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ABSTRACT

The principal method for modeling the spread of infectious diseases generally in-
volves the application of ordinary differential equations. Studies have demonstrated
that an effective strategy for refining certain mathematical models is the integration
of fractional-order differential equations. To gain a more profound understanding of
the interactions between the hepatitis B virus (HBV), liver cancer, and immune sys-
tem cells, a mathematical model that combined both ordinary and fractional differ-
ential equations was investigated. This model was closely aligned with experimental
data on viral DNA load. The work concentrated on four qualitative scenarios: the
innate immune response, adaptive immune response, cytokine response, and the co-
existence of infection dynamics. Unlike earlier models, liver cells were classified
into distinct stages of infection. For populations of non-pathogenic macrophages in
the presence and absence of malignant cells, the study calculated the invasion prob-
ability for transmission dynamics, represented by the control reproduction number,
R.. The iterated two-step Adams-Bashforth method was employed for numerical
simulations using the ABC fractional derivative in the Caputo sense, while the Latin
Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCC) tech-
niques were utilized for parameter sensitivity analysis. The work identified the key
transmission mechanism of viral load and proposed an optimal therapeutic method
for viral treatment. Model parameters were estimated using nonlinear least squares
fitting of longitudinal data (serum HBV DNA viral load) from existing literature.
Finally, the study compared the classical-order model system with the ABC frac-
tional differential equations model system to determine which offered superior per-
formance. Both methods were evaluated using simulation results of the state vari-
ables, revealing that the fractional model provides more detailed results than the

classical model.
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CHAPTER ONE

INTRODUCTION

This dissertation investigates the immune response to the simultaneous pres-
ence of hepatitis B virus (HBV) and liver carcinoma through a deterministic mod-
eling framework utilizing both classical-order and fractional-order analyses. Our
objective is to formulate and evaluate an epidemiological model that integrates im-
munological dynamics and cancer progression, employing both fractional-order and
classical differential and integral operators novel areas in the realm of mathematical
biology. The research encompasses an introduction to the topic, a delineation of the
problem, the aims and significance of the study, and a comprehensive outline of the

thesis structure.

Background to the Study

Hepatitis B, a hepatic viral infection, can evolve into both acute and chronic
conditions, resulting in significant health repercussions. As detailed by [Ciupe et al.
(2014), this ailment causes approximately 750, 000 fatalities annually, with around
300,000 of these deaths attributable to hepatic cirrhosis and hepatocellular carci-
noma (HCC) (Guidotti & Chisari, 2001). This pathogen is presumed to impact ap-
proximately one-third of the worldwide populace, rendering it not merely one of the
most primordial but also among the most hazardous viral menaces to human well-
being (Ciupe, Ribeiro, Nelson, Dusheiko, & Perelson, 2007). Based on projections
from the World Health Organization (WHO), approximately 1.5 million novel cases
of hepatitis B are documented annually, resulting in a prevalence of 296 million in-
dividuals enduring chronic infection (World Health Organization, 2019). In 2019
alone, hepatitis B accounted for 820,000 fatalities, primarily attributable to hepatic
fibrosis and hepatocellular malignancy, the most prevalent form of liver neoplasm
(World Health Organization, [2019). The global mortality from liver cancer is sub-
stantial, with projections indicating that this figure will continue to escalate. Among
the individuals affected, 6.3% are also co-infected with hepatitis B. Conversely, hep-

atitis B prevalence is relatively low in Europe and North America, with rates below
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1%. Nonetheless, the disease remains a major health challenge in Asia and Africa,
where the incidence of chronic infection is between 5 and 10 per 100 adults.

The hepatitis B virus (HBV), classified within the hepadnaviridae family, is
the etiological agent responsible for hepatitis B infection. Due to its predominantly
double-stranded DNA structure, once an individual is infected, the clearance of the
hepatitis B virus becomes particularly arduous (Guidotti & Chisari, 2001). The in-
cubation period for HBV ranges from 30 to 180 days. The virus can be detected
approximately 30—60 days post-infection, and if transmission occurs during infancy
or early childhood, it frequently establishes a persistent infection, leading to chronic
hepatitis B in the majority of cases (around 90%) (Babiker et al., 2012; Nowak et al.,
1996). Maternal-to-child transmission, primarily occurring during parturition, con-
stitutes the foremost mechanism of infection in these initial developmental phases,
leading to repetitive infection cycles and elevated chronicity rates. Horizontal trans-
mission routes, including sexual contact among adults, intravenous drug use, expo-
sure to contaminated blood products, and unhygienic practices, represent another
vector of HBV dissemination. However, only 5-10% of adults subjected to these
transmission routes develop chronic infection (Babiker et al., |2012; Nowak et al.,
1996).

Adults generally recover from HBV infection when the immune system mounts
an adequate and multifaceted response. This includes the activation of potent and
diverse CD4" (T-helper 1) and CD8™ (cytotoxic T lymphocyte) T-cell responses,
production of neutralizing antibodies specific to the HBV surface antigen (HB-
sAg), and the secretion of antiviral cytokines within the liver, such as interferon-
gamma (type-2 interferons) and tumor necrosis factor-alpha (TNF-a) (DeVico &
Gallo, [2004; Nowak et al., |1996). These responses contribute to the generation of
refractory hepatocytes that become resistant to reinfection (Su et al., 2012; Busca
& Kumar, 2014). However, the precise roles of various immune system compo-
nents, particularly the regulatory cytokine interleukin-10, in the initiation and reso-
lution of HBV infections, remain inadequately understood. Unvaccinated neonates

and immunosuppressed adults are more susceptible to progressing to chronic HBV
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infection (Guidotti et al., [1994). In these individuals, both humoral and cellular
immune responses are insufficiently effective, leading to persistent viral replication
and continuous expression of HBsAg in the bloodstream (Guidotti & Chisari, 2001}
Herbein & O’brien, [2000). The proportional influences of the immune system’s het-
erogeneous constituents, especially the role of anti-inflammatory cytokines such as
interleukin-10, in the advancement and chronicity of HBV infection, remain incom-
pletely delineated.

The empirical investigation of the antibody-mediated immune response to hep-
atitis B virus (HBV) infection poses significant challenges. This complexity arises
from the fact that free surface antigen antibodies are not discerned until subsequent
to the resolution of HBV infection (Pawelek et al., 2012). However, both acute
and chronic HBV infections are associated with circulating immune complexes that
consist of antibodies bound to hepatitis B surface antigen (HBsAg), suggesting that
antibody production occurs much earlier in the infection process than detectable and
may contribute to the attenuation disease transmission dynamics (Ciupe, Ribeiro,
Nelson, Dusheiko, & Perelson,, 2007; Fatehi et al.,|2022). Immune protection against
HBYV is conferred by HBsAg-specific antibodies, which possess neutralizing capa-
bilities (Fatehi et al., [2022). Interestingly, the production of “subviral particles”
(SVPs) increases exponentially in HBV infection compared to the generation of
complete HBV virions (J. Hu & Liu, [2017; |[Fatehi et al., 2022). Sub-viral particles
are viral particles that display HBV envelope proteins but lack the nucleocapsid and
viral genetic material, rendering them non-infectious, and are produced by HBV-
infected hepatocytes (Fatehi et al., 2020). Ongoing research aims to elucidate the
mechanisms underlying their excessive production and their role in HBV pathogene-
sis (Murray & Goyal, 2015). Sub-viral particles may influence the immune response
to HBV infection, potentially inducing immunological acquiescence during neona-
tal infection by delaying the generation of neutralizing antibodies. Furthermore, an
abundance of SVPs can act as immunological decoys by sequestering neutralizing
antibodies, thereby slowing the clearance of the virus from the host.

The hepatitis B virus employs host cellular machinery to facilitate its survival
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and replication during infection. Once intracellular, the virus evades detection by
immune surveillance, effectively shielding itself from the host’s immunocompetent
cells. In order to counteract this evasion, various components of the immune system
synergistically mount a multi-layered defense across different stages of the infection.
At the initial phase of infection, the innate immune response, involving natural killer
(NK) cells and cytokine release, is pivotal in the host defense against a spectrum
of viral infections, including SARS-CoV-2 (Covid-19), influenza, HIV, lymphocytic
choriomeningitis virus (LCMV), and HBV. These innate immune mechanisms act
to limit viral dissemination while simultaneously promoting the establishment of
an adaptive immunological response. The NK cells specifically recognize virally
infected cells by identifying reduced display of major histocompatibility complex
(MHC) molecules on the cellular membrane, subsequently triggering the destruction
of these compromised cells. Both NK cells and cytotoxic T lymphocytes (CTLs)
harbor cytolytic effector molecules within granules that are mobilized and released
upon interaction with an infected cell. Among these mediators, perforin, a pore-
forming protein, disrupts the integrity of target cell membranes, enabling the entry of
other cytotoxic molecules. The granules also contain enzymes known as granzymes,
which infiltrate the target cell through perforin-created pores, inducing apoptosis and
eliminating the infected cell.

Contrary to the typical progression of viral infections, the initial stages of
hepatitis B virus (HBV) infection are characterized by a subdued production of
interferon-a/3 (1F' N, p) and a relatively slow rate of viral replication. Several
hypotheses have been proposed to elucidate this anomaly. One theory posits that
the virus may not immediately infiltrate hepatocytes but instead resides transiently
in other tissues, while another suggests that the virus replicates at a significantly re-
duced rate during this phase (Perelson et al.,|1996;|Su et al., 2012). However, the pre-
cise biological transformations occurring during this period remain largely elusive.
As HBV enters its exponential replication phase, the innate immune system, along
with cytokine activity, is triggered (Busca & Kumar, [2014)). This activation subse-

quently initiates the adaptive immune response, which includes antibody-mediated
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neutralization of HBV surface antigen (HBsAg), thereby preventing the reinfection
of hepatocytes. Furthermore, cytotoxic lymphocytes play a crucial role in eradicat-
ing infected cells while concurrently inducing cytokine production. Interestingly,
cytotoxic lymphocytes not only eliminate HB V-infected hepatocytes but also facil-
itate non-cytolytic clearance of these cells (Busca & Kumar, 2014; Guidotti et al.,
1994; Herbein & O’brien, 2000). In the evolving immune response to HBV, cy-
tokines serve a pivotal function, inhibiting viral replication (Pawelek et al., 2012),
stimulating antibody production, and activating natural killer (NK) cells and cyto-
toxic T lymphocytes (CTLs) (Ciupe, Ribeiro, Nelson, Dusheiko, & Perelson, 2007).
Moreover, they aid in inducing immunity within target cells that have yet to be in-
fected (Ramsay et al.| [1993).

Tumorigenesis in the liver commences when a single hepatocyte undergoes
aberrant growth. Based on its potential for metastasis, a tumor can be classified
as benign, indicating it is non-cancerous with no propensity for metastasis; pre-
malignant, suggesting it may develop into cancer; or malignant, indicating an ag-
gressive capacity for rapid, uncontrolled growth and metastasis (Yang et al., [2020;
Dehingia et al., 2021). Hepatocellular carcinoma (HCC), the medical term for pri-
mary liver cancer, represents a malignant neoplasm of the liver, which is the second-
largest organ in the human body (Engelhart et al., 2011). Liver cancer ranks as
the fifth leading cause of cancer-related mortality globally, constituting a significant
public health concern, especially in low-resource settings where it receives insuffi-
cient attention. The scarcity of reliable epidemiological data on the incidence and
prevalence of liver cancer impedes accurate projections of the HCC burden in de-
veloping countries. Consequently, the policy framework for the management and
control of HCC is inadequate. This inadequacy is also evident in Ghana’s approach
to the management and control of HCC.

In developing regions, the majority of patients afflicted with hepatocellular
carcinoma (HCC) present at medical facilities during advanced stages of the dis-
ease, resulting in exceedingly high mortality rates. Liver cancer is unique in that

it can arise from both infectious and non-infectious etiologies. Key risk factors in-
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clude chronic alcohol abuse and tobacco use. Due to its asymptomatic nature in
early stages, HCC is often referred to as a “silent killer.” Planning for the impact of
HCC is challenging, as data for accurately estimating the incidence and prevalence
of the disease within populations remains scarce. Proper estimation of the HCC bur-
den is critical for effective allocation of healthcare resources, mobilization efforts,
and the implementation of preventive strategies. Projections indicate that by 2030,
liver and pancreatic cancers are expected to surpass breast, prostate, and colorec-
tal cancers as the second and third leading causes of cancer-related mortality in the
United States, respectively (Engelhart et al., [2011)). The evolving epidemiological
landscape, exacerbated by factors such as undetermined causes, inadequate preven-
tion policies, insufficiently trained medical personnel, suboptimal monitoring, and a
dearth of research, has rendered HCC a neglected non-communicable disease (NCD)
in developing nations.

The application of advanced calculus has garnered significant scholarly atten-
tion and has been extensively utilized across various scientific domains. Researchers
have employed modern calculus to construct mathematical models for a wide ar-
ray of viral diseases. The majority of these mathematical modeling methodologies
hinge on systems of differential equations, which may be linear or nonlinear, or
on classical-order integral and differential equations. However, over the past three
decades, fractional-order differential equations (FDEs) have been increasingly uti-
lized to model complex real-world problems with greater precision and accuracy.
The traditional integer-order mathematical framework may not always be suitable for
capturing the intricacies of all systems. Consequently, fractional calculus has exerted
a profound influence across multiple disciplines, including mechanics, chemistry,
biology, and image processing. The utilization of fractional calculus enables the
resolution of various physical challenges. In many scenarios, fractional-order differ-
ential equation (FODE) models exhibit superior alignment with real-world phenom-
ena compared to their integer-order counterparts. This can be attributed to the fact
that fractional derivatives and integrals allow for the incorporation of memory and

hereditary effects, which are characteristic of most biological systems and infectious
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disease processes. Additionally, FDEs provide a broader domain of stability relative
to traditional differential equations. Moreover, unlike classical derivatives, which
function as local operators, fractional derivatives serve as non-local operators. This
non-locality permits fractional differential equations to represent epidemic models
in a manner that is more realistic and comprehensive, accounting for both historical
and current conditions.

The probability of eradicating hepatocellular carcinoma (HCC) diminishes
significantly when hepatitis B virus (HBV) infection concomitantly occurs with hep-
atic carcinoma. Consequently, it is essential for the research consortium to conduct
thorough inquiries into both hepatitis B and hepatic malignancy via clinical exam-
inations and conceptual evaluations. The formulation of efficacious therapeutic in-
terventions for hepatitis B and HCC constitutes a critical domain within medical
research that will significantly enhance our understanding of tumor-immune system
interactions. Despite the fact that a substantial proportion of individuals (approx-
imately 90%) mount a robust and protective cell-mediated immune response that
prevents the progression to chronic HBV infection, which is a precursor to HCC,
hepatitis B remains one of the foremost causes of mortality worldwide, contributing
to an estimated 3 million deaths annually (Guidotti & Chisari, 2001). The objective
of this research was to explore the progression from acute HBV infection to chronic
HBYV infection, and ultimately to HCC, while examining the immune system’s re-
sponse to each of these stages. A more profound comprehension of the mechanisms
governing immune response dynamics cells would enhance the immune system’s ca-
pacity to control HBV in the early phases of infection and would elucidate how the
virus evades both adaptive immunity and innate cytokine-mediated defenses. Conse-
quently, we propose and analyze fractional and classical-order deterministic models
to assess the impact of various immune response components on the co-dynamics of

HBYV and HCC in the context of therapeutic interventions.

Statement of the Problem
The World Health Organization (WHO) has instituted an ambitious target to
eradicate hepatocellular carcinoma and hepatitis B virus (HBV) infection by the year
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2030 (Vos et al., 2015; |[Fatehi et al., [2022). Current strategies for controlling the
spread of HBV include the medical treatment of infected individuals and the immu-
nization of neonates and vulnerable adults through the administration of the hepatitis
B vaccine. Additionally, public health campaigns designed to raise awareness about
the detrimental effects of alcohol consumption and smoking are employed as pre-
ventive measures to mitigate the risk of liver cancer and reduce the transmission of
the virus. These prophylactic interventions aim to avert acute HBV infections and
to prevent the recurrence of liver cirrhosis in individuals with pre-existing hepatic
conditions. However, despite these efforts, the occurrence of hepatitis B and hepatic
neoplasia remains profoundly elevated, with millions of novel instances and fatalities
recorded annually. Although progress has been made toward the global elimination
of HBYV, the virus continues to pose a significant public health threat. As of 2019, an
estimated 316 million individuals were living with chronic HBV infection globally
(Sheena et al., 2022), reflecting a chronic HBV prevalence rate of approximately
4.1%.

Hepatocellular carcinoma (HCC), a predominant type of liver cancer, along
with cirrhosis, constitutes the leading causes of mortality related to hepatitis B in-
fection, according to the WHO (World Health Organization, [2019). Projections in-
dicate that these diseases are likely to result in millions of additional fatalities in
the coming years, underscoring the critical need for long-term strategies to manage
HBYV infection and liver cancer. Nevertheless, significant gaps remain in our under-
standing of the epidemiology of HBV and its disease course. There are unresolved
questions about the virus’s capacity to evade the immune system and progress to
advanced stages, such as liver cirrhosis, HCC, and liver cancer. Despite these un-
certainties, it is widely acknowledged that the application of mathematical modeling
offers a robust approach for elucidating the epidemiological dynamics of HBV and
liver cancer. This aligns with the notable successes observed through the integration
of theoretical and empirical investigations in the realms of clinical and biological
sciences. Researchers have recognized the critical role that mathematical models

can play in epidemiological research. Consequently, gaining a deeper comprehen-
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sion of the co-occurrence and interplay of HBV and liver cancer is essential for the
development of effective fractional and classical order mathematical models that can
accurately capture the dynamics of these disease processes.

During the acute phase of hepatitis B virus (HBV) infection, viral titers can
surge to approximately 10 HBV DNA copies per milliliter of plasma, persisting at
elevated levels for several weeks as numerous hepatocytes become infected. Over
time, viral titers diminish, and in roughly 85% — 95% of acutely infected adults, the
virus is successfully eradicated. Individuals who achieve viral clearance generally
exhibit more robust and diverse C'D41 and C'D8" T lymphocyte responses. Addi-
tionally, viral clearance in these patients is typically accompanied by an elevation
in alanine aminotransferase (ALT) levels, indicative of hepatic injury and an active
immune response mediated by cytotoxic cells. Although the immune system plays
a crucial role in reducing viral titers, the exact mechanisms underlying this process
remain incompletely elucidated.

