting singularity or Hermitian characteristics receive spe-
cial attention (Baah, 2012). The research extended a method for the inverse
eigenvalue problem for singular symmetric matrices to include rank four and
provided multiple examples (Aidoo et al., 2013). The lone Hermitian matrix is

another thing the researcher looks at.

Conclusions

Complex mathematical methods, which may involve advanced numerical
algorithms, are needed to solve the inverse eigenvalue problem for singular sym-
metric and Hermitian matrices of ranks five and six. The work provides com-
prehensive knowledge about these matrices and their manipulation, which opens
up new possibilities for applications in various disciplines, including quantum
physics and signal processing. More research and development of these so-
lutions may increase our ability to address complex problems in a variety of

scientific and engineering domains.

Recommendations
Regarding the study results, it is advised that the following be given care-

ful consideration.

1. Singular symmetric matrices of ranks five and six should have their inverse

eigenvalue problem handled with mathematical technology and software.
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2. Analyze the applicability of the solution to the inverse eigenvalue problem
for singular Hermitian matrix of ranks five and six in the field of physics,

especially quantum mechanics.

70
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

REFERENCES

Aidoo, A. Y., Gyamfi, K. B., Ackora-Prah, J., & Oduro, F. T. (2013).
Solvability of Inverse Eigenvalue Problem for Dense Singular Symmet-
ric Matrices. Advances in Pure Mathematics, 03(01), 14-19. doi:
10.4236/apm.2013.31003

Andrea, S. A., & Berry, T. (1992). Continued fractions and periodic jacobi
matrices. Linear algebra and its applications, 161, 117-134.

Baah, G. K. (2012). Solution of inverse eigenvalue prob-
lem of certain singular hermitian matrices.. Retrieved from

https://api.semanticscholar.org/CorpusID:118995509

Boley, D., & Golub, G. H. (1987). A survey of matrix inverse eigenvalue prob-
lems. Inverse Problems, 3(4), 595-622. doi: 10.1088/0266-5611/3/4/010

Bronshtein, I. N., & Semendyayev, K. A. (2013). Handbook of mathematics.
Springer Science & Business Media.

Chu, M. T. (1998). Inverse eigenvalue problems. SIAM review, 40(1), 1-39.

Chu, M. T., Diele, F., & Ragni, S. (2005). On the inverse problem of construct-
ing symmetric pentadiagonal toeplitz matrices from their three largest
eigenvalues. Inverse problems, 21(6), 1879-1883.

Chu, M. T., & Golub, G. H. (2002). Structured inverse eigenvalue problems.
Acta Numerica, 11, 1-71.

Connell, E. H. (2002). Elements of abstract and linear algebra. Gainesville,
Florida, USA:University Press of Florida.

Deakin, A., & Luke, T. (1992). On the inverse eigenvalue problem for matrices

(atomic corrections). Journal of Physics A: Mathematical and General,

71
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

25(3), 635-640.

Dehghan Niri, T., Shahzadeh Fazeli, S., & Heydari, M. (2020). A two-step im-
proved newton method to solve convex unconstrained optimization prob-
lems. Journal of Applied Mathematics and Computing, 62, 37-53.

Downing Jr, A., & Householder, A. S. (1956). Some inverse characteristic value
problems. Journal of the ACM (JACM), 3(3), 203-207.

Draper, N. R., & Smith, H. (1998). Applied regression analysis (Vol. 326). John
Wiley & Sons.

Dumond, P., & Baddour, N. (2016). Structured approaches to general inverse
eigenvalue problems. In Applied linear algebra in action. IntechOpen.

Efron, B., & Morris, C. (1976). Multivariate empirical bayes and estimation of
covariance matrices. The Annals of Statistics, 22-32.

Egleston, P. D., Lenker, T. D., & Narayan, S. K. (2004). The nonnegative
inverse eigenvalue problem. Linear Algebra and Its Applications, 379(1-
3 SPEC. ISS), 475-490. doi: 10.1016/j.1aa.2003.10.019

Fallat, S. M., & Hogben, L. (2007). The minimum rank of symmetric matrices
described by a graph: A survey. Linear Algebra and its Applications,
426(2-3), 558-582.

Fiedler, M. (1974). Eigenvalues of nonnegative symmetric matrices. Linear
Algebra and its Applications, 9, 119-142.

Friedland, S. (1977). Inverse eigenvalue problems. Linear Algebra and Its
Applications, 17(1), 15-51. doi: 10.1016/0024-3795(77)90039-8

Friedland, S., Nocedal, J., & Overton, M. L. (1987). The formulation and
analysis of numerical methods for inverse eigenvalue problems. SIAM
Journal on Numerical Analysis, 24(3), 634—667.

Hadeler, K. (1969). Multiplikative inverse eigenwertprobleme. Linear Algebra
and Its Applications, 2(1), 65-86.