Numerous mathematical models have been devised to investigate the transmis-
sion dynamics of HBV and hepatocellular carcinoma, as well as strategies for the
prevention, treatment, and control of these diseases across various geographic re-
gions. Utilizing systems of ordinary and partial differential equations, these models
have yielded valuable insights into the impact of vaccination and therapeutic inter-
ventions as control measures for HBV infection and the management of liver cancer.
Despite these contributions, existing modeling research has yet to result in the de-
velopment of highly effective therapies for HBV and hepatocellular carcinoma. One
conceivable rationale for this deficiency is that the majority of frameworks address-
ing HBV and hepatic malignancy neglect to integrate the impact of interleukin-10
and the differentiation pathways of naive T lymphocytes, which we have recognized
as crucial components in devising effective therapeutic approaches for HBV and
hepatic carcinoma.

Additionally, it is vital to acknowledge the paramount role that the immune
system occupies in the evolution of hepatitis B virus (HBV) and hepatocellular car-

cinoma (HCC) infections. Interleukin-10 (/y,), a critical cytokine, regulates both
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innate and adaptive immune responses, predominantly by imparting immunosup-
pressive and anti-inflammatory effects. Therefore, the development of a sophis-
ticated model to analyze the regulatory functions of interleukin-10 and other im-
mune mediators in orchestrating both cellular and humoral immunity would prove
beneficial. This study formulated an advanced mathematical framework that incor-
porates interleukin-10 (/;p), naive T lymphocytes, antibodies, natural killer (NK)
cells, effector B cells, and cytokines to investigate the immune system’s multifaceted
response to HBV and HCC infections. The research focuses on four pivotal do-
mains: optimizing therapeutic interventions, evaluating the efficacy of fractional and
classical-order models, elucidating the roles of innate immunity, humoral immunity,
and cytokine-mediated pathways, and examining their coexistence in the complex
dynamics of infection. The ultimate objective was to mitigate viral proliferation and
minimize hepatic damage. Our model integrates several immune strategies, such
as interferon-mediated immunity (type I and type II) to hinder viral replication by
depleting the substrates necessary for viral synthesis (i.e., healthy hepatocytes), cell-
mediated immunity (T lymphocytes, NK cells, effector B cells, interleukin-10 cells)
to target and eliminate the source of viral generation (i.e., infected hepatocytes), and
adaptive immunity (anti-HBV antibodies) to reduce the effective viral concentration.
A distinctive feature of the model was its ability to simulate the impact of HBV in-
fections on hepatocytes that have already undergone malignant transformation and

how this interaction affects the overall population dynamics of liver cells.

Research Objectives
General objective

The primary aimed of this thesis is to mathematically examine the immune
response in relation to the transmission dynamics of the hepatitis B virus and its

co-existence with liver cancer.

Specific objectives

This research has the following specific objectives:

(1) to develop a classical and fractional order models, which takes into account the
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important role played by various branches of the immune system in clearing

HBYV and liver cancer infections.

(2) to estimate the model parameters by fitting the model to HBV DNA viral load
data and perform sensitivity analysis to determine the most sensitive parame-

ters.

(3) to conduct numerical simulations on the model system to determine the tran-
sition time from acute infection to the chronic stage and to recommend a treat-

ment strategy.

(4) to evaluate the classical-order and ABC fractional-order model systems to de-

termine which one yields better results.

Significance of the Study

We can use mathematical models to evaluate the efficacy of various control and
prevention efforts and to acquire a thorough knowledge of the dynamics of disease
transmission. As far as we are aware, no mathematical model has been created that
addresses the coexistence of the hepatitis B virus and liver cancer while considering
the influence of innate, humoral, adaptive, and cytokine responses of the immune
system. This research would aid medical professionals in their understanding of the
immune system’s defenses against the hepatitis B virus and liver cancer infection.
The results of this research would give Ghanaian health officials a more comprehen-
sive framework to create the best infectious disease policies. The study would also
provide light on how medical facilities use their resources to hepatitis B and liver
cancer patients who are receiving treatment. Finally, it would expand the body of
knowledge on the hepatitis B virus and liver cancer infection and give researchers a

platform to push the boundaries of knowledge in these two fields.

Delimitation
The thesis is limited to investigating the important role played by the immune
system (i.e macrophages, T cells, NK cells, anti-bodies, effector B cells, interleukin-

10, interferon-alpha and beta, interferon-gamma) in fighting hepatitis B virus and
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liver cancer infections.

Limitation

This thesis has a limitation of accurate estimation of parameter values since we
largely rely on patients DNA viral load data for parameter values for the numerical
simulations which may be influenced by other factors.

Another significant limitation of this study is that the patient dataset used does
not include individuals diagnosed with liver cancer. As such, the findings may not be
directly applicable to patients with liver cancer, whose immune response and disease
progression could differ substantially from those observed in our cohort. Future
studies should aim to incorporate datasets that include patients with liver cancer to

evaluate the generalizability of the results and to explore disease-specific dynamics.

Definitions of Terms

In this section, our focus lies on several significant definitions of factional
derivatives concerning the Atangana-Baleanu and Caputo fractional operators, which
are intended for application in the immune response to co-existing hepatitis B virus

and liver cancer model systems.

Definition 1
Gamma Function: The Gamma function, denoted by I'(k), is a generalization of
the factorial function when £ is not an integer. Particularly, I'(x) = (n — 1)! for

z € N. For k£ > 0, it is defined as

Definition 2
Given a function g : R — IR, then the fractional integral of order ¢ in Caputo

sense is given as

L g (1)) = ﬁ / (t— 1" g(f) df.

where [' denote the gamma function and ¢ stands for the fractional order.
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Definition 3

Given a function g € C™, then the Caputo derivative with order ¢ is given as

. I 1 Logn(f)
i) = B ()= o [

which is defined for the continuous function in absolute terms andn —1 < ¢ < n €

N. Here, DY [g (t)] approaches ¢'(t) as ¢ approaches 1.

Definition 4
Sobolev Space: Let p € [1,00) and 2 be an open set of R, the Sobolev Space

H? (Q) is defined by H? (Q) = {f € L*(Q) : D*f € L*(Q) V,|p| < p}.

Definition 5
Let h € H' (a,b), b > abe afunction. Then the Caputo-Fabrizo derivative

of order ¢ € (0, 1) of a function A is defined as

roro) = 12 [ e [-o =t

where P(y) is a normalization function satisfying P(0) = P(1) = 1.

Definition 6

The Caputo-Fabrizo fractional integral of order ¢ € (0, 1) of a function h is

defined as

CFTe _ 2(1—) 2¢ !

SEIRO) = SR e, e 120
Definition 7

Let g € H' (a,b), a < bbe a function and ¢ € (0,1). Then the Atangana-

Baleanu derivative in Caputo sense of order ¢ of the function ¢ is defined as
Glp) [* (t—x)°
ABC
2D g ()] = -0 /a g (2)E, I dzx,
where G(¢) is a normalization function satisfying G(0) = G(1) = 1 and E,, is the

Mittag-Leffler function.
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Definition 8
Let g € H' (a,b), a < bbe afunction and ¢ € (0,1). Then the Atangana-
Baleanu derivative in Riemann-Liouville sense of order ¢ of the function g is defined

as

wroplo) = 24 e, |- {=D e

Definition 9

The Atangana-Baleanu fractional integral in Caputo sense is defined by

ABCT? (g (1)] = mmW [ atwye- v aw.

Definition 10
The Laplace transform of the ABC' derivative of the function ¢(¢) of order

@ > 01s defined as

L{DEON) = Bl g I a0

Theorem 1

For a continuous function g on [a, b], the inequality given below holds on [a, b]:

el @l < T2l where g0l = max 9(o)].

Theorem 2
The Atangana-Baleanu derivative in both Caputo and Riemann-Liouville sense

satisfy Lipschitz condition

12°°DF g (O] =27 DE R @]l < Kllg(t) — h(@)]|  and

1277DF [ (O] =R DE R @] < Kllg(t) — 2.
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The Mittag-Leffler function’s one-parameter representations can be defined

through power series

Eo(t) = ;m a >0, (1)

while the two-parameter Mittag-Leffler is defined as

Eaﬁ(t) = kz:% m, o > 0, /B > 0. (2)

The exponential series defined by Eq. (2)) gives a generalization of equation Eq. ().

As a result of the definition given in Eq. (2)), the following relations hold:

1

Eaﬁ(t) = W + tEma_;_g(t) and (3)
d
Eaﬂ(t) = ,BEaﬂJrl(t) -+ at@Ea76+1<t>. (4)
Observing from Eq. (4) implies that
d t) = ! E t E t S
ar apr1(t) = a[ a,8-1(t) = BEapi1(t)] . So
d 1
T Bap(t) = —[Bap1(t) = (8= 1) Eap(t)].

Definition 11
The Laplace Transform can be used in differential equations to reduce a lin-
ear differential equations to an algebraic one which can then be solved by rules of

algebra. The transform is written as follows

LU0} = F(s) = / e (e,
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Whereas the Laplace transform of Caputo fractional derivatives is given by

@D f(0)] = °F(s) — 3 £ 0)s 7

Lemma 1
Proposed by (Podlubny, 1998; Magin, 2004; Baleanu et al., 2012)

Leta > 0, 8 > 0and m € C. We define
ft) = t" 1 Eyp (Emt®),

where E, 5(-) represents the two-parameter Mittag-Leffler function. Its Laplace

transform is defined as

Lemma 2

The solution of the following initial value problem for ¢ € (0, 1]

(I)(O) _<D07
is given by
Yl P SN S PR
o(1) — <1>0+N(¢)\1f(t)+N((p)r(@/o (t— )71 W (0)do.

Organisation of the Study

The thesis is organized into five chapters. CHAPTER provides the back-
ground of the study. In CHAPTER we present related literature on both frac-
tional and classical mathematical models of hepatitis B and liver cancer transmis-
sion dynamics. CHAPTER is devoted to the formulation and analysis of
the classical-order model. We also extend the classical-order model to a fractional-

order model and analyze its basic properties. Parameter estimation, numerical simu-
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lations, and sensitivity analysis of the proposed model are carried out and discussed
in CHAPTER [FOURI CHAPTER [FIVE is dedicated to conclusions and recommen-

dations.
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CHAPTER TWO

LITERATURE REVIEW

Introduction

Hepatitis B and liver cancer are among the most insidious and lethal afflictions
globally. This is largely due to the fact that many individuals infected with the
hepatitis B virus are unaware of their condition. It is therefore crucial to investigate
the patterns of their global dissemination. To achieve this effectively, it is essential to
explore how various researchers have utilized mathematical modeling to tackle these
issues and how their models can be adapted to aid in the eradication of liver cancer
and hepatitis B. Our review indicates that numerous policymakers, analysts, and
scholars have employed mathematical models to analyze the dynamics, outcomes,
and impacts of liver cancer and hepatitis B over time within human populations, as
well as to assess how these models address the response of health systems to such
infections. Their primary objective has been to devise strategies for the prevention,
diagnosis, and management of these severe diseases. Consequently, this chapter is
dedicated to examining the empirical literature related to the pathophysiology of
hepatitis B and liver cancer, the evolution of mathematical modeling as a tool for
investigating persistent diseases, the integration of diverse therapeutic approaches as

preventive strategies, and the response of health systems to these infections.

Immune System and its Constituents

The immune system is conceptualized as an intricate ensemble of biological
mechanisms and structural entities within an organism, meticulously designed to
counteract and neutralize potentially pathogenic entities. It is widely acknowledged
that the immune system plays a pivotal role in maintaining human health by pro-
viding defense against deleterious agents such as bacteria, viruses, and other mi-
croorganisms (Guidotti & Chisari, 2001). This sophisticated network comprises a
multitude of interconnected components that collectively safeguard the body against
various pathogens, including bacteria, fungi, and viruses. Central to this defensive

system are the thymus and bone marrow, which are instrumental in the development
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and maturation of immune cells. The medullary cavity of the bones operates as the
principal locus of genesis for both T and B lymphocytes, as well as other hematopoi-
etic progenitor cells, thereby fulfilling a fundamental role in immunological efficacy.
T lymphocytes migrate to the thymus for further maturation, while B lymphocytes
remain within the bone marrow to undergo their developmental processes.

The thymus, located superior to the heart, posterior to the sternum, and be-
tween the pulmonary organs, consists of two lobe-shaped glands. Post-puberty, the
thymus undergoes a progressive involution, gradually being substituted by connec-
tive tissue and adipose tissue. Thymosin, a hormone secreted by the thymus, fa-
cilitates the proliferation and differentiation of T lymphocytes. Within the thymic
environment, T cells proliferate, acquire unique antigen receptors, and differentiate
into subsets such as Helper T cells (77) and Cytotoxic T cells (75). These T cells
express various surface proteins, including C' D41 and C'D8™, essential for their
functional roles. The thymus is responsible for generating the full complement of T
cells necessary for an individual throughout puberty.

Upon completion of their maturation in the thymus and bone marrow, T and
B lymphocytes transit to secondary lymphoid organs such as the spleen and lymph
nodes, where they persist until activated by antigenic stimuli. The spleen, positioned
in the upper left quadrant of the abdomen, posterior to the stomach and diaphragm,
primarily functions in blood filtration. Lymph nodes, distributed throughout the
body, serve as crucial sites for immune surveillance. The spleen also plays a role
in the degradation of senescent erythrocytes by macrophages, large phagocytic cells
specialized in engulfing pathogens, cellular debris, and foreign particles. Addition-
ally, the spleen acts as a reservoir for white blood cells and platelets and contributes
to the immune response by identifying potential pathogens.

The immune system’s defensive mechanisms are categorized into two princi-
pal systems: innate (non-specific) and adaptive (specific) immunity. These systems
comprise a diverse array of leukocytes, also known as white blood cells. Granulo-
cytes, a subset of leukocytes, contain cytoplasmic granules with enzymatic activity

and include neutrophils, basophils, and eosinophils. Conversely, cells of the adap-
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tive immune system, often referred to as immune effector cells, execute specialized
functions in response to specific antigens. Examples include T lymphocytes and B
lymphocytes, which, alongside natural killer cells, perform targeted immune func-
tions. Macrophages and neutrophils patrol tissues and the bloodstream, seeking and
responding to potential threats. Upon encountering pathogens, these cells engage
in interactions with other immune cells and perform phagocytosis. Furthermore,
effector cells are instrumental in combating cancer cells, with activated B cells pro-
ducing antibodies that facilitate the immune response, and activated T lymphocytes
eliminating pathogens through cell-mediated mechanisms. Antigen-presenting cells
(APCs), such as myeloid-derived suppressor cells, tumor-associated macrophages,
regulatory T cells, and dendritic cells, are classified as non-effector cells. While
non-effector cells do not possess direct tumor-killing capabilities, they play a role in
modulating the immune response and can inadvertently support tumor growth during

oncogenic processes.

Immune System Response to Hepatitis B Virus Infected Cells

It is broadly recognized that the immune system is crucial for human health
as it provides defense against pathogenic entities such as bacteria, viruses, and other
microorganisms (Guidotti & Chisari, [2001). Hepatitis B virus infection typically
evolves through two principal stages: acute and chronic. An acute hepatitis B in-
fection is marked by the transient presence (less than six months) of viral DNA,
hepatitis B surface antigen (HBsAg), and hepatitis B envelope antigen (HBeAg),
followed by their clearance and subsequent seroconversion to anti-HBsAg and anti-
HBeAg. During convalescence, IgM antibodies to the hepatitis B core antigen (IgM
anti-HBc) convert to IgG antibodies. This transition occurs within the initial six
months of infection. Acute hepatitis B may resolve spontaneously within this pe-
riod, with many patients asymptomatic and therefore not requiring treatment at this
stage. As reported by Shepard et al. (2006), about 90% of adults will clear the in-
fection naturally within the first six months (the acute phase) without necessitating
therapy. If the immune system fails to eradicate the hepatitis B virus within this
period, the infection becomes chronic.
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At this stage, the virus may persist and not be eradicated spontaneously. Con-
sequently, individuals with chronic hepatitis B will require sustained therapy to
achieve a longer and healthier life (Wilson et al.l [1998). IMahoney & Kane (1999)
highlights that chronic hepatitis B leads to significant hepatic damage and con-
tributes extensively to the global hepatitis burden. While some chronic hepatitis
B patients may not display clinical or biochemical evidence of liver disease, oth-
ers may experience symptoms such as chronic fatigue, anxiety, loss of appetite, and
general malaise. This is in contrast to the acute phase, where symptoms may be ab-
sent. The severity of chronic hepatitis B infection can vary from moderate to severe
depending on the individual’s immune response. According to Hollinger & Liang
(2001)), chronic hepatitis B is associated with inflammatory liver conditions like cir-
rhosis and hepatocellular carcinoma (HCC). Mahoney & Kane| (1999)) further notes
that individuals at elevated risk for HCC include adult males with a history of hep-
atitis B and chronic cirrhotic patients exposed to the virus during childhood. The
risk of HCC is influenced by the individual’s age, gender, ethnicity, and geograph-
ical location. Therefore, 90% of primary malignant liver tumors detected in adults
are attributed to HCC (World Health Organization, 2002).

Various researchers have investigated different facets of HBV dynamics and
immune responses during infection through mathematical modeling. To examine
acute HBV infection and the impact of temporal delays in effector cell activation and
proliferation, Ciupe, Ribeiro, Nelson, Dusheiko, & Perelson|(2007); Ciupe, Ribeiro,
Nelson, & Perelson (2007) modified a conventional immune response model to in-
clude delays in naive T cell recruitment. They subsequently analyzed the effects
of pre-existing or vaccine-induced antibodies on HBV management (Ciupe et al.,
2014)). Instead of employing a mass-action model to address the limited liver capac-
ity and susceptibility to HBV infection, Min et al.| (2008)) used a standard incidence
function in their study of HBV transmission dynamics. |Gourley et al. (2008)) in-
troduced a time-delayed version of the model proposed by Min et al. (2008). The
model developed by |[Hews et al.| (2010) provided a better fit to existing data and of-

fered more accurate estimates of the basic reproduction number by incorporating a
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standard incidence function and logistic growth for hepatocyte populations. In their
study of HBV infection, Yousfi et al. (2011]) explored potential limitations in the
coordination among various branches of the adaptive immune response, particularly
focusing on CTLs and antibodies.

Regarding the role of cytokines in modulating immune responses, |Wiah et
al. (2011) posited that, alongside the actions of cytotoxic T lymphocytes (CTLs)
and antibodies on hepatitis B virus (HBV) infection, interferon cytokines o and
also aid in the eradication of the virus by transforming susceptible hepatocytes into
cells resistant to infection. This methodology has been similarly adopted by other
scholars (Dahari et al., 2009; Lewin et al., 2001} Sypsa et al.,[2005), who integrated
a constant rate of non-cytolytic clearance into their treatment frameworks. Kim et
al. (2012) modified an earlier hepatitis C model to implicitly incorporate cytokines
by permitting effector cells to facilitate a non-cytolytic recovery of infected cells.

An analytical framework for the antibody response post-hepatitis B virus (HBV)
infection was formulated by (Ciupe et al., 2014) to investigate the mechanisms of
immune protection. After identifying that the virus could evade neutralization by
producing excessive quantities of non-infectious sub-viral particles bearing hepatitis
B surface (HBs) proteins but lacking viral nucleic acids and nucleocapsid proteins
they adjusted their model using data from seven adults identified during the acute
infection phase. They demonstrated that viral clearance could be attained in individ-
uals with high levels of anti-HBV antibodies, such as those who have been vacci-
nated, under the following conditions: Hepatitis B sub-viral particles are generated
at two distinct rates: (1) slowly; (2) rapidly if anti-HBV antibodies are produced
rapidly, exhibit high affinity, or if substantial levels of pre-existing HBV-specific
antibodies are present at the time of infection, potentially due to prior vaccination.
Additionally, they showed that when a robust cellular immune response addresses
early infection, viral clearance can occur with low steady-state levels of anti-HBV
antibodies, similar to those in uninfected individuals. They concluded that achiev-
ing HBV clearance necessitates higher antibody levels than those typically observed

in clinical settings, as evidenced by many patients and most acutely infected indi-
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viduals. Furthermore, they suggest that antibodies may function similarly to the
C D8-antibody model, which implies that antibodies prevent re-infection and that
cytotoxic effects are critical for initial viral control. The dynamics of their model
correspond with the quantities and timing of antibodies seen in patients. Moreover,
they assert that viral clearance remains attainable when pre-existing immunity from
vaccination or cross-immunity results in elevated antibody levels early in infection,
even if the virus generates a large quantity of sub-viral particles as a strategy to evade

antibody-mediated defenses.

Immune System Response to Cancer Infected Cells

Hepatocellular carcinoma (HCC), commonly referred to as liver cancer, is a
malignancy affecting the liver, the body’s second largest organ. This neoplasm is
considered one of the most lethal and challenging cancers to manage clinically. Pro-
jections indicate that by 2030, liver cancer is anticipated to surpass colorectal, breast,
and prostate cancers as the second leading cause of cancer-related mortality in the
United States, with pancreatic cancer following as the third (Rahib et al., 2014).
Liver cancer is unique in that it originates from both infectious and non-infectious
factors. According to the World Health Organization (WHO), cancer-related fatali-
ties accounted for 8.8 million deaths in 2015 (Albertsen, [2003). By 2030, it is fore-
casted that there will be approximately 21.4 million cases and 13.5 million deaths
globally due to cancer (R. M. Anderson & May, |1991)). This scenario has spurred ex-
tensive research into the interplay between the immune system and tumor cells. The
treatment of cancer remains one of the most formidable challenges in contemporary
medicine. Therapeutic modalities include surgery, radiation, hormone therapy, vi-
rotherapy, chemotherapy (Kuznetsov et al.,|1994), and, more recently, immunother-
apy (de Pillis et al., 2006). Cancer arises from mutations or environmental factors
that disrupt normal cellular functions, leading to malignant transformation. These
alterations can be triggered by environmental carcinogens such as tobacco, UV ra-
diation, X-rays, or various toxins, or by genetic mutations. Mutations and environ-
mental exposures can activate or inactivate specific genes, leading to the oncogenic
conversion of normal cells.
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Typically, cancer therapies aim to eradicate malignant cells throughout the
body while minimizing damage to healthy tissues. Chemotherapy remains a princi-
pal strategy, involving pharmacological agents designed to target and destroy tumor
cells. However, these agents often adversely affect normal cells, resulting in a range
of side effects, including drug resistance and recurrence (Bellomo et al., 2008). Con-
sequently, immunotherapy has emerged as a promising alternative. Immunotherapy
enhances the immune system’s ability to identify and eliminate tumor cells through
two principal approaches: active and passive immunotherapy. Passive immunother-
apy involves the use of effector immune components to directly target tumor cells.
This approach includes techniques such as chimeric antigen receptor [CAR]-T cell
therapy and antibody-targeted treatments. Active immunotherapy, on the other hand,
bolsters the immune system’s capacity to recognize and combat cancer cells by stim-
ulating immune system activity. This category includes cytokine therapies, adoptive
cell therapies, and cancer vaccines (Martins et al., | 2007).

Cancer vaccines enhance the responsiveness of cytotoxic T lymphocytes to
tumor-specific antigens. Cytokines, essential signaling proteins produced by vari-
ous cells including macrophages, B lymphocytes, and T lymphocytes, play a pivotal
role in immune regulation. However, not all cytokines are approved for cancer treat-
ment. The Food and Drug Administration (FDA) in the United States has authorized
only two cytokines; interleukin-2 (IL-2) and interferon-alpha (IFN-«) due to their
demonstrated clinical efficacy (Nagyl [2005). IL-2 primarily functions to activate T-
cells and natural killer cells, which are instrumental in recognizing and eliminating
tumor cells. Although IFN-« has a comparable response rate, it does not substan-
tially enhance long-term survival (Mamat & Subiyantol 2013; Sanmamed & Chen,
2018 Sharma & Samantal, 2013 |de Pillis et al., 2008]).

Numerous engineering and physical phenomena can be adeptly characterized
and scrutinized through mathematical modeling. Conditions such as aortic aneurysm
development (Hao et al., 2017), management of HIV infections (Ogunlaran & Ouk-
ouomi Noutchie, |2016), diabetes management (Shtylla et al., 2019), combating an-

tibiotic resistant infections (Roberts et al., 2019), cardiac rhythms (Jones et al.,
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2009)), drug dispersion (Jones et al., 2009), hepatitis C virus (Elkaranshawy et al.,
2019), and tumor proliferation and cancer treatment have all been elucidated using
this technique. Scholars focusing on cancer biology primarily endeavor to develop
mathematical models for the quantitative analysis of tumor growth and the response
of cancer cells to various therapies.

Theoretical exploration of liver cancer via mathematical models provides a
valuable approach to enhancing our understanding of tumor-immune dynamics. De-
spite substantial advancements in elucidating how tumors circumvent immune de-
struction, the mechanisms by which the immune system protects against malignan-
cies remain incompletely understood. Thus, it is increasingly imperative to investi-
gate the interaction between the immune system and malignant cells in vivo (Coskun
et al., 2010; Spalding et al., 2008)). Several studies have concentrated on the dynamic
characteristics of the tumor-immune response system. To advance immunotherapy
strategies, including dendritic cell vaccines, |(Qomlaqi et al.|(2017) proposed a math-
ematical model delineating interactions between cancer cells and adaptive immune
responses in murine models. Their model integrates interleukin-2 cytokines, tumor
cells, natural killer cells, regulatory T cells, and both naive and mature helper T
cells, as well as naive and mature cytotoxic T cells. Tumor growth due to inter-
nal pressure was explored by (Jones et al., 2009)), incorporating tumor size, internal
pressure, and nutrient concentration within a system of partial differential equations
in the absence of therapeutic interventions (Tao et al., 2010). A statistical model
for cancer mortality was investigated by (Ghosh & Samantal (2019). A framework
for immunotherapy using mature dendritic cells was proposed by Arabameri et al.
(2018). A revised model incorporating the effects of INF-a and IL-2 was suggested
by Mamat & Subiyanto (2013)). To evaluate the influence of C' D4 T cells, a model
was initially developed by Eftimie et al.| (2010) and subsequently refined by L. An-
derson et al. (2015) and X. Hu & Jang (2018). C'D4*" T cells, serving as helper
cells to activate C'D8" T cells and safeguard against malignancies, also possess the
ability to directly destroy tumor cells through cytokine secretion (L. Anderson et al.,

2015} | X. Hu & Jang, [2018; Mattes et al.,|2003; Perez-Diez et al., 2007} |S. Zhang et
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al.,[2009).

A mathematical model combining chemotherapy and immunotherapy for tu-
mor growth was introduced by |de Pillis et al.| (2006). A model for radiation ther-
apy, which considers the proportional impact on normal cells, was developed by
(Freedman & Pinho|, 2009). The mathematical model for bacille Calmette-Guérin
(BCG) immunotherapy for superficial bladder cancer was analyzed by (Bunimovich-
Mendrazitsky et al., 2007). Ghosh & Banerjee (2018]) explored the role of antibodies
in regulating malignancy proliferation. The impact of natural killer cells (NK), circu-
lating lymphocytes, C'D8" T cells, and CD4+ T cells on cancer cells was examined
by Makhlouf et al. (2020), leading to the development of a treatment protocol that
integrates chemotherapy, 1L-2 cytokine therapy, and adoptive immunotherapy in-
volving CD8+ and C'D4* T cells. They further argued that C'D4™ T cells primarily
eliminate tumor cells through cytokine production, in contrast to C'D8" T cells.

Abernathy et al.| (2020) investigated a modified nonlinear cancer model in-
corporating virotherapy, optimizing the dose for effective tumor eradication. (Cho
& Levyl [2020) devised a cancer growth model incorporating targeted therapies and
chemotherapy to analyze the competitive dynamics between malignant and healthy
cells. Schlicke et al.|(2021)) calibrated the model using data from three patients with
non-small cell lung cancer, developing a framework that incorporates various treat-
ment options and assesses their outcomes. To quantitatively assess the relationship
between cancer and the immune system, while accounting for antibodies, |Ghosh &
Banerjee| (2018) developed a model reflecting these parameters. The model pro-
posed by (Ivanov et al., 2009) was based on clinical evidence of antibodies directly
eliminating malignant cells.

Kuznetsov et al. (1994) proposed a mathematical model for cytotoxic T lym-
phocytes and their response to an immunogenic tumor. They examined how the
immune system influences tumor growth, the mechanisms through which tumors
evade detection, and the development of dormant tumor states. Kirschner & Panetta
(1998) utilized mathematical modeling to elucidate interactions among tumor cells,

immune effector cells, and interleukin-2 (IL-2), addressing both long-term relapses
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and short-term tumor growth fluctuations. The periodic dynamics within immune
system models were explored by (Bodnar & Forysl |2000b). A generic model of
immune system dynamics, proposed by (Bodnar & Forys, 2000a) within Marchuk’s
framework, illustrated various aspects of disease progression, oscillations, and re-
covery, and provided insights into the qualitative behavior of the model solutions.
The spontaneous regression and growth of malignant tumors were conceptualized as
a prey-predator system, where tumor cells are the prey and cytotoxic T-lymphocytes
are the predators, incorporating stochastic elements to account for random fluctua-

tions around the positive equilibrium point (Sarkar & Banerjee, 2005).

Modelling HBV and Liver Cancer via Classical Differential Operators

The correlation between hepatitis and malignancy within a homogeneous pop-
ulation, considering continuous influxes of cancer patients, was demonstrated by
(Bhadauria, [2011) through the utilization of a nonlinear mathematical framework.
Their study encompassed both vertical and horizontal transmission mechanisms of
hepatitis within the community. By employing stability theory of differential equa-
tions, the equilibrium stability of the model was analyzed. Sensitivity analysis was
conducted to evaluate how variations in system parameters influenced the endemic
equilibrium. Additionally, the fourth-order Runge-Kutta method was applied to per-
form numerical simulations of the proposed model. A notable achievement of their
model was quantifying the effect of hepatitis virus infections on cancer patients and
its subsequent impact on increasing hepatitis outbreaks within the general popu-
lace. Their findings indicated that an increase in hepatitis infection transmission
rates corresponded with a rise in the endemic infective population levels. This effect
was further exacerbated when there was an elevated risk of hepatitis infection among
cancer patients. Their study also highlighted that hepatitis B and C infections, which
progress to liver cancer, facilitate a heightened prevalence of cancer cases within the
population.

As part of oncolytic virotherapy, malignant tumor cells are targeted with viruses
to induce infection and subsequent cell lysis while preserving healthy cells. This
therapeutic approach also augments the immune system, enhancing the body’s de-
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fense mechanisms. Oncolytic virotherapy operates without the necessity for chemo-
therapy or radiation, simulating a virus’s natural infection process. Abernathy et
al. (2020) incorporated this treatment modality into their work, proposing a system
of four nonlinear differential equations to model the implementation of virotherapy
as an anti-cancer strategy. Their model elucidates the interactions between virions,
effector T cells, infected tumor cells, and non-infected tumor cells.

To investigate the immune system dynamics and viral interactions during hep-
atitis B virus (HBV) infections, |Long & Q1 (2009) developed a mathematical model
grounded in the pathophysiology, virology, and immunology of HBV. Specifically,
they calibrated the noncytopathic effects of the cellular immune response to be pro-
portional to the count of cytotoxic T lymphocytes (CTLs), rather than the product of
CTL numbers and infected hepatocyte counts. The model underscored that robust
immune responses are crucial for combating HBV infections. It also illustrated that
vertical transmission of HBV results in a less severe, asymptomatic form of hepati-
tis, suggesting that both the absence of an antiviral immune response and the virus’s
persistence post-mother-infant transmission could be attributed to neonatal immune
tolerance. In 85%—-95% of adults, HBV infection typically leads to acute hepati-
tis followed by recovery, contingent upon the development of sufficient immune
defenses. Recovery involves the generation of potent and diverse CD4 and CDS8 T-
cells, the synthesis of neutralizing antibodies against the HBV surface antigen (HB-
sAg), the production of antiviral cytokines such as tumor necrosis factor-alpha and
interferon-gamma, and the establishment of resistance to reinfection. However, the
exact proportional contributions of various immune system components, particularly
the role of neutralizing antibodies in infection development and progression, remain
inadequately understood. Further research is necessary to elucidate the specific roles
of these immune system components during HBV infection.

To elucidate the intricacies of the immune system’s response to hepatitis B
virus (HBV) infections, Chenar et al. (2018) has extended the immune response
model proposed by (Long & Qi, 2009) by incorporating additional immune system

dynamics. Their enhanced model integrates the roles of cytokines alongside innate
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and adaptive immune responses, with the primary aim of examining the synergistic
interactions among disparate constituents of the immune system during HBV infec-
tions. Their research vividly illustrates the pivotal role of cytokines in modulating
the immune system’s response and controlling viral replication. Through a compre-
hensive stability analysis of multiple equilibrium states, the model was examined
for conditions leading to periodic oscillations, infection eradication, or chronic in-
fection persistence. The critical efficacy of therapeutic interventions, including inter-
feron therapies and nucleoside analogs, was evaluated. Numerical simulations were
employed to probe the interactions between cytokine-related parameters and the sta-
bility of the endemic equilibrium, with the objective of refining the understanding
of cytokine involvement in the system’s dynamics. Their results suggest that the
endemic steady state can be stabilized by increasing the rates at which [ F'N 2 and
I'F'N. augment the cytolytic activity of NK cells or by enhancing the rates at which
these interferons inhibit new virion production.

A notable feature of immunological dynamics is the non-instantaneous nature
of several critical processes, such as the latency period between infection and cy-
totoxic T lymphocyte (CTL) recruitment, the generation of new virions post-cell
infection, and the duration of viral cellular invasion. Therefore, (Chenar et al., [2018))
can be extended mathematically by incorporating discretely distributed time delays
for each associated process, thereby enhancing the model’s realism and analytical
complexity. It is well-established that antibodies bind to viral particles to form
virus-antibody complexes rather than directly neutralizing the viruses. Since these
complexes can dissociate and are not always stable, explicitly including them in the
model could elucidate the dynamics more clearly. Despite their increased complex-
ity, age-structured infectious disease models provide a more accurate depiction of
disease transmission dynamics.

Building upon the aforementioned analysis, Fatehi et al.[(2022) advanced the
work of (Chenar et al., 2018]) by incorporating the age distribution of infected cell
populations, thereby accounting for the contributions of both humoral and cell-

mediated immunity in the context of HBV infection. The model was adapted to re-
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flect chronic infection, infection clearance, and exacerbations by adjusting immune
response parameters. Initial validation of the model was conducted using publicly
available patient data from acute infection phases. According to prevailing theories,
C'D8" T-cell depletion is associated with prolonged exposure to high antigen loads.
The model was calibrated using viral load data from six patients recorded during
the acute infection stage, with the initial viral load V,.(0) treated as a variable. It
was observed that patient 2 exhibited an earlier peak viral load compared to other
patients, suggesting a potentially higher initial viral load. For patients 1, 3, 4, 5,
and 6, the initial viral load was consistent with a value of 0.33 virions per milliliter,
aligning with most literature findings, whereas for patient 2, the initial viral load was
substantially higher at 10 virions per milliliter.

Analysis of the impact of non-infectious subviral particles and immune re-
sponse exhaustion on immune response dynamics has been conducted. The com-
parative evaluation of various therapeutic interventions within the framework of this
model reveals that therapies targeting specific stages of the viral life cycle are more
efficacious than fatigue mitigation therapies, which are designed to address immune
response depletion. Further results from the model suggest that initiating antiviral
treatment during a period of declining viral load is more advantageous than start-
ing therapy during periods of increasing viral load. The model demonstrates that
expedited antibody production consistently leads to viral eradication, highlighting
the potential effectiveness of antibody-based therapeutics currently in clinical trials

(Fatehi et al., [2022).

Modeling HBV and Liver Cancer via Fractional Differential Operators
Fractional calculus, an extension of classical calculus, focuses on the opera-
tions of integration and differentiation of arbitrary orders (Nisar et al.,[2022). During
the 19th century, mathematicians developed fractional differential equations, frac-
tional dynamics, and fractional geometry through the framework of fractional calcu-
lus. Presently, fractional calculus is applied across nearly all scientific disciplines.
It is utilized to model phenomena in physics, engineering, and biology where tra-
ditional integer-order mathematical models prove inadequate. Consequently, disci-
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plines such as mechanics, chemistry, biology, and image processing have signifi-
cantly benefited from the adoption of fractional calculus. This approach addresses
a range of issues, including historical and nonlocal effects, which are inadequately
captured by integer-order derivatives. The Riemann-Liouville and Caputo fractional-
order derivatives (RLFD) have been pivotal in the advancement of this research.

The incubation periods for bacteria, viruses, and vectors to acquire infectious-
ness exemplify how many biological systems exhibit memory effects or delayed re-
sponses (Sun et al., 2022). Fractional differential equation modeling of these systems
provides distinct advantages over conventional integer-order models, which neglect
such effects. Studying the immune system’s response to cancer interactions is essen-
tial (Sun et al., 2022). A primary objective among researchers is to accurately model
these interactions without overly complicating the mathematical framework.