Hald, O. H. (1976). Inverse eigenvalue problems for jacobi matrices. Linear
Algebra and Its Applications, 14(1), 63-85.

Hald, O. H. (1983). Inverse eigenvalue problems for the mantle—ii. Geophysi-

72
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

cal Journal International, 72(1), 139-164.

Herstein, I. N., & Winter, D. J. (1988). Matrix theory and linear algebra.
Macmillan Publishing Co., Inc.

Johnston, N. (2021). Introduction to linear and matrix algebra. Springer Na-
ture.

Kandié, D., Reljin, B., et al. (2008). Explicit solution of the inverse eigen-
value problem of real symmetric matrices and its application to electrical
network synthesis. Mathematical Problems in Engineering, 2008.

Lipovetsky, S. (2013). Priorities in thurstone scaling and steady-state probabili-
ties in markov stochastic modeling. Journal of Modern Applied Statistical
Methods, 12(1), 12.

Marcus, M., & Minc, H. (1988). Introduction to linear algebra, 182. Dover
Publications Inc., Mineola, New York.

Marijuan, C., Pisonero, M., & Soto, R. L. (2007). A map of sufficient conditions
for the real nonnegative inverse eigenvalue problem. Linear Algebra and
Its Applications, 426(2-3), 690-705. doi: 10.1016/j.1aa.2007.05.046

Mirsky, L. (1964). Inequalities and existence theorems in the theory of matrices.
Journal of Mathematical Analysis and Applications, 9(1), 99—118.

Oduro, F. T. (2014). Solution of the inverse eigenvalue problem for certain
(anti-) hermitian matrices using newton’s method. Journal of Mathemat-
ics Research, 6(2), 64-70.

Oliveira, G. (1972). Matrix inequalities and the additive inverse eigenvalue
problem. Computing, 9(2), 95-100.

Radwan, N. (1996). An inverse eigenvalue problem for symmetric and nor-
mal matrices. Linear Algebra and Its Applications, 248, 101-109. doi:
10.1016/0024-3795(95)00162-X

Riondato, M., Garcia-Soriano, D., & Bonchi, F. (2017). Graph summarization
with quality guarantees. Data mining and knowledge discovery, 31, 314—
349.

Rothblum, U. G. (2006). Nonnegative matrices and stochastic matrices. In

73
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Handbook of linear algebra (pp. 9-1). Chapman and Hall/CRC.
Sasikumar, S., Karthikeyan, S., Suganthi, M., & Madheswaran, M. (2009). Effi-
cient estimation algorithm for arma, exponential and other trigonometric
model with quantum constraints. IET Signal Processing, 3(1), 64-73.
Shapiro, A. (1983). Asymptotic distribution theory in the analysis of covariance
structures. South African Statistical Journal, 17(1), 33-81.
Sharma, D., & Sen, M. (2018). Inverse eigenvalue problems for acyclic matrices
whose graph is a dense centipede. Special Matrices, 6(1), 77-92.
Simovici, D. A. (2012). Linear algebra tools for data mining. World Scientific.
Sing, F.-Y. (1976). Some results on matrices with prescribed diagonal elements
and singular values. Canadian Mathematical Bulletin, 19(1), 89-92.
Soto, R. L. (2016). Nonnegative inverse elementary divisors problem. In Ap-

plied linear algebra in action. London, United Kingdom: IntechOpen

Soto, R. L., & Rojo, O. (2006). Applications of a Brauer theorem in the non-
negative inverse eigenvalue problem. Linear Algebra and Its Applications,
416(2-3), 844-856. doi: 10.1016/j.1aa.2005.12.026

Strang, G. (2012). Linear algebra and its applications.

Thompson, R. C. (1977). Singular values, diagonal elements, and convexity.
SIAM Journal on Applied Mathematics, 32(1), 39-63.

Voyevodin, V. V. (1983). Linear algebra. Mir Publishers.

Weiss, J. (2019). A tutorial on the proper orthogonal decomposition. In Aiaa
aviation 2019 forum (p. 3333).

Wu, J.-L.  (2011). On Open Problems of Nonnegative Inverse Eigenval-
ues Problem. Advances in Pure Mathematics, 01(04), 128-132. doi:
10.4236/apm.2011.14025

Xu, Y.-H., & Jiang, E.-X. (2006). An inverse eigenvalue problem for periodic
jacobi matrices. Inverse problems, 23(1), 165.

Zhang, T., & Golub, G. H. (2001). Rank-one approximation to high order

tensors. SIAM Journal on Matrix Analysis and Applications, 23(2), 534—

74
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

550.
Zhao, L., Hu, X., & Zhang, L. (2011). Inverse eigenvalue problems for bisym-
metric matrices under a central principal submatrix constraint. Linear and

Multilinear Algebra, 59(2), 117-128.

75
Digitized by Sam Jonah Library