Recently, there has been a growing focus on the issue of solitary kernels asso-
ciated with fractional derivatives. To address this, (Amin et al., 2022) introduced a
range of novel definitions. These new definitions, characterized by their nonsingu-
lar kernels, have had a profound impact. The Caputo-Fabrizio, Atangana-Baleanu
(Atangana, 2018)), and Caputo fractional derivatives (Kai, 2010) differ primarily in
their underlying definitions: the Caputo-Fabrizio derivative is defined by an expo-
nential decay law, the Atangana-Baleanu derivative by the Mittag-Leffler (ML) law,
and the Caputo fractional derivative by a power law . Consequently, these fractional
differential operators have been employed by researchers to tackle various practi-
cal challenges. For instance, Farman et al. (2021) explored the role of fractional
time derivative operators in modeling anomalous diffusion. The study in (Ghan-
bar1 & Gomez-Aguilar, 2018) expanded on the model of nutrients, phytoplankton,
and zooplankton using variable-order fractional differential operators. Additionally,
(J. Gomez-Aguilar et al., 2019) applied robust methods to investigate the dynamics
of fractional calcium oscillation models, focusing on controlling nonlinear fractional
systems.

The influence of vitamins on tumor cell proliferation across various fractional

orders was elucidated by (Ahmad et al., 2020), who explored a fractional-order
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tumor-immune-vitamin model (TIVM) employing the Mittag-Leffler derivative. Uti-
lizing adjusted parameters from the Caputo fractional-order model, Sweilam et al.
(2020) developed a mathematical framework to control cancer cell dynamics. Their
research incorporated optimal control strategies for a fractional-order delay model
in oncological therapy. The primary aim of their study was to minimize tumor cell
populations in the context of fractional optimal control problems (FOCPs) using the
proposed paradigm. The fractional-order model proposed by |/Ahmad et al.| (2020)
incorporates two immune effectors interacting with cancer cells.

Nevertheless, fractional derivatives often lead to singularities that are imprac-
tical for modeling dynamic systems. To address this issue, the Caputo-Fabrizio (CF)
operator was introduced as a novel fractional derivative (Caputo & Fabriziol [2015).
Despite its advantages, the Caputo-Fabrizio operator presents challenges, including
issues related to kernel locality. |Atangana & Baleanu| (2016) proposed an innovative
fractional derivative to resolve these issues, incorporating the generalized Mittag-
Leffler function (MLF) derived from the power series analysis of the complex num-
ber system as a non-local and non-singular kernel. (Gao et al. (2021]) introduced
a new mathematical model for hepatitis B virus (HBV) incorporating the Caputo-
Fabrizio fractional derivative with immune delay. The existence and uniqueness of
solutions for this model were established using Laplace transforms and fixed point
theorems. Building on this work, Sun et al. (2022) expanded the model to include
cytotoxic T lymphocytes (CTL) and alanine aminotransferase (ALT) levels, which
are indicative of liver damage. They highlighted the absence of studies analyzing
HBYV dynamics that integrate logistic proliferation, time delays, and CTL and ALT
factors using fractional differential equations.

The non-local nature of fractional differential equations (FDEs) encompasses
not only the current state but also historical states. Given that the differentiation
order, ¢, is unique and can vary significantly based on model outcomes, converting
models governed by integer differential equations (IDEs) to FDEs requires preci-
sion. IDEs are limited in their capacity to model certain phenomena, whereas FDEs

offer a more comprehensive approach. Due to their relevance in modeling mem-
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ory and inherited traits, biological systems are predominantly modeled using FDEs.
The use of fractional-order derivatives captures various issues, including historical
and non-local effects, and has been applied to numerous physical process modeling
scenarios. |/Ahmad et al.| (2020) investigated a fractional-order model involving in-
teractions between two immune effectors and cancer cells. Their study incorporated
a comprehensive immune system model, considering multi-functional pathways and
immune system cross-reactivity.

The (AB) operator has been employed to investigate the tumor immune vita-
mins model as documented by (Ahmad et al., 2020). A non-singular operator has
been utilized to analyze the time-fractional Klein-Gordon equation, encompassing
solitary and shock wave solutions (Saifullah et al., 2021). Leveraging a fractional-
order operator, |Alzahrani et al. (2021) developed a mathematical framework for
Covid-19, incorporating effects such as isolation and quarantine. (Ahmed et al.,
2012) examined a fractional-order model involving two immune effectors interacting
with cancer cells. A novel mathematical paradigm was introduced by (Akman Yildiz
et al., 2018) to elucidate the impact of obesity on malignant tumor growth following
both immunotherapy and chemotherapy. They addressed an optimal control prob-
lem aimed at eradicating the tumor population and optimizing drug dosage over a
finite time horizon. The model, incorporating Caputo time fractional derivatives,
includes variables such as tumor cells, immune cells, adipose cells, and drug con-
centrations for both chemotherapy and immunotherapy. Analytical investigations
were conducted to ascertain the stability and existence of equilibrium points, includ-
ing coexisting and tumor-free equilibria. Additionally, they meticulously analyzed
the correlation between the cost functional value, the differentiation order «, and
the decay rate of chemotherapeutic agents. Their findings suggest that employing
a fractional derivative with a nonsingular kernel, in conjunction with an optimal
treatment strategy, is beneficial for devising the most effective immunotherapy and
chemotherapy regimen.

To the best of the existing knowledge of the subject matter, although exten-

sive research has been conducted to address hepatitis B virus and liver cancer, no
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mathematical modeling has been undertaken to explore the co-existence dynamics
of these two diseases. This entails the assimilation of both fractional-order and
classical-order models, which would enable the incorporation of the immune sys-
tem’s function and the implementation of control strategies for addressing infected
cells. Consequently, a convergence of this research with the aforementioned math-
ematical frameworks related to the transmission dynamics of hepatitis B virus and
hepatocellular carcinoma is expected to yield profound insights and bolster initia-

tives aimed at the eradication of these widespread global maladies.

Chapter Summary

This chapter has encapsulated an exhaustive examination of various mathe-
matical paradigms employed to elucidate the intricacies and mechanisms governing
the propagation of the hepatitis B virus and hepatocellular carcinoma, along with the
essential role of the immune system in regulating these infectious processes. Fur-
thermore, a historical overview of the implementation of both fractional-order and
classical-order mathematical models for the investigation and control of infectious
diseases was presented. These models were devised with a meticulous consideration
of the properties of the hepatitis B virus, the transmission dynamics of liver cancer,
and the immunological responses provoked by these pathogens.

Scholarly endeavors have concentrated on the conventional SIR model to rep-
resent the dynamics of hepatitis B virus and liver cancer, while other research has
employed modified versions of the SIR framework to explore the transmission dy-
namics of these conditions and incorporate the immune system’s reaction. To deter-
mine whether hepatitis B virus and liver cancer could establish endemicity within
a population, the basic reproduction number, R,, was calculated for both classes
of models. Consequently, this study adapted the classical SIR model initially in-
troduced by (Kermack & McKendrick, [1927), utilizing both fractional-order and
classical-order deterministic models to rigorously investigate the dynamics of hep-

atitis B virus and liver cancer dissemination.
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CHAPTER THREE

RESEARCH METHODS

Introduction

In order to fulfill the goals set in Chapter one, a classical and fractional or-
der mathematical models were developed in this chapter that uses a deterministic
method to study the immune system’s role in combating the co-existence dynam-
ics of hepatic carcinoma and the hepatitis B virus (HBV). The model’s predictive
value (Ry) was assessed based on how well it reflected the biological systems of the
two infections. The transition period between acute and chronic infection was also

determined.

Classical-order Model

Classical calculus is used to model infectious diseases by employing differ-
ential equations to characterize the dynamics of variation within population strata,
such as Susceptible (S), Infected (I), and Recovered (R), in models akin to the SIR
paradigm. These equations capture how individuals transition between compart-
ments based on factors like infection and recovery rates. For instance, the velocity at
which susceptible individuals transition to infected states is frequently represented
as commensurate with the number of prevailing infections. Solving these equations
allows researchers to predict disease spread, estimate key thresholds such as the ba-
sic reproduction number (R;), and assess the impact of control measures. This ap-
proach provides a mathematical framework to understand and predict the dynamics

of disease transmission over time.

Model Formulation

A compartmental mathematical model was developed to explore the complex
interactions between hepatitis B pathogen and hepatic malignancy infections. This
model relies on recent scientific insights into the core characteristics of HBV in-
fections and hepatic carcinoma, as well as on theoretical constructs and empirical
research conducted by other scholars (Nowak et al., [1996; |Perelson et al., |1996;

Ciupe, Ribeiro, Nelson, & Perelson, 2007; Long & Q1, 2009; |Chenar et al., 2018;
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Fatehi et al., 2022). The impact of HBV infection and the transition from acute in-
fections to hepatic carcinoma is profoundly impacted by the functions of antibodies,
cell-mediated immunity, innate immune mechanisms, and cytokines.

Macrophages exposed to HBV infection exhibit dual functionality; they can
act as both targets and defenders (Opoku & Mazandu, 2020). We modeled macro-
phages (Kupffer cells) as the target cells in our mathematical model, rather than
hepatocytes because of their central role in mediating immune responses and in-
flammation in HBV infection and liver cancer progression. Although hepatocytes
are the direct target of HBV, macrophages are critical in detecting HBV, releasing
pro-inflammatory cytokines, and contributing to liver damage, fibrosis, and tumor
progression Tacke (2017); Wan et al. (2014).

Upon activation, these macrophages are capable of eradicating intracellular
pathogens and participating in Type 1 and Type 2 T helper cell-mediated responses.
Human hepatic cells (hepatocytes) are categorized into two discrete groups: unin-
fected macrophages free from malignancy, labeled as M, and macrophages com-
promised by cancer, labeled as M. These macrophages, whether or not they harbor
cancer, are mobilized from the circulatory system to the locus of infection in reaction
to the presence of HBV. Upon encountering the virus, these macrophages engage in
phagocytosis, subsequently becoming contaminated at a specific moment ¢ (Long
& Q1, 2009; Chenar et al., [2018; [Fatehi et al., 2022). The resultant macrophages
harboring infection are labeled as 1,,.

This phenomenon engenders the contamination of macrophages via interac-
tions with HBV. It is conjectured that uninfected macrophages are synthesized at
consistent rates Az, and Ay, while they undergo depletion at rates ziyy, and pipz,
respectively. In our model, uninfected (cancer-affected) macrophages, M, are syn-
thesized at a constant rate A, reflecting the steady progression of liver cancer
due to external factors like excessive alcohol consumption and smoking. These fac-
tors are independent of viral infection but contribute to the overall cancer burden.
HBYV entities infiltrate macrophages at a rate commensurate with the product of M,

My, and V (specifically, 51V M, and S5V My), with proportionality coefficients (3,
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and 3, (Long & Q1, [2009; Chenar et al., 2018; Fatehi et al., [2022). Contaminated
macrophages are eradicated at a constant rate of 17, per cell. Among the infected
macrophages, some progress to cirrhosis and subsequently to hepatic carcinoma
macrophages at a rate ¢ (Bhadauria, [2011). Hepatic carcinoma macrophages may
contract hepatitis through tainted blood transfusions or sexual contact with infected
individuals. HBV particles V' are generated at a rate Ay, while infected macrophages
produce additional free virions at a rate w (Chenar et al., 2018; |[Fateh1 et al., 2022).
Virions undergo degradation at a constant rate y within each cell. Figure [I] delin-
eates the interactions among diverse cell types within the human liver.

A primary role of the innate immune response is to promptly arrest the spread
of the virus to adjacent cells following its entry into the liver cell (Laing, [2022).
Innate immune cells are equipped to manage mild HBV infections without inducing
severe inflammation once the pathogen is endocytosed and processed. However,
in cases of severe infection, an adaptive immune response, characterized by pro-
inflammatory macrophages and T cells, becomes essential. The adaptive immune
response involves HBV-specific T lymphocytes, referred to as naive T cells 7j, and
HBsAg-specific antibodies A that target and neutralize virions (Laing, 2022; Howard
et al., 2022)).

Pathogen incursion is specifically mitigated by antibodies, which bind to and
neutralize the pathogens. During HBV infections, cells compromised by the virus
generate surplus sub-viral particles (SVPs) in quantities ranging from one thousand
to one million times the number of infectious viral particles. These SVPs may pro-
foundly impact the host’s immunological response to HBV infection. As elucidated
by (Ciupe et al.|(2014); J. Hu & Liu| (2017), SVPs function as subterfuges, divert-
ing antiviral immunoglobulins away from targeting the hepatitis B virus. Further-
more, they may contribute to immunological tolerance during neonatal contami-
nation, thereby postponing the production of neutralizing antibodies and allowing
HBYV to circumvent immune surveillance. The response is orchestrated through the
generation of macrophages, T lymphocytes, and cytokines. In the absence of infec-

tion, HBsAg-specific antibodies (A) are synthesized at a steady rate A 4 and undergo
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degradation at a per capita rate p4. During infection, antibodies are produced at a
pace ¢, which correlates with the viral burden, and they neutralize viral particles at
a pace d4 (Ciupe et al., 2014; Chenar et al., 2018} |[Fatehi et al., 2022).

Macrophage T cells are produced at a pace Az, and experience mortality at
a uniform velocity p7;, (Long & Q1, [2009; |Chenar et al., [2018; [Fatehi et al., 2022)).
Following uptake by macrophages compromised by infection, the pathogen con-
tinues to proliferate by evading intracellular elimination mechanisms, initially sus-
taining a latency phase during which pathogen replication remains minimal. This
ongoing intracellular replication within infected macrophages leads to an increase
in the viral population within the host liver cells. Virus replication within infected
macrophages triggers the induction, activation, and differentiation of naive T cells
originating from the hematopoietic tissue in the bone marrow into either T helper
1 (Ty) or T helper 2 (T5) cells (Howard et al., [2022; Benova et al., 2020; Mueller
& Rouse, [2009). The cellular immune responses of 77 and 75 cells to HBV infec-
tion are influenced by the density of infected macrophages and the quantity of the
virus. T helper 1 lymphocytes (7}) mature at a velocity p; and undergo apoptosis
at a uniform velocity pr,, specializing in orchestrated immune responses, whereas
T helper 2 lymphocytes (75) mature at a rate p, and undergo apoptosis at a uniform
velocity pp, (Howard et al., 2022; Benova et al.,[2020). T helper 1 lymphocytes (77)
induce infected macrophages to secrete cytokines at a velocity 7, whereas cytotoxic
T lymphocytes primarily target and annihilate the pathogen through the discharge of
cytotoxic granules, operating at a steady velocity of d3 (Chenar et al., 2018)).

Naive T lymphocytes undergo further maturation into controlling T lympho-
cytes, which orchestrate the modulation of 7} and 7% lymphocyte production (Opoku
& Mazandu, 2020; Howard et al., [2022; Benova et al., |2020; [Mueller & Rouse,
2009). It has been documented that the genesis of controlling T lymphocytes, which
execute cytolytic functions to synthesize interleukin-10 (/;9), is delayed due to the
pathogen’s propensity to exhibit transient quiescence during the acute phase within
infected macrophages (Hassuneh et al.,[2013). Interleukin-10 is a cytokine endowed

with chiefly anti-inflammatory attributes that impacts both 7} and 75 adaptive im-
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mune paradigms. During HBV infections, it also orchestrates the innate immune
system, immunoglobulins, and effector B lymphocytes. Naive T lymphocytes se-
crete 1o at a rate ps, and it undergoes catabolism at a steady velocity .. 1o
modulates the differentiation of 7} and 75 lymphocytes, with its inhibitory effects
on antigen-presenting cells (APCs) obstructing the synthesis of pro-inflammatory
cytokines such as /15, and attenuating molecules entangled in antigenic presentation
and lymphocyte mobilization (Wiah et al., 2011). Although predominantly suppres-
sive, these cytokines also exhibit immune-enhancing properties, such as promoting
the proliferation of cytotoxic T lymphocytes, alternatively known as T helper 2 cells.
The plus sign signifies cytokine up-regulation, while the minus sign denotes down-
regulation (Opoku & Mazandu, 2020).

An additional mechanism through which the immune system ameliorates and
precludes the advancement of HBV infection into hepatic neoplasia involves effector
B lymphocytes, also known as plasmacytes (Wiah et al., 2011} Laing, 2022). These
specialized entities secrete immunoglobulins, facilitate the recuperation of pathogen-
invaded cells, and prime T lymphocytes both cytotoxic T lymphocytes and T helper 1
lymphocytes thereby instigating cell-mediated immune reactions (Wiah et al., 2011}
Howard et al., 2022; |[Benova et al., [2020; Mueller & Rouse, [2009). Effector B lym-
phocyte populations are maintained at a stable homeostatic equilibrium post-viral
eradication due to the persistence of enduring plasma and memory B cells (DeVico
& Gallo, 2004). When viral peptide-major histocompatibility complex (MHC) class
I molecules, which present viral antigens, are exhibited on the cellular membrane,
effector B lymphocytes identify these cells as infected. In the absence of infection,
effector B lymphocytes are posited to proliferate at a rate Ax and undergo attrition
at a steady velocity pg per cell (Chenar et al.| 2018; |[Fatehi et al.| 2022). During
HBYV infection, effector B lymphocytes are adept at both eradicating and rehabilitat-
ing infected macrophage cells. We represent these dual functions (elimination and
restoration) within a singular reaction wherein effector B lymphocytes engage in the
destruction and repair of infected macrophages at a rate J,. It has been documented

that cured cells exhibit a gradual diminution of resistance to productive infection,
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with a rate on the order of 10° per day, while effector cells concurrently eliminate
infected macrophage cells. During an infection, the population of effector cells ex-
pands by a factor of o), F, where o denotes the maximum proliferation rate. This
expansion occurs in a manner contingent upon the antigen density within contami-
nated cellular populations (Chenar et al., 2018} [Fatehi et al., 2022).

The hepatitis B virus demonstrates extraordinary adaptability by utilizing mech-
anisms to obstruct the translocation of MHC molecules to the cellular membrane,
thereby impeding the presentation of viral peptides and evading T cell surveillance.
In such scenarios, T lymphocytes may be incapacitated in recognizing the viral pres-
ence within the infected cell. Nonetheless, natural killer (NK) cells, also desig-
nated as N cells, are proficient in targeting cells exhibiting attenuated MHC class I
molecule expression (Laing}, 2022; Howard et al., 2022; Benova et al., 2020; Mueller
& Rousel 2009). Upon identifying cells with diminished MHC expression, N cells
secrete cytotoxic agents, analogous to cytotoxic T lymphocytes, to eradicate the vi-
rally compromised cells. In the absence of infection, natural killer Ny cells, which
function as the primary line of defense against exogenous pathogens, are conjec-
tured to proliferate at a rate Ay, and undergo programmed cell death at a constant
per capita rate piy, .

In evaluating the immune response dynamics to HBV and hepatic malignancy
co-infection, the role of cytokines is crucial (Wiah et al., 2011} |Chenar et al.,|[2018).
Interferons, a category of diminutive proteins synthesized and secreted by virally
compromised macrophages, are vital for the immunological defense against HBV.
Interferons inhibit viral replication within infected macrophages. Type-1 interferon
(IF'N,/p), denoted as F1, is generated by infected macrophages at a rate € and un-
dergoes degradation at a per-cell rate pr, (Guidottt & Chisari, 2001; Busca & Ku-
mar, 2014} |Wiah et al., [2011; Chenar et al., 2018). Conversely, Type-2 interferon
(IF'N,), represented by F5, is also produced by natural killer cells Ng (DeVico
& Gallol 2004} \Guidotti et al., [1994; [Herbein & O’brien, |2000; (Wiah et al., 2011}
Chenar et al., 2018) at a rate 1 and is lost at a per capita rate pp, .

I'F'N,, instigates the synthesis of protein-10, which augments and recruits N
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cells (Herbein & O’brien, 2000; Chenar et al., 2018), whereas I F'N,, /3 activates nat-
ural killer N cells during viral invasion (Pawelek et al.,|2012; Chenar et al., 2018)).
Consequently, it is conjectured that the synergistic impact of interferons on the stim-
ulation of Ny cells manifests at a rate of 6; N F; + 0, Ni F,, where 6; denotes
the activation rate of Ng cells by Type-1 interferon and 65 signifies the activation
rate by Type-2 interferon. In addition to augmenting the proliferation of nascent
N cells, IFN, 5 and I F N, elevate the cytotoxicity of Ny cells and effector B
cells, respectively (Abbas et al., [2014; Chenar et al., 2018). Therefore, it is pos-
tulated that natural killer cells and effector B cells eradicate infected macrophages
at rates 01 (1 + x1F1) Iy N and 0o (1 + xoF») Iy E, respectively (Chenar et al.|
2018)). Here, x; represents the factor by which Type-1 interferon enhances the cyto-
toxicity of Ny cells, while y» denotes the factor by which Type-2 interferon ampli-

fies the cytotoxicity of effector B cells.

Basic model assumptions
In addition to the assumptions previously outlined, we make the following

supplementary assumptions:

(H1) It 1s hypothesized that a subset of hepatic cells has acquired neoplasms as a
result of exogenous influences such as excessive ethanol intake and tobacco
use. The work subsequently implement hepatitis B virus (HBV) infection to

investigate the ensuing co-occurrence dynamics.

(H2) Temporal lags in the replication mechanisms of discrete cellular constituents

are not factored into the model.

(H3) The populations of phagocytic cells and the pathogen are presumed to be uni-

formly dispersed throughout the system at all times.

(H4) The study incorporate intermediary stages, including T helper-1 (Th1) cells, T
helper-2 (Th2) cells, and memory B cells, as part of the progression towards

the formation of effector cells and plasma cells.
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(HS) The model utilizes the principle of mass action, which asserts that the ve-
locity of viral infections is proportional to the product of the quantities of

non-infected phagocytes and infected phagocytes.

The overarching framework of the model, including its state variables and pa-

rameters, is elucidated in Figure [T] and detailed in Tables [T} 2| and [3| respectively.

ATO lu’ To
P2 P1

P3

1
1
|
| Y
W S o
~ ! e
~ v s
1

ANy 02 l HF,

MNg

Figure 1: lllustrate the Schematic Representation of the Immunological Reaction to
the Concurrent Presence of HBV and Hepatic Carcinoma (Author’s con-
struct, 2022)

In Figure [T} yellow rectangles signify the hepatic cellular populations of the
host, encompassing uninfected macrophages (both with and without malignancy)
as well as infected macrophages. Red rectangles represent the T cell populations,
while blue rectangles signify the antibody populations. Pink rectangles illustrate the
effector B cells populations. Green rectangles are used to depict cytokines, such as
type-1 and type-2 interferons and interleukin-10. The violet rectangle corresponds
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to the innate immune cells (N cells), and the purple rectangle denotes the virus
particle (virion) population. Thick lines with arrowheads indicate direct interactions,
thick lines with bar heads signify clearance or destruction, and dashed lines represent
various forms of interactions.

Table 1: Model State Variables and their Description

State variable Description

1o Naive T cells

Ty T helper 1 cells

T T helper 2 (cytotoxic T cells)

M, Uninfected macrophages cells without cancer
M,y Uninfected macrophages cells with cancer
Iy Infected macrophages cells

V Virus

A Antibodies

E Effector B (Plasma) cells

Ny Natural killer cells

I Interleukin-10 cytokines

F Type-1 interferon (alpha-beta) cytokines
E, Type-2 interferon (gamma) cytokines

Source: Author’s construct (2022)
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Table 2: Parameters of Model and their Description

Parameter Description

Ar, Supply rate of naive T cells

A, Supply rate of uninfected macrophages without cancer
Ay, Supply rate of uninfected macrophages with cancer
Ay Virus recruitment rate

Ag Antibody growth rate without infection

Ag Effector B cell growth rate without infection

ANy Natural killer cell growth rate without infection

W, Naive T cells decay rate

i T helper 1 cells decay rate

17 T helper 2 decay rate

1, Decay rate of uninfected, neoplasia-free macrophages
o, Decay rate of malignant uninfected macrophages

Iy Infected macrophages decay rate

Ly Virus decay rate

A Antibodies decay rate

IE Effector B cells decay rate

N Natural killer cells decay rate

Iy, Interleukin-10 cytokines decay rate

i Type-1 interferon (/) decay rate

L, Type-2 interferon () decay rate

Source: Author’s construct (2022)
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Table 3: Parameters of Model and their Description

Parameter Description

p1 Differentiation rate of 7j to 77 induced by cytokines

P2 Differentiation rate of 7j to 75 induced by cytokines

03 Differentiation rate of 7Tj to /1o induced by cytokines

o1 Rate at which NK cells clear and cure infected cells

09 Rate at which effector B cells clear and cure infected cells
03 Rate at which cytotoxic T cells clear the virus

04 Rate at which antibodies bind and neutralized the virus

0, Rate at which / F'N,, /5 activates N cells

0, Rate at which I F' N, activates N cells

X1 Rate at which 1 F'N,, /3 enhances the cytotoxicity of NK cells
X2 Rate at which /F'N,, enhances the cytotoxicity of E cells
oh Interaction rate between V' and M,

Ba Interaction rate between V' and M,

T1 IL-10 to T helper 1 differentiation inhibition rate

Y Virus (V') lytic effect rate to release antibodies (A)

Lytic effect rate of infected macrophages to release plasma cells
w New infectious virions replication rate

(Iyr) lytic effect rate to release F cytokines

™

n (Nk) lytic effect rate to release F;, cytokines
s Lytic effect rate of 77 cells to activate [); for cytokine production
¢

Rate at which I, cells develop into liver cancer

Source: Author’s construct (2022)
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Equations of the Model

The ensuing system of differential equations of classical order illustrates the

immune response to the concomitance of hepatitis B virus and hepatic carcinoma,

based on the previously mentioned postulates. The model framework is supported

by tenets of clonal selection theory, mass-action kinetics, and the balance between

cellular and molecular population dynamics, including proliferation and attrition.

dT; )
d_to = Aq, — prdyTolho — p2VIolio — psTolu (m) — pir, 1o,
dT}
d_tl = pilyTolo — wlyTy — p Th,
dT:
d_752 = poVIolo — 0315V — pp, T,
dM,
70 = AMO - ﬁlVMO - ,uMoMOa
dM
71 = Ay, — BV My + (e — pong, M,
dly
e BV Mo+ BoV My + Iy Ty — 61 (1 + x1Fy) I Ni
—(52(1+X2F2)IME—O'IME— (w—l—s—i—{—l—,u[M)]M,
dV
E :Av—f-u}]M —53T2V—54AV— (1/)+[LV)V,
dA
E :AA+wV—54AV—,uAA,
dFE
% :AE —52(1+X2F2)]ME+O'IME—MEE,
dNy
= Ang — 61 (1 +x1F)) Iy Nk + 6 Fy + 62F, — (n+ pny ) Nk,
d]l() 1
—— =l Ty | ———— | — I
di pP3ipdo (1+7_1[10> Hr0410,
dF
d—l =cly — (61 + pr) Fi,
t
dF5
%ZUNK_(62+/*’LF2)F2‘ J

)

The system delineated in reference [5] is not adimensional. The term “nondimen-

sional” signifies that, in the absence of precise information about the actual magni-

tudes of the variables, we assume these magnitudes to be proportional.
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Basic Model Properties
This section expounds upon the attributes of positivity, boundedness, exis-

tence, and uniqueness of solutions for the model framework.

Positivity of Solutions

To affirm the mathematical and epidemiological robustness of model frame-
work [3] it is imperative to ensure that solutions commencing from positive initial
states continue to be positive for all ¢ > 0. Hence, it is essential to validate that
each state variable remains non-negative, as negative cellular population densities

are illogical. This assertion is reinforced by the ensuing lemma.

Lemma 3

If To(0) > 0, T1(0) > 0, To(0) > 0, Mp(0) > 0, M;(0) > 0, I1;(0) > 0,
V(0) > 0, A(0) > 0, E(0) > 0, Ng(0) > 0, I10(0) > 0, F1(0) > 0 and F5(0) > 0,
then the solutions Ty(t) > 0, T1(t) > 0, To(t) > 0, My(t) > 0, My(t) > 0,
In(t) >0, V() >0, A(t) > 0, E(t) > 0, Ng(t) > 0, I1p(t) > 0, Fi(t) > 0 and
Fy(t) > 0 of model[5are positive forall ¢t > 0 .

Proof. We define
T = sup {t > 0:To(t) >0, My(t) >0, Mi(t) >0, and V(t) >0,

A(t) = 0, B(t) > 0, Ng(t) > 0,Ti(t) = 0, To(t) = 0, I (£) > 0,

Lio(t) 2 0, Fi(t) = 0, Fo(t) > 0}.
This implies that

To(t) > 0, Mo(t) > 0, My(£) > 0, and  V(£) > 0, A(t) > 0, B(t) > 0,

Rt)>0 Y telor).
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Considering the first equation in system [3] we have

T,

- Ay — prdyTolio — p2VTolio — psTolm <1+T—11110> — piry To.

It follows that

dT
d_to = Ag, — p1IuTolio — p2VIolio — p3sTolm — piry To,

1

TrTe I10> < psToly;. Hence,

since p3T0[M <

dTy

— > —urT t ) 6
i = pr,To Vv € [0,7) (6)

Seperating variables and integrating both sides of Eq. (6] from 0 to 7 gives
To(r) > To(0)exp [—pr,7] > 0.

For the second equation in system [5, we have

dT}
d_tl = plIMTO-llo _ﬂ--[MTl _MTITI'
It follows that
dT;
dtl —(mly +pr,) TV t€[0,7). ™

Seperating variables and integrating both sides of Eq. (/) from 0 to 7 produces

Ti(r) > Ti(0)exp {—mr—w /0 ' JM(t)dt] > 0.

For the third equation in system[5] we have

dTs

E p2VIolig — 0315V — pp,Ts.
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It follows that

dT:
d—j > —(BV +pup) Ty ¥V telo,r). (8)

Seperating variables and integrating both sides of Eq. (8] from 0 to 7 results in

To(r) > To(0)exp [—MTQT—&)} /0 TV(t)dt} > 0.

For the fourth equation in system [5| we obtain

dM,
70 = Ay — 1V Mo — piag, Mo.
It follows that
dM,
2 —(BY ) My ¥ te[0,7). )

By seperation of variables and integrating both sides of Eq. (9] from 0 to 7, we obtain

My(r) > My(0) exp {—MMOT— 8, /0 "Viydt| > 0.

For the fifth equation in system [5 we obtain

dM,
dt

= Aupy — BV My + (I — png, M.

It follows that

dM,
dt

> —(BV — )My Y te[0,7). (10)

By seperation of variables and integrating both sides of Eq. from 0 to 7, we

obtain

Mi(r) > M;(0)exp {—,uMlT — P /OT V(t)dt| > 0.
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For the sixth equation in system [5] we have

dIy

o BV Mo+ BV My + mlyTy — 61 (14 xaF1) Iy Nk

—62(1—|—X2F2)IME—0_[ME_(W+E+C+IMIM)[M'

It follows that

dIy

—r > —(wHe+C+pn)Iy ¥V te]0,T1). (11)

Seperating variables and integrating both sides of Eq. (T1)) from 0 to 7 gives
Iny(r) > Iy(0)exp|— (w+e+C+ pp,) 7] >0.

Similarly, for the seventh equation in system 5| we have

%

% = Av+wIM —(53T2V —54AV — (¢+/JJV)V
It follows that

dVv

Seperating variables and integrating both sides of Eq. from O to 7 gives

V(r) > V(0)exp |— (¥ + py)T —d3 /OT To(t)dt — 44 /OT A(t)dt} > 0.

For the eighth equation in system|[5] we have

dA

= = AE UV =B AV — A,

It follows that

dA
= 2 ~(pata)A v tefor). (13)
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Seperating variables and integrating both sides of Eq. from 0 to 7 gives

A(r) > A(0)exp {—MAT—(LL /0 TV(t)dt} > 0.

For the ninth equation in system 5 we have

dE
It follows that

dE

— > —upk . 14
7 pek ¥V t€0,7) (14)

Seperating variables and integrating both sides of Eq. (14) from 0 to 7 gives
E(r) > E(0)exp[—pgT] > 0.

For the tenth equation in system[5] we have

dN
d_tK = Ay — 01 (L + x1F1) Iy Ni 4 01F) + 02 F> — () + pivy ) Nk
It follows that

dNg

CE > @) Ne Y tefo). (1)

Seperating variables and integrating both sides of Eq. from O to 7 gives

Nk(r) = Ng(0)exp[—(n+ pn,) 7] > 0.

For the eleventh equation in system [5] we have

d[10 1
—_— = IyTo | ——— | — I
dt p3 MLO ( 1 7_1 ]10 ) ,ufl() 10
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It follows that

dt = —,u_fwflo A tE[O,T). (16)

Seperating variables and integrating both sides of Eq. (16) from 0 to 7 gives

Lio(r) > Ip(0)exp [—pr,7] > 0.

For the twelveth equation in system 5] we obtain

dF'
d_tl = ely — (01 +pr) F1.
It follows that
dF'
d_tl > —(h+pr)fy Vo tel0,7). (17)

Seperating variables and integrating both sides of Eq. from 0 to 7 gives

Fi(t) > Fi(0)exp[— (61 + pr) 7] > 0.

For the thirteenth equation in system 5| we obtain

dF:

d_2 =nNg — (02 + pp,) Fs.
t

It follows that

dF,

% _(02+MF2)F2 V t e [O,T). (18)

Seperating variables and integrating both sides of Eq. from O to 7 gives

() = F(0)exp[— (62 + pr) 7] = 0.

Thus, we have demonstrated that the solutions Ty(t) > 0, My(t) > 0, M;(t) > 0,
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V(t) 2 0, A(t) 2 0, E(t) = 0, Nk(t) 2 0, T1(t) = 0, Ta(t) = 0, In(t) = 0,
Lio(t) > 0, Fi(t) > 0, and Fy(t) > 0 of systemremain positive for all ¢ > 0, given
that Tp(0) > 0, T1(0) > 0, T5(0) > 0, Mo(0) > 0, M1 (0) > 0, I;(0) > 0, V(0) >
0, A(0) >0, E£(0) > 0, Nk (0) > 0, I15(0) > 0, F1(0) > 0, and F»(0) > 0.

Boundedness of Solutions

The fluctuations in model population variables and parameters within frame-
work [5| were scrupulously examined under prescribed conditions. By verifying that
all variables and parameters in the model framework are positive for all time in-
stances ¢ > 0, we establish that all conceivable solutions remain consistently con-

strained.

Lemma 4
The solutions of the framework with any non-negative initial conditions are
constrained for all £ > 0 within the biologically plausible domain delineated by the

set

QO = {(T07T17T27M07M17IM7V7A7E7NK7[107F17F2)GR}EZ
TSFDM§F27V§F37A§F47E§F57NK §F67IIO §F77

Fy <Ty, Fy < Fg}-
Proof. Considering the various T cells (i.e Ty, 77 and 75) and summing them to

obtain the total T cells population, we have

ATy + Ty + To)
dt

1
= Ap — Ty — T, — Ty — psly Ty | ————
To — M1odlo — U L1 — Prp L2 — P3dalo (1+71[10)

—WIMTl - 53T2V

It follows that

ar

% < ATo - NT7 where n= min{:uToa My, ,U/Tz}' (19)
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Integrating Eq. (19) from 0 to ¢, we obtain

Tt) = AMTO + (T(O) - AMTO) exp [—ut] .

Taking the limit of 7" at ¢ — oo such that

lim T(t) < Az,

t—o0

=I";, which implies that

Ar, Ar, Ax,
.

Ty <

JTlg

7T2§

Hence, the T cells population is bounded. That is

Taking the macrophages population into consideration and summing them to obtain

the total macrophages population leads to

d(Moy + M,y + 1y)
dt

- AMO + AM1 - ,LLMOMO - /JJM1M1
—(51 (1 + XlFl) IMNK — (52 (1 + XQFQ) IME

—0lyE — (w+e+pp,) In + 7111y
It follows that

dM
s < Ay + Ay — pinigMo — ping, My — ppy Ing + Iy

A
Butl'; = % = T;. Hence,

dM

o A—puM  where p = min{ g, g, ,uzM} (20)

and A = min{puys,, A }-
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Integrating Eq. from O to ¢ gives

M(t) = % + (M(O) - %) exp [—put].

Taking the limit of M as ¢ — oo such that

A A A
lim M(t) < — =T, whichimpliesthat M, < — M; < —,
t—o0 ) M %
A
[M S — = FQ.
1
So, the macrophages population is bounded. That is
A A A
MO S _7M1§_7IM§_‘
M M M
Taking the virus population into consideration, we have
av
% = AV +WIM —53T2V —54AV - (¢+/JV)V
It follows that
av
— < Ay — 'V +wls.
dt
ButI'y; = % = I,s. Therefore,
av
— Ay — uyV. 21
o v — My (21)

Integrating Eq. (21]) from 0 to ¢ gives

Vi = 2k (Vo) - ) e[t
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Taking the limit of V' as ¢ — oo such that

A
lim V(1) < =¥ =Ts.

t—o00 ILLV

Hence, the virus population is bounded. That is

Ay
py

v

Considering the antibodies population, we have

dA
% = AA + wV — 54AV — /LAA

It follows that

dA
— < Aa+ Y3 — pad,

. —

where I's = 2—“j = V. Hence,

dA
— Ay — A 22
o A~ 1A (22)
Integrating Eq. (22)) from 0 to ¢ gives
A A
A0 = 224 (40) = 34 ) explopat]
Ha HA

Taking the limit of A as t — oo such that

A
t—o00 /JLA

Hence, the antibodies population is bounded. That is

Ay
A '

A
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Taking the effector B cells population into consideration, we have

dE
It follows that

dE

ButI'y = % = I,;. Therefore,

dE
— Agp — pgkE. 23
i B~ [E (23)
Integrating Eq. (23)) from 0 to ¢ gives
A A
B = 25+ (B0 - 22 ) expl-puet]
HE HE

Taking the limit of £ as ¢ — oo such that

lim BE(t) < —Z=T;.

t—o00 ILLE

Hence, the effector B cells population is bounded. That is

Ap
e

E

Considering the natural killer cells population, we have

dNg

It follows

dN,
d—tK < Ang — png Nk + 61Ts + 0210
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ButTs = — — F, and [y = — — F}. It follows that
HFy 1202
AN
d—f < Ay — fing Nk (24)

Integrating Eq. (24) from 0 to ¢ gives

Ne(t) = % + (NK(O) - Aﬂ) exp [— vy t] -

Taking the limit of Ng as ¢ — oo such that

A
t—o00 MNK

=T%.

Hence, the natural killer cells population is bounded. That is

Ay,

HNg

Ng <

Taking the anti-inflammatory cytokines population into considering, we have

dIlO 1
— = Ty | —— | — L.
i P3iarlo (14—71[10) Krod10
It follows that
— < pg (| —— ) — L. 25
= s 2(1+71[10) Pro L0 (25)
Integrating Eq. (23)) from 0 to ¢ results to
Ilg(t) = Ps + <110<O) - Ps ) eXp [_/'Lhot] :
2250 2240
Taking the limit of I;4 as ¢ — oo such that
lim Io(t) < L2 =Ty
t—o0 /~L110
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Hence, the anti-inflammatory cytokines population is bounded. That is

P3

Ly < .
Ky

Considering the type-1 interferon population, we have

dF
d—l = €IM—(01—|—/LF1)F1.
t
It follows that
dF’
d_tl el'y — pp F1.
Integrating Eq. (26)) from O to ¢ gives
£ £
R = = (RO - ) el
MFy HFy

Taking the limit of F} as ¢ — oo such that

lim Fi(t) < —— =T

t—o00 /"LFl

Hence, the type-1 interferon population is bounded. That is

15
KUy

Fy <

Considering the type-2 interferon population, we have

dF:

d_2 =Nk — (02 + pup,) Fa.
t

It follows that

dFy
— < T'g — F5.
a = nNle — Up,L'2
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Integrating Eq. from 0 to ¢ gives

R = L+ <F2<o> 1 ) exp [~ ]
HF, Hry
Taking the limit of F, as ¢ — oo such that
: no_
lim Fg(t) S = Fg.
t—o0 ILLFZ

Hence, the type-2 interferon population is bounded. That is

Ui

F, < )
M,

Consequently, we can assert that for ¢ > 0, every trajectory of the system remains
confined within the bounded domain {2,. Consequently, it is essential to scrutinize
the dynamics and interrelations of T lymphocytes, macrophages, viral entities, an-
tibodies, effector B lymphocytes, natural killer lymphocytes, and cytokines as out-

lined by the model within the invariant set 2.

Model Analysis
In this section, we demonstrate the existence and uniqueness of solutions for
the model framework and elucidate the criteria under which both pathogen-free and

persistent-infection equilibria arise.

Existence and Uniqueness of Solutions
The study begins the model analysis by showing that the model system in
Eq. (3) possesses a unique solution.

Given the general first-order ODE with initial condition of the form

50 = f (t>y>7 y(t(J) = Yo, (28)

the following questions may be of interest.:

1. under what conditions can the solution of Eq. (28) be said to exist?
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2. under what conditions can the existing solution in Eq. (28) be considered

unique?

To answer these questions, let:

S
/2
Js
Ja
f5
Jo

f7
fs
fo
1o
fu
2
Jis

1

A, — prIyTolio — p2VI1olio — psToly | ————
To — P1dpmLolio — P2V Lolio P30M(1+7_1]10

) — k1o,
p1lnTolio — wly'Ty — pry 11,

p2VIoIg — 0515V — pup, T,

Angy — 81V Mo — pipg, Mo,

Ay = B2V My + (v — i, My,

BV My + BV My + wlyTy — 01 (1 4+ x1 F1) Iy N

—0s (14 xoFo) INE — oIy E — (w + e+ + pry,) L,

Ay + why — 8TV — 8,AV — (b + ) V,

Au+ 0V — 8,AV — A,

Ap =06 (1+ x2F2) IME + 0lyE — ppkE,

Ane =61 (1 + x1F1) Iy Ng + 01 F) + 02F> — (n + piny ) Nk,

1
Iylg | ——————
P3dnm 0<1+7_1110>

ely — (01 + ,uF1) F17

- M110]107

NNk — (02 + pp,) Fo.

The following is used to establish the existence and uniqueness of the solution for

the hepatitis B virus and liver cancer model.

Theorem 3

Uniqueness of Solutions: Let D be the domain

[t —to| <a, |ly—wol| <P,

(29)
Y=Y Un)s Yo = (Y10, Y20 " > Yno)

61

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

and suppose that f(t,y) satisfies the Lipschitz condition

[ f(ty) — f(t y2)|| < Ky — y2ll, (30)

whenever the pairs (t,y,) and (t,y2) belong to the domain D, where k is used to
represent a positive constant. Then there exists a constant 6 > 0 such that there exist
a unique (exactly) one continuous vector solution y(t) of system 28| in the interval
|t — to| < . It is important to note that the condition in Eq. is satisfied by the

requirement that

{8fi i7j:172737"'7n

Oy;’
be continuous and bounded in the domain D.
Lemma 5
. .. 0f; .
If f(y,t) has a continuous derivative —— on a bounded closed convex domain

y;
R (i.e convex set of real numbers), where R is used to denotes real numbers, then it

satisfies a Lipschitz condition in R. The target here is in the domain.
1<e<R (31)
So, a bounded solution of the form
1 <R < o0

is sought. The following existence theorem is now proven.

Theorem 4
Existence of solution: Let D denote the domain in Eq. such that Eq. and
Eq. (31) hold. Then there exist a solution of model system[5|which is bounded in the

domain D.
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Proof. Let

1

= Ap, — oIy Tolio — po Vgl — psTolyy | ——————
i To — P1dpmLolio — P2V Lodio p30M<1‘|‘7'1[10

) — pr, 1o,
fo = piluTolo — iy — pn T,
f3 = pVIolo — 0312V — pup, Ty,
i = A — BV Mo — piar, Mo,
fs = Aap — BV My + Cly — poany, My,
fo = BV Mo+ BV My +mlyTy — 61 (14 xaFy) I Nk
=02 (1 + x2I%) IyE — 0l E — (w+ e+ + pry,) I,
fr = Av+wly — 63TV —64AV — (Y + py) V,
fs = A+ 9V =0 AV — pa4,
fo = Ag—02(1+x2F) IyE+0lyE — upk,
fio = Ane — 01 (L +xaF1) Iy Nk + 01 Fy 4+ 05F, — (n + puny) Nk,
Juu = pslnTo (m) — kre T,
fiz = ely — (01 + pr) F1,

fis = nNg — (02 + pr,) Fo.

It is shown that

0fi
8:[/]' ’

i,j=1,23--,13

are continuous and bounded. That is the partial derivatives are continuous and
bounded. Hence, the following partial derivatives are explored for all the model
equations.

From the first equation, the following partial derivatives are obtained

dfi p3lig
—— = —pdlylig—pVIy— ———— — ,
oTy P1dntio — P2V 110 1+ 71110 M,
8f1 P3110
’(‘3T0 ‘ Pripdio — P2V Lio 1+ 1110 Hr, o0,
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on on

T p1Lolio, 'an |=p1Tol1o| < o0,
) 0
a—{/l = —p2Tolo, 'a—{/l = |=p2To110| < o0,
3f1 p31o
B Pilolp — pP24do (1+7'1]10)2
ofr ' p3To
— | = |—p1Tolps — p IV — —————— | < o0.
ol p1iolpr — p2lo (1+71[10>2

From the second equation, the following partial derivatives are obtained

g_g = —7mly — pry, 'g—g = |=mly — piry| < 00,
aa_f_f; = pilolo — 717, gj_f; = |p1Tolo — 7T1| < o0,
g_;z = pilaho, 'g—ﬁ = |p1Ip11p] < 00,

ST{ZO = piloly, STJZQO = |pToly| < oo.

From the third equation, the following partial derivatives are obtained

ofs ofs |
3_TQ _53V M1y, ‘8110 - |_53V :uT2| < 00,
8f3 af?)
9 _ 93| _ VT
BT p2V'1y, Bl |p2VTh| < o0,
0 0
G_J‘Cj = p2Tolo, '8_{; = |p2T0110| < o0,
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afs of;

2 = |py11V] < 0.
0Ty o7y [p2T10V] < 00

= p2LiV, ‘

From the fourth equation, the following partial derivatives are obtained

ofs Ofa | _

8M0 - /Blv /’I’MO7 ‘aMO - | Blv luM0| <OO7
0 0
—a{; = —[i My, ‘_8{; = | — B1My| < c0.

From the fifth equation, the following partial derivatives are obtained

8f5 . af5 _
8M1 - _ﬂQV_/'LM17 ‘aMl _|_/82V_MM1’<OO7
0 0
a{/‘g) - _/BQMla a“]j? = | - /82M1| < Q.
ofs fs |

From the sixth equation, the following partial derivatives are obtained

s _ Ofs | _
o, BV, ‘aMO = |/ V] < oo,
8f6 . af6 o
oL B2V, ‘8M1 = [BV] < o0,
o 0
(«)_b\f/G = p1Mo + B2 My, '8_{/6 = [B1Mo + B2 My | < oo,
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0
i —(51 (1+XF1) NK —(52 <1+X2F2)E—O'E
Ol
—(w+e+C+ pry,) + 717,
0
Os | |5 (14 xF) N — 62 (1 4+ x2Fo) E — oF
Ol

—(w+e+ ¢+ pr,) + 7| < oo,

9 fe
ONk

9fe
ONg

= =01 (1+x1F1) T, ' =|=6 (1 4+ x1F1) Im| < o0,

% = =0 (L+x2F2) Iy — 0lu,
‘% = |—0s (1 + x2F%) Iy — oy | < o0,
g—ﬁ = wlyy, ‘% = |mly]| < 00,
2_]{’61 = 0Nkl '2_1]:?1 = |=01x1Im Nk < o0,
g—ﬁ —0ax2 M, 'g—{é = |=doxo i E| < 0.

From the seventh equation, the following partial derivatives are obtained

0
6_{/7 = —03T5 — 0,A — (Y + pv),
0
’8—{; :|—53T2—(54A—(¢+,LLV)|<OO,

ofq ofz|
DA —54V, ‘814 —’ (54V|<OO,
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ofr Ofr| _

6T2 = (ng, 8T2 = ‘ 53‘/’ < 00,
Of _ w, Oft | _ lw| < 0.
Ol Ol

From the eighth equation, the following partial derivatives are obtained

afs 0

oA =04V — pa, 'G_A = |04V — pa| < o0,
fs afs|

From the ninth equation, the following partial derivatives are obtained

ofy dfo
@ = 52(1+X2F2)E+UE7 BTy

— |—52(1+X2F2)E+0'E|<OO,

0
a_'-];g = —(52 (1 +X2F2) [M +U[M — UE,
0
'ﬁ = |—§2 (1 +X2F2) [M —|—O'IM —IME'| < 00,
1))
0 0
8_{72 —0ox2 I E, '3_1];2 = |[=dax2 I E| < 0.

From the tenth equation, the following partial derivatives are obtained

910

aNK = —(51 (1 +X1F1)[M - (/’7 +/~LNK>7
0
’8]@2 = [=01 (1 +xaF1) I — (0 + paovye )| < 00,
0 0
—aﬁj = —01(1+x1F1) Nk, '8%]1; = [=01 (1 4+ x1F1) Nk | < oo,
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9 0

a?f = —duxlu Nk + 61, 'a%f = =001 T Nic + 61 < o0,
aflo . 8flO o
on — 0 '8Fg = |0y < 0.

From the eleventh equation, the following partial derivatives are obtained

Ofn __pslu dfu1 _ | _ps3lu
8T0 1 +T1[10’ 8T0 1 +T1[10 ’
dfu _ p3To dfu _ p3Th >
8IM 1-’-7’1]10’ 8IM (]_—I—Tl]lo) ’
dfn _ p31o ‘ dfn ‘ psTo ‘
DL 5 = 5| < o0.
0l (14 7 1o) 0l (14 m1y)

From the Twelfth equation, the following partial derivatives are obtained

O

o _
= ). [

oF, = |—= (01 + pr)| < o0,

% = &, '% = le| < o0.

Ol Ol

From the thirteenth equation, the following partial derivatives are obtained

Ohs

913
_(92+MF2)’ aFQ

o = = (02 + )] < o0,

Ofis 013
ONg ’

= |n| < oo.

It has been established that all the partial derivatives are continuous and bounded;

hence, by Theorem [ the existence of a unique solution for the model system [3] in
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the region D can be concluded.

Virus-free Equilibrium State (VFE)

Certain hepatocytes are hypothesized to have undergone malignant transfor-
mation due to external etiological factors such as chronic alcohol abuse and tobacco
use. A hepatitis B virus (HBV) infection has subsequently been incorporated into
the model, and the resultant coexistence dynamics have been analyzed. Thus, at
the virus-free equilibrium state, the absence of HBV implies the nonexistence of in-
fected macrophages. In this state, both uninfected macrophages (whether cancerous
or non-cancerous) are devoid of viral particles to internalize and become infected.
Consequently, V* = 0, which directly leads to [}, = 0 and F* = 0. It follows
that A* = 0, E* = 0, Ny = 0 and F} = 0. The absence of infected macrophages
signifies that HBV transmission is non-existent, and as a result, naive T cells will
not engage in any cytotoxic activity.

When naive T cells do not perform lytic activity, they fail to eliminate infected
cells and control the HBV infection. This results in a situation where the immune
system is unable to effectively clear the virus. Consequently, the system may reach
a virus-free equilibrium (g(), a theoretical state where viral replication is minimal
or absent, even though the virus is not completely eradicated. This equilibrium
indicates that the virus is controlled but not entirely cleared, due to the lack of an
effective immune response. Thus, at the pathogen-free equilibrium, the populations

of all immune-responsive cellular types are denoted by

* _ * * * * * * * * * * * * *
€ = (07T17 29 0> 1> ijvA’E> K> 107F17F2)'
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Hence, at the virus-free equilibrium, the following equations are satisfied

)

ATO - /’LTOTO* =0,
_,UTlTl* = O?
_ILLTQTZ* = 07

(32)

AMO - ILLMOMS( =0,

Anio — piasg Mg = 0,

_/Lllolfﬂ =0

7

Following Eq. (32), the virus-free equilibrium is obtained to be

A A A
ey = <T°,0,0, LN Ml,o,o,o,o,o,o,o,t)).
My Ky M,

Basic Reproduction Number; R,

Subsequently, the Next Generation Matrix methodology, as articulated by |Diek*-
mann & Heesterbeek (2000) and utilized in (Chataa et al., [2021), was employed to
compute the basic reproduction number of the model system. The basic reproduction
number, denoted as Ry, quantifies the expected number of secondary HBV infections
initiated by a single infected macrophage introduced into a completely susceptible
liver cell population. In other terms, R, reflects the average number of new infec-
tions generated by one infected macrophage cell when the liver cell population is
entirely uninfected. The analysis begins with examining the system’s differential
equations governing the emergence of newly infected macrophages and the alter-

ations in their states. The derivation of these equations is provided by

dl )

d—jjw = BV My + BV My + Ty — 61 (14 x1F1) InNie
—(52(1—|—X2F2)[ME—O'I]\/[E—(w+€+C+MIM)IM, (33)

dV

%:Av—i-(AJ]M—(53T2V—(54AV—<¢+MV)V )

The ensemble of these equations within framework [33]is designated as the infected

subsystem. Linearizing the infected subsystem about the pathogen-free steady state
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represents the initial phase, according to prevailing guidelines. When setting

I

X = (Ty, Ty, Ty, My, My, Ing, V, A, B, Nic, Lo, Fi, Fy) "

where 1" denotes the transpose, the infected subsystem can then be written in the

form:

dX

— = FX)-V(X

= = F(X) - V(X),
where

V My + BV My + wly T

F(X) = b 0+ B2 1 MLl and
0

V(X) 51(1+X1F1)[MNK+(52(1+X2F2)]ME+O'IME+%]M

—AV — CU[M + 53T2V—|— 54AV -+ (¢ —F/Lv) %4
where B = (w+e+(+pup,)-

Taking the Jacobian of IF(X) at the virus-free equilibrium state gives

OF (20) _ —ag}g\j}) _813‘(/@) _ 0 BiMg + B My
OF; OFy(0)  OFa(0)
o OV 0 0

It follows that

B1A g B2Any
F — ,LL]\/IO K

0 0
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Also taking the Jacobian of V(X)) at the virus-free equilibrium gives

8V1 (60) 8V1 (50)

av (80 ) _ 121 5Ys oV
oV, OValeo) OVa(eo)
Al G1%

(wW+e+ ¢+ ur,) 0

—w (Y + py)
It follows that
A 0
V = ,
—w B
where
A = (wHe+C+ ),
B = (Y+uwy).
Hence,

10
_ A
vl o=

w1

AB B

Thus, the ensuing transmission matrix, which quantifies the number of subsequent
infections instigated by an individual infected macrophage cell when all hepatic cells

are pathogen-free, is articulated as

FV_1 . 0 BIMS + QQMT % O
0 0 <5 %

w | BiBmy | BeAag 1 [ Bihny | BeAwy
AB | pug MMy B | pwmg KMy

0 0

Since the matrix F'V ! is an upper triangular matrix, it follows that the eigenvalues
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are the entries on the principal diagonal. Consequently,

QQZO.

A A
o w [ﬁl M0+52 M1:|

AB 12270 2017}

But since Ry = max [| 01| 02]] is the largest spectral radius of F'V~1, at the virus-free

equilibrium, the following holds:

Ro

w [ﬁlAMO 52AM1 }
+ .
AB Hq Han

By substitution, the Ry was obtain to be
RO = IRl + RQa

where

R BMAMO

1 — )
g (W + e+ ¢+ pry,) (0 + py)

R, — 52WAM1

Mar (W+€+C+MIM>(1/1+/W).

Analytical interpretation of R,
* The basic reproduction number, R, is identified as the aggregate of the repro-
duction numbers associated with the two distinct compartments of uninfected

macrophages.

» Consequently, Ry represents the expected number of secondary infections re-
sulting from the interaction between the virus and uninfected macrophages

devoid of cancer cells.

* In a similar fashion, R, denotes the expected number of secondary infections
arising from the interaction between the virus and uninfected macrophages

that are associated with cancer cells.

* The expression # signifies the carrying capacity of uninfected macrophages
0
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without cancer within the cellular environment.

. Aagy e g . . .
* The expression MTA? indicates the carrying capacity of uninfected macrophages
1

with cancer within the cellular milieu.

* It is observed that an increase in the new virion replication rate w leads to a
corresponding rise in the production of new virions, which drives the model

system towards the virus-persistence equilibrium.

Stability Analysis of Virus-free Equilibrium
In this section, both the local and global stability of the virus-free equilibrium

point, €, were rigorously analyzed.

Local Stability of the Virus-free Equilibrium

By evaluating the eigenvalues of the linearized Jacobian matrix at the pathogen-
free equilibrium, the local stability of this equilibrium against minor disturbances
can be ascertained. Specifically, when a small contingent of infected cells is intro-
duced into the population of susceptible hepatic cells, the stability of the pathogen-
free equilibrium ensures that the viral infection can be eradicated from the hepatic

cells, provided that Ry < 1.

Theorem 5
The virus-free equilibrium ; of system 5| is locally asymptotically stable if

Ry < 1 and unstable if Ry > 1.

Proof. The validation of Theorem [3]is scrutinized through a linearization methodol-
ogy. The Jacobian matrix pertinent to the model framework [5 at the pathogen-free

equilibrium is leveraged to ascertain
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— T, 0 U] 0 0

0 —pr, 0 0 0
0 1 - 0 0
0 i 0 —ka 0
0 0 1 0 —ry
0 0 0 0 0
0 0 1} 0 0

0 0 0 0 0
0 0 0 0 0
1\ 0 0 0 0 0
where
R1 = U1y,

ke=(w+e+C+pur,),
Rr = A,
K10 = (02 + up,) ,

62:/81 57

https://ir.ucc.edu.gh/xmlui

—hKy K1 0 0 [1]

S, 0 0 o0

iy

0

Ro = Wpyg,
ks = (Y +pv),

Rg = (77+MNK)>

k11 = BiM§ + B M7,
63 = 52 f?
75

0 { 0
0 {0 0
0 1 ]
0 b 0
0 { 0
0 { 0
0 {0 0
0 i 0
0 b 0
0 i il
—Hp, 0 1]
0 —Kg 0

0 0 —Hm)

K3 = Hny,

Ke = 1,

kg = (0h + pr)
S, = p31y,

G, =6,
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Considering columns 1, 2, 3, 4, 5, 8, 9, and 11, we notice that the eigenvalues are

M = —pmps A2 = —pms A3 = —fmys As = Mg As = —Hans e = —[ha,
A7 = —pug, and Ay = —puy,,. The remaining five eigenvalues are the eigenvalues of

the 5 X 5 matrix given by

— K4 K11 0 0 0

Jieg) =1 0 0 —rg 6 6

0 0 n 0 —kKio

The row echelon method was used to determine the remaining eigenvalues.

Consider N%Rg + Rs — Rs. It follows that the Jacobian matrix .J; () becomes

—K4q K11 0 0 0

Jl (58) = 0 0 —Kg 01 QQ

0 0 0 0 —K10

By considering column 3, \g is obtained as \g = —kg = — (7 + pn, ). The

remaining four eigenvalues are the eigenvalues of the 4 x 4 matrix given by

—K4q K11 0 0
. w —ks 0 0
Jz (g5) =
9 0 —Kg 0
0 0 0 —K10
By considering columns 3 and 4, Ay and \;; are obtained to be \jg = —kg =
— (01 + pr,) and A\j; = —K19 = — (02 + pp, ), respectively. The remaining two
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eigenvalues are the eigenvalues of the 2 X 2 matrix given by

The characteristics polynomial of the Jacobian matrix J3 (£f) is given by
N+ A(w+e+C+pn)+@+uw)+1-Ry = 0. (34)

Since all coefficients of the characteristic polynomial in Eq. are positive when
Ry < 1, the Routh-Hurwitz criterion implies that the roots of the characteristic poly-
nomial have negative real parts. Consequently, all eigenvalues of the Jacobian matrix
Jo(g}) exhibit negative real components when R, < 1. Therefore, by applying the
Routh-Hurwitz criterion, it is established that the virus-free equilibrium £ of system

[5]is locally asymptotically stable.

Global Stability of Virus-free Equilibrium

From model framework [5] the pathogen-free equilibrium

eo = (T4, 17, T3, My, My, Iy, V*, A* E*, N, I}y, T, FY)

is globally asymptotically stable if Ry < 1 and conditions (G;) and (G3) are
satisfied. Techniques from |Castillo-Chavez & Song (2004) are employed to validate

the global stability of the pathogen-free equilibrium.

Theorem 6
If a model framework can be formulated as:
dX dl

%—F(X,()), %—G<X,I), G(X,O):O,

where X € R"™ signifies the count of uninfected macrophage cells and I € R"
denotes the count of infected macrophage cells, encompassing latent, acute, and ex-

posed cells. U (X*,0) represents the pathogen-free equilibrium of the model frame-
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work. To ensure local asymptotic stability, the criteria (G1) and (Gy) must be ful-

filled.

G, : For % = F(X,0), X* is globally asymptotically stable.

Gy: G(X,I) = AI — G(X,0) > 0 for (X,I) € Q, where A = D;G(X*,0) is a

Metzler matrix (with non-negative off-diagonal elements) and () denotes the

domain where the model is biologically plausible and mathematically sound.

Hence, the fixed point Uy = (X*,0) is a globally asymptotically stable equilib-

rium of the immune response to hepatitis B virus and liver carcinoma infection

model framework[3] provided that Ry < 1.

Proof. From the model system in[5 we have

X ERH = (T57T1*7T2*7M57MI(7A*7E*aNI*(’[fovFl*’FQ*)

and I € R? = (I}, V*). Hence, for condition (G ), we have

dX
dt

Ay — p1InTolio — p2VIoIio — p3Tolum (ﬁ) — pryTo
pilyuTolio — wlyTy — pr Th
p2V'Tolo — 03TV — pr, To
Apiy — 51V My — pag, Mo
Apry = B2V My + (v — pan My
A4V — 6,AV — s A
Ag =0 (1+ o) IyE+o0lyE — upkE
Ay, =0 (1 4+ x1Fy) Iy Ni + 01 Fy + 0. Fy — (n+ pvy ) N
p3da Ty (ﬁ) — prodio
ely — (61 + pp) Fi
NNk — (02 + pur,) Fs
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and

dl
= = GX,I

_ B1VM0+62VM1+7TIMT1 —(51 <1+X1F1) IMNK_& (36)
Ay +wly — 6TV — 8,AV — (¥ + ) V,

where & = 02 (1 + x2F%) InE + olyE+ (w+e+C+ ppy) I

It follows from Eq. (35) that

gz, O 0 O O O 0O 0 0 0 0
0 —pur, 0 0 0O 0O O 0O O 0 0
0 0 -, 0 0 0O 0 0 0 0 0
0 0 0 -» 0 0 0 0 0 0 0
0 0 0 0 -5 0 0 0 0 0 0
FIX,00= o o o 0o 0 -w 0 0 0 0 o0 [,
0 0 0 0 0 0 —ug O 0 0 O
0 0 0 0 0 0 0 —wvs 0 6, 6
O 0 0O 0 0 O 0 0 -Xx 10 0
0 0 0 0 0 0 0 0 0 - O
0O 0 0 0 0 0 0 =7 0 0 —u
where

V1 = Uy, Vo = Uy, Vs = Upy,

vy = flA, Vs = (N + fing ) » ve = (01 + pry)

V7:(92+,UF2)’ x:,uho'

The eigenvaules from the matrix F'(X,0) are obtained to be

Al = — U, A2 = —pry, A3 = — Uy,
AL = — [y, As = —[iny A6 = —[ia,
A7 = —[iE, Ag = — (N + iy ) A9 = —[bIys
Mo = — (61 + ) Allz_MFQ (77+92+,UNK)‘
N+ KNk
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Given that all eigenvalues are real and negative, it consequently follows that X™* is

perpetually globally asymptotically stable. Furthermore, employing Theorem [6] to

the immunological response model framework [3] yields

A

G(X,I) =

where

&=

where

&=

Therefore,

G(X,I) =

where

Al — G(X, 1)
_(W+E+C+MIM) 51M5+ﬁ2Mf IM
w —(w—i-,uv) |4

BV My + BoV My +mlyTy — 6 (14 x1F1) IuNkg — &
AV + LUIM — 53T2V — 54AV - (1/1 + ,MV) \%

6o (14 xoF2) INE + 0l E + (w+e+ ¢+ pp,,) I

—(wHe+C+pry) In + BiMEV* + BoMFV*
wIM — @Z)V — ,U\/V

BV M+ BoVMy +7mlyTy — 61 (L+xaF1) IyNk — &
AV + w]M — 53T2V — 54AV - (w + /LV) Vv

O (1+ xoFy) INE + oIy B+ (w+e+C+ ppy,) I

[BIMGV* — 31V Mo] + [BoMFV* — BV M| + &, — mln/Th
—Ay + 03TV + 64AV

&, =0 (L +x1F1) Iy Nk + 62 (1 + x2Fo) IME + ol E.

Here, (UIME+51 (1 -+ XlFl) IMNK+52 (1 + X2F2> [ME) 2 W[MTla and (53T2V+

04AV’) > Ay. Since our interest lies in the infectious compartments, all other com-
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pound terms are ignored. It follows that

GX.T) = [BLMGV* — 51V Mo] + [Ba MTV* — oV M, ]
0

In addition, since all off-diagonal elements of the matrix A are non-negative, A is an
M-matrix. It is observed that

GX.T) = [BLMgV* — 31V Mo| + [B2MFV* — B2V M, ]

0

because [V*M§ — VM| + [V*M; — V*M;] > 0. That is in the absence of infec-
tion, the proportional product of the macrophages with and without cancer at the
virus-free equilibrium are obtained to be V* M and V* M} respectively while V M
and V' M, represent the proportion to the product of macrophages with and without
cancer in the population. By definition, V*M and V*M are either greater than
or equal to V' M, and V' M, ensuring the inequality holds. Therefore, the virus-free

equilibrium ¢ is globally asymptotically stable.

Virus-persistence Equilibrium (VPE) and Stability Analysis

In this segment, we ascertain the viral-persistence equilibrium points by con-
currently resolving model frameworkE] for the state variables 17, 17, Ty, M§, Iy,
V*, A, E*, Nj, I}y, F}, and Fj. The viral-persistence equilibrium points signify
steady-state solutions wherein the hepatitis B virus and hepatic carcinoma persist
within the cellular framework, indicating that complete eradication of the infections
remains unaccomplished, and the pathogens continue to influence the overall cell
populations. It is posited that a subset of hepatic cells might have undergone neo-
plastic transformation due to extrinsic factors such as chronic ethanol ingestion or
tobacco use. Consequently, the integration of HBV infection into this context ne-
cessitates an exploration of the novel co-existence dynamics. For the hepatitis B
virus to endure within the host hepatic cells, the viral reservoir must remain non-

zero. Thus, the system’s behavior is contingent upon all state variables. At the
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viral-persistence equilibrium, previously uninfected macrophages become infected,

leading to the activation of these infected macrophages through cytokine-mediated

signaling. Accordingly, at this equilibrium, the following equations are satisfied:

1
1 +T1[f0

0= Ar, = I T3 Ty = VT3 Ty~ T T
0= p I3 15 — nIyT7 — pn T7,
0= pVIGIYy — 63T5V™ — g, T,
0= Ang — SV ME — ps, M,
0= Apy — BVIMY + (I3 — par, M7,
0= B VM + BoV*M; + I, T — 6y (1+ x1 FY) I, N
=0 (14 23) Iy E" — oIy B — (w+ e+ ¢+ ) Iy,
0=Ay +wli; — 65T3V* — AV — (Y + py) V¥,
0=As + V" = AV — pa A,
0=Ag =062 (14 x2F5) I}, E* + 0l E* — up k™,
0=An, — 6 (L+xaF7) Iy Ng + O Ff + 0:F — (n+ pny ) N,
0 = psly, Ty (%7'1[1*0) — ino Iy,

0251&_(91+NF1)FF>

0=nNg — (02 4 pr,) F3.

) - MTOTO*7

)

Vs

Given the intricacy of model framework [5] it is judicious to investigate a compre-

hensive array of potential boundary equilibrium states. To systematically identify

and examine these equilibrium states, the focus begins with those characterized by

the presence of hepatitis B virus particles (i.e., V* # 0). Various permutations of

the following conditions are evaluated: 77 = O or 77 # 0, E* = 0 or E* # 0, and

Ni = 0or N #0.

Case I: For the initial scenario in which V* # 0, Ty # 0, E* # 0, and N} # 0, a
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boundary equilibrium state was derived in the following configuration:

Ar, I TeTE, pVATETE,

E =
' { it + poVr Ly + Tl + gy, T o 05V 4 iy

AMO AMl +CIy, L, Av—i-w]M
BIV* 4 pingy” B V> + piar,” M 83Ty + 54 A + (Y + )’
Ag +9V7 Ap
uV*+pa’ 0o (14 x2F3) I} + pp — oIy,
Awy + 0. FF + 05F;
01 (L + X FY) Iy + (0 + pvye)

—Hr, Tt \/:u%m + 4[11]107_1P3[X/[T5 5[]’(/[ UN;{
2ur,m1 T(00F pr) 02 i,
61V*M5+52V*M1*

Lo —
where I}, =

[01 (14+x1 FY ) Njc+02 (14x2 Ff ) E*+0 E*+ BTy |

and B = (w+ e+ (+ pry, )

This equilibrium state €7 exists when 6o (1 + x2F%) I}, + pup > o1}y,

and 0y (1 + 1 F¥) Ni + 6, (1 + x2Fy) E* + 0 E* + B > 7T},

Given initial conditions for the state variables

T(0) = 5 x 10°, T1(0) =0, T5(0) = 0,
My(0) = 4 x 10, M;(0) = 4 x 10°, I (0) =0,
V(0) = 300, A(0) =0, E(0) =0,

Ng(0) =0, Lo(0) =0, F1(0) =0,
F5(0).

and parameter values in Tables [5] and [6] the components of ¢} are obtain as

follows:

First component:

Ar

0

Pllz*wll*o + p2V*[f0 + 1.7.?;— I}I* + py,

*
€11 =

83

Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui
Substitute A, = 0.99, p; = 3.7523, I}, = 0, I5, = 0, p, = 3.0210, V* =
300, p3 = 0.6697, 7 = 0.1642, g, = 6.7 x 107"

0.99

€], =
BL3.7523-0- 04 3.0210 - 300 - 0 4 28950 4 6.7 x 1077
~ 1,477611.94
Second component:
« _ Iy TiT
€12 = Ie
Ly +

Substitute p; = 3.7523, I}, = 0, Ty = 5 x 10°, I}; = 0, 7 = 0.3359,

jir, = 0.3333:
. 3.7523-0-5x10°-0
127 7073359 0 + 0.3333

Third component:
5* - pZV*T(;IfO
13~ T e
53V + ur,

Substitute p, = 3.0210, V* = 300, T¢ = 5 x 10°, I}, = 0, 8 = 1.3114,

pin, = 0.3333:
- 3.0210- 300 - 5 x 10° -0
137 713114 - 300 + 0.3333

Fourth component:
Ay

0

= s
’ BlV*—i_MMo

Substitute Ay, = 4 x 10°, 3; = 0.8903, V* = 300, pg, = 0.011:

. 4 % 10°
5 =
L4770.8903 - 300 + 0.011

~ 136147.50

Fifth component:
o A CT
N

Substitute Ay, = 0.015, ¢ = 1.0014, I3, = 0, B, = 0.9157, V* = 300,

tar, = 0.01:
o 0.015 4 1.0014 -0
157 0.9157 - 300 + 0.01

~ 0.000054
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Sixth component:
BV*MG + B V* M

B = (w+€+<+ﬂ1M)'

Substitute 3, = 0.8903, B, = 0.9157, w = 20.0342, &, = 0.7, &, = 0.9308,
7 =0.3359,0 =05, =1, =1.0014, x1 = 1.5, xo = 2.0, uz,, = 0.5636,
Mg =4 x 10°, M} =4 x 10°, V* = 300, E* = 0, N = 0, T} = 0, F; =0,

Fy =0:
, 26709000 + 27471000

_ ~ 2397430.00
L6 92.5092

Seventh component:
. AV +wl K/[
N 04 A* + w + py

*
€17

Substitute Ay = 0.3, w = 20.0342, I, = 0, 6, = 0.7, A* = 0, ¢ = 5.0003,

py = 0.67:
X 0.3 +20.0342 - 0

_ ~ 0.05291
87 0.7-0+5.0003 + 0.67

Eighth component:
o Ay + 9V
B8 0 AR A+ pia

Substitute A4 = 3.4 x 10'%, ¢ = 5.0003, V* = 300, 6, = 0.7, A* = 0,

fia = 0.332:
. 3.4 %102+ 5.0003 - 300

— ~ 1.0241 x 103
c18 0.7-0 + 0.332 x

Ninth component:

. Ap
(C: =
YO0y (L4 X2 F8) Iy + e — o1,

Substitute Ay = 10, 05 = 0.9308, x2 = 2.0, Fy =0, I}, = 0, ug = 0.5,
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o =0.5:

10

Tg= ~ 20
197 0.0308- (11+2.0-0)-0+05—05-0

Tenth component:

P ANK + (91F1* + QQFQ*
MOTS (T4 xa FY) T + 1+ pvge

Substitute Ay, = 0.057, 6; = 0.8, Ff = 0, 6, = 0.6, Ff = 0, §; = 0.7,
X1 =1.5,I% = 0,1 = 0.057, 1y, = 0.42:
. 0.057+0.8-0+0.6-0

_ ~ 0.1195
S0 T 07 (1 +1.5-0)- 0+ 0.057 1 0.42

Eleventh component:

N —Hig + \/“%10 + 4MI1071P3I]T/[T6( (37)
I =
i 25,71

Substitute the values:

pr, =3.70 x 1073, 7, =0.1642, p3 = 0.6697,

I;=0, Tf=5x10°

Calculate the discriminant:

= (3.70 x 107%)* +4-3.70 x 1072-0.1642 - 0.6697 - 0 - 5 x 10°.

It follows from Eq. (38) that

A =(1.369 x 107%) 40
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Calculate the square root of the discriminant:

VA =/1.369 x 10-3 = 0.037

Now, substitute back into Eq. (37) gives

o —0.037 + 0.037
LT 9.0.037 - 0.1642

Calculate the two roots:

. —0.037 + 0.037

_ _ ~ —6.0901
SL1 T 570,037 - 0.1642

0 o — —0.037 — 0.037
© T T 900,037 - 0.1642

Therefore, the solutions are:
* *

Since the interleukin-10 population is non-negative, its equilibrium value is

Twelfth component:
el
M0+

Substitute ¢ = 1, I3, = 0,01 = 0.8, up, = 4.9:

N 1-0
€ = ———
LI 0.8 +4.9

Thirteenth component:
_ 1Nk
92 + 19923

*
€113

Substitute n = 0.057, N =0, 03 = 0.6, up, = 5.16:

o 0.057-0
L3 0.645.16
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Combining all components gives
gl = {1477611.94, 0,0,136147.50,0.000054, 2397430, 0.05291,

1.0241 x 103, 20,0.1195,0,0,0}

Upon linearizing the model framework [5] around the equilibrium state €7, a

Jacobian matrix was derived in the following configuration:

—wy; 0 0 0 0 —wy O 0 0 0 w3 0 0
0 —wy4 O 0 0 0 0 0 0 0 s 0 0
0 —wg O 0 0 0 0 0 0 wry 0 0
0O O 0 —wg O 0 —wg O 0 0 0 0 0
0 0 0 0 —TwWi10 W11 — W12 0 0 0 0 0 0
0 wi3 0 w9 w2 ~ws w15 0 —wig—wir 0 —wiz—wig
Jr=1 0 0 —wyp 0 0 wy —wep—we3 0 0 0 0 0 ;
0 0 0 0 0 —wooyu—was O 0 0 0 0
0 0 0 0 0 —T26 0 0 — oy 0 0 0 — o8
0 0 0 0 0 — 929 0 0 0 — w30 0 —wW31 W32
w33 0 0 0 0 w2 0 0 0 0 — W34 0 0
0O O 0 0 0 w3 O 0 0 0 0 —ws3 O
0 O 0 0 0 0 0 0 0 w3y O 0 —wos3s
where
wy = 1605558.8710, wy = 989566.7162,
wy = 389546923730.2857, wy = 805297.0703,
ws = 13292414658672.8, we = 0.4027,
oy = 236183.1326, g = 0.0581,
e = 121212.1193, 10 = 0.0584,
w1 = 1.0014, w12 = 0.00004945,
wl3 = 79752.737, w14 = 51.2989,
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w5 = 121212.1193, wie = 4342704.702,

w7y = 1678201, wis = 429739.3275,

w19 = 89261113.76, ey = 0.0694,

we1 = 20.0342, e = 7168700000005.67,
weg = 0.0370, way = 4.9633,

wes = 0.3690, wes = 8.616,

wor = 1945275.202, wes = 89261113.76,

wag = 0.08365, w3y = 1678202.32,

w31 = 300816.7293, w3z = 0.6,

w33 = 1605558.871, w3y = 389546923730.2487,
w35 = 1, w3 = 9.7,

w3y = 0.9, wag = 9.76.

The eigenvalues associated with the coexisting equilibrium point .J.: are:

AL = —7.1687 x 10'2, Ay = —3.89549 x 10",
A3 = —2.10506 x 105, Ay = —1.94521 x 105,
A5 = —1.66852 x 10°, ¢ = 1.28996 x 10°,
A7 = —7.93942, Mg = —3.33513,

Ao = —0.4027, Ao = —0.369,

A1 = —0.0584, A2 = —0.0581,

A1z = 0.000219653.

These eigenvalues suggest that J.x is defined by a perturbed equilibrium point.
The presence of antibodies, effector B lymphocytes, naive T lymphocytes, and
natural killer cells renders the virus-persistence equilibrium state inconsequen-

tial. Consequently, the virus-free equilibrium attains stability, facilitating the
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potential for viral eradication.

Case II: For the subsequent scenario in which V' # 0, 75 = 0, E* =0, and N =0, a

boundary equilibrium state was derived, characterized by:

8 == b M M b
2 BiV* 4+ pungy” BoV* + g, (w+e+C+ pry,)

AV—FU)IX/I Ag+V* 0.0.0 E[}\(J 0
03T5 4 04 A* + (4 pv) V> 4+ pa” 7 7 7 (O + pr) |

. {0 oo M A Ty AVIMG BV M

Considering the initial conditions for the state variables and parameter values

in Tables [5|and 6] the following was obtained:
gy = {O, 0,0,136147.50,0.000054, 2397430, 0.05291,

1.0241 x 1013,0,0,0,0,0}

Linearizing system [5|about the equilibrium state €3 results in a Jacobian matrix

of the following form:

—w1 0 0 0 0 0 0 0 0 0 0 0 0
0 —wy O 0 0 0 0 0 0 0 0 0 0
0 0 —wg O 0 0 0 0 0 0 0 0 0
0 O 0 —wg O 0 —wg O 0 0 0 0 0
0 0 0 0 —wy w11 —wi2 0 0 0 0 0 0
0 w3 0 wy w2 —w39 w15 0 —wig—wir 0 0 0

Jsg = 0 0 —we 0 0 w21 —woe—wa3 0 0 0 0 0 )
0 O 0 0 0 0 —wog—ws O 0 0 0 0
0 0 0 0 0 0 0 0 —woer O 0 0 0
0 0 0 0 0 0 0 0 0 —w30 0 1wy w32

ws3 0 0 0 0 0 0 0 0 0 —wy O 0
0 0 0 0 0 w3 O 0 0 0 0 —wss O
0 O 0 0 0 0 0 0 0 w3y O 0 —woss
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where

W39 — 225992, a0 = 08, Wy = 0.0370.

The eigenvalues corresponding to the equilibrium point €7 are:

(1 = —7.1687 x 10", (o = —1.94528 x 10,
(3 = —1.6782 x 10°, ¢4 = —1.60556 x 106,
(s = —22.5499, (e = —805297,

(7 = —5.76, (s = —5.74748,

Co = —0.4027, 10 = —0.369,

(11 = —0.0599221, (12 = —0.0584013,
(13 = —0.037.

The eigenvalue spectrum indicates that €7 is a saddle point. Thus, the system
exhibits local stability around this equilibrium. This equilibrium is categorized
as a chronic state due to the absence of T cells, natural killer cells, effector B
cells, and cytokines with the capacity to eliminate the virus. Consequently, the

mere presence of antibodies is insufficient to achieve viral clearance.

Case III: For the third case in which V* #£ 0,77 = 0, E* = 0, and N} # 0, a boundary

equilibrium state was derived in the following configuration:

o {0’070’ A, 7 Ay, + Clyy ’
BiV*+ pngy BoV* A+ pagy
BV M + BoV* M Ay + wl
01 (14 xa F7) Njg + (w + e + ¢+ pury, ) 03T5 + A + py”
Ap+ V™ Any + O FF + 0o F;
0V*+pa” o (Lt xaF ) Iy + 0+ vy

eI’ NN }

(01 + pr) (02 + pr,)

Considering the preliminary conditions for the state variables and parameter
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values as delineated in Tables [5|and[6] the following was ascertained:
€5 = {O, 0,0,136147.50,0.000054, 2397430, 0.05291,

1.0241 x 1013,0,0.1195,0,0,0}

Linearizing system [5| about the equilibrium state €3, a Jacobian matrix of the

following form was obtained:

—w1 0 0 0 0 0 0 0 0 0 0 0 0
0 —wy O 0 0 0 0 0 0 0 0 0 0
0 0 —wg O 0 0 0 0 0 0 0 0 0
0 0 0 —wsg O 0 —wg O 0 0 0 0 0
0 O 0 0 —wig w11 —wi2 O 0 0 0 0 0
0 w3 0 wy wiz —wa2 w15 0 —wig—wir 0 —wig 0
5§ = 0 0 —wmy 0 0 w9 —wa—wy 0 0 0 0 0 ;
0 0 0 0 0 0 —woy—wes 0 0 0 0 0
0 0 0 0 0 0 0 —wor O 0 0 0
0 O 0 0 0 —wog O 0 0 —w39 0 —w3 w3
wsz 0 0 0 0 0 0 0 0 0 —wygy O 0
0 O 0 0 0 w3 O 0 0 0 0 —wss O
0 0 0 0 0 0 0 0 0 w3y O 0 —toss
where
Wy = 22.6829.

The eigenvalues associated with the equilibrium point €7 are:

01 = —T7.1687 x 10*2, 00 = —1.94528 x 10°,

03 = —1.6782 x 10°, 04 = —1.60556 x 10°,

05 = —805297, 06 = —14.3615 + 358.959i,
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Case IV:

o7 = —14.3615 — 358.959¢, 08 = —5.76,

09 = —0.4027, 010 = —0.369,
011 = 0.186273, 012 = —0.0584,
o13 = —0.037.

The eigenvalue analysis indicates that €3 is a saddle spiral point, suggesting
that the system is locally unstable around this equilibrium. Despite the lack
of T lymphocytes, effector B lymphocytes, and cytokines such as interferon
alpha, beta, and gamma at this equilibrium state obstructs the potential for viral
eradication, the presence of antibodies and natural killer cells is sufficient to

disrupt the virus-persistence equilibrium and accomplish viral abatement.

For the fourth case in which V* # 0, Ty = 0, E* # 0, and Ny = 0, a

boundary equilibrium configuration of the following nature is derived:

5* — O 0 0 AMO AMl + C[J‘)\(ﬂ
! CU BV g, BV g,

B V*MG + BV M} Ay +wl?,

(0 + 0) E* + (W e+ C+ piry,) 05T + 04 A% + (¢ + pv)
Ay + V™ Ag o0l o}.
(54V*+/JJA’((52—O'>IX4+,LLE’ ’ ’(91+MF1)’

The equilibrium state ) will exist if 0, > o. Considering the preliminary
conditions for the state variables and parameter values as delineated in Tables

[5]and [6] the following was ascertained:

g = {0,0,0,136147.50,0.000054,2397430,0.05291,

1.0241 x 1013,20,0,0,0,0}.

Linearizing system [5] about the equilibrium state €}, a Jacobian matrix of the

following form was obtained:
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—wy; 0 0 0 0 0 0 0 0 0 0 0 0
0 —wy O 0 0 0 0 0 0 0 0 0 0
0 0 —wg O 0 0 0 0 0 0 0 0 0
0 O 0 —wg O 0 —wg O 0 0 0 0 0
0 0 0 0 —wig w11 —wi2 O 0 0 0 0 0
0 @3 0 @y @2 —wa3 wis 0 —wig—wir O 0 —wi9
Ex=1] 0 0 —w 0 0 oy —wea—w9e3 0 0 0 0 0 :
0 O 0 0 0 0 —woy—wa; 0 0 0 0 0
0 0 0 0 —wo O 0 —wor O 0 0 —wo9s
0 0 0 0 0 0 0 0 0 —w30 0 wy w32
wsz 0 0 0 0 0 0 0 0 0 —wqy O 0
0 0 0 0 0 w3 O 0 0 0 0 —w3e O
0 O 0 0 0 0 0 0 0 w3y O 0 —wss
where
@y = 51.2152.

The eigenvalues corresponding to the equilibrium point € are:

M = —7.1687 x 10, vy = —1.94529 x 10%,
3 = —1.6782 x 10°, 74 = —1.60556 x 10°,
v5 = —805297, Y6 = —31.6025,

Y7 = —7.23622, vs = —4.51634,

Y9 = —0.4027, Y10 = —0.369,

Y11 = —0.0590878, Y12 = —0.0583867,
v13 = —0.037.

The eigenvalue analysis reveals that 3 is a stable point, indicating that the
system is locally stable around this equilibrium. In the absence of T cells,
natural killer cells, and cytokines such as interferon alpha, beta, and gamma,

there is no mechanism present to facilitate viral clearance. Consequently, the
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presence of antibodies and effector B cells alone is insufficient to destabilize

the virus-persistence equilibrium and induce viral clearance.

Case V: For the fifth situation where V* # 0, T} # 0, E* = 0, and Ny = 0, a

boundary equilibrium configuration of the following type was ascertained:

o Az, pilyToliy p2V™T5 Iy
5 * I ’ ’
p1ly Ity + p2 VAT + liiﬁffo + pgy, ™+ pr 03V +

A, Ay + Ly BiV*Mg + BV My
BiVF + pag,” BV + par,” (WA e+ pry,)
Av+w[]’§4 Ay +pV™ 0.0
03Ty + A+ (V+ ) 0V*+pa’

—Hr, + \/:u%lo + 4N11071P3IX4T5 g[]’h 0
2H110T1 ’ (91 + ,uF1)7 ’

Considering the preliminary conditions for the state variables and parameter

values as delineated in Tables [5and [6] the following was ascertained:

£r = { 1477611.94, 0,0, 136147.50, 0.000054, 2397430, 0.05291,

1.0241 x 103, 0, 0,0,0,0}

Linearizing system [5] about the equilibrium state %, a Jacobian matrix of the
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following form was obtained:

—@;, 0 0 0 0 —w 0 0 0 0 w 0 0
0 —@w4 0 0 0O O O 0O O 0 ws 0 0
0 0 —wg 0O 0 0 O 0O O 0 w 0 0
0 0 0 —wg 0 0 —wg O O O 0O 0 0
0 0 0 0 —TW10 W11 — W12 0 0 0 0 0 0
0 w3 0 wy wip —w3g w15 0 —wieg—wir 0 0 0
es=1| 0 0 —w0 0 0 @y —wam—wa3 0 0 0 0 0
0 0 0 0 0 0 —wyu—wys 0 0 0 0 0
00 0 0 0 0 0 0 —wy 0 0 0 0
0 0 0 0 0 0 0 0 0 —T30 0 W40 TW32
w33 0 0 0 0 () 0 0 0 0 — W34 0 0
0 0 0 0 0 ws 0 0 0 0 0 —wg O
0 0 0 0 0 0 0 0 0 w3t 0 0 —Tw38
For the equilibrium point €, the eigenvalues are:
& = —7.1687 x 102, £ = —3.89549 x 10",
€3 = —2.09237 x 10°, &4 = —1.94528 x 10°,
& = —1.6782 x 10°, & = 1.28704 x 10°,
&7 = —5.76, &g = —5.70011,
£y = —0.4027, 10 = —0.369,
&1 = —0.0584002, €12 = —0.0581,

15 = 0.0000988964.

The eigenvalue spectrum indicates that the equilibrium point €7 is classified
as an unstable saddle point. From a biological perspective, augmenting the
production of T cells, supported by antibodies, is sufficient to destabilize the
virus-persistence equilibrium state. This destabilization facilitates the transi-

tion to a stable virus-free equilibrium, effectively leading to viral clearance.

Case VI: For the sixth scenario where V* # 0, T # 0, E* # 0, and Nj; = 0, a
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boundary steady state of the following form was obtained:

o { Ag, P T Ty
6 ) * )
Iy 1T + p2V3 ATy + pslyy <ﬁ> + pizy i+ by
p2V* 15 Iy A, A, + Cly
O3V* 4 pp,  BiV* + pngy” BoV* + piar,”

BV My + BV My Ay +wli},
(g +0)E*+ (w+e+C+pur,) 0375 + 04A* + 0+ uy’
Ag+ V> Agp

Y

54A*+MA’ ((52 —O')IJ’\(/I ‘i‘,UzE7

—H T \/:u%m + 4pn,mipsliIg ely,
2413071 Ot pe ]

The equilibrium state €} would materialize provided that 6o > o. Given the
initial conditions for the state variables and parameter values specified in Ta-

bles [5]and [f] the following was determined:
Eg = {1477611.94, 0,0,136147.50, 0.000054, 2397430, 0.05291,
1.0241 x 10'3, 20,0,0,0,0}

Linearizing system 5| around the equilibrium state £, a Jacobian matrix of the

following structure was derived:

—w; 0 0 0 0 —ws O 0 0 0 w3 O 0
0 —wy O 0 0 0 0 0 0 0 w5 O 0
0 0 —wg O 0 0 0 0 0 0 w O 0
0 0 0 —wsg O 0 —wg O 0 0 0 0 0
0 O 0 0 —wi w11 —wi2 O 0 0 0 0 0
0 w3 0 wy wiz —wag w15 0 —wig—wir 0 0 —wig

&= 0 0 @0 0 0 @y -—@p-ms 0 0 0 0 0
0 0 0 0 0 0 —woy—wos 0 0 0 0 0
0 O 0 0 0 —we O 0 —wor O 0 0 —was
0 0 0 0 0 0 0 0 0 —wes 0 1wy wse

wsz 0 0 0 0 we O 0 0 0 —ws3se O 0
0 0 0 0 0 w3 O 0 0 0 0 —wss O
0 0 0 0 0 0 0 0 0 w37 O 0 —woss
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Case VII:

The eigenvalues corresponding to the equilibrium point £ are:

T = —T7.1687 x 10'2, Ty = —3.89549 x 10!,
73 = —2.09247 x 10°, 7y = —1.94519 x 10°,
75 = —1.6782 x 105, e = 1.28703 x 105,
77 = —5.76009, g = —5.69985,

T = 0.4027, 710 = —0.369,

711 = —0.0583484, m19 = —0.0581,

m3 = —0.0000543191.

The eigenvalues denote that the equilibrium point € is categorized as an un-
stable attractor. The presence of naive T lymphocytes and effector B lym-
phocytes, in concert with the effector functions of antibodies, is sufficiently
potent to perturb the virus-persistence equilibrium, thereby culminating in the

resolution of the viral pathology.

For the seventh condition where V* # 0, Tj # 0, E* = 0, and N} # 0, a

boundary steady-state configuration of the following form was ascertained:

o { Az, I T Ty
T ) * ;
ol I + p2 V3L + psl}y (ﬁ) + piry mlhy + iy
p2 VI I3, A, Ay, + Iy
OsV* + pum,” BIV* + gy BoV* + par,

*

BLV*MG + VM
01 (1 +x1F7) N + (w+ e+ (+ pugy, ) — w17
Ay + wliyy, Ay +9V*
03T + 04 A* + 0 + py 044  + g’
ANK + 91F1* =+ QQFQ* — My, + \/M%m + 4/11107_1/)3]]);473
o1 (L4 X1 FY) Iy + (0 + ) 201T1 ’

ely, NN
01+t O+ 1, |
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The equilibrium €% would be attainable if
0 L+ x1E7) N + (w+ e+ C+ pry,) > 717

Given the initial conditions for the state variables and parameter values delin-

eated in Tables[5|and [6] the following was ascertained:
e = {1477611.94, 0,0,136147.50, 0,000054, 2397430, 0.05291,

1.0241 x 1013,0,0.1195,0,0,0}

Upon linearizing system [5|at the equilibrium state %, a Jacobian matrix of the

following form was obtained:

—w; 0 0 0 0 —we O 0 0 0 w3 O 0
0 —wy O 0 0 0 0 0 0 0 ws O 0
0 0 —wg O 0 0 0 0 0 0 w O 0
0 0 0 —wg 0 0 —wg O 0 0 0 0 0
0 0 0 0 —wi w11 —wi2 0O 0 0 0 0 0
0 w3 0 wy wiz —wae w15 0 —wig—wir 0 —wig 0

=1 0 0 —w 0 0 @y —wm—ws3 0 0 0 0 0
0 0 0 0 0 0 —wos—wos 0 0 0 0 0
0 0 0 0 0 0 0 —w9er O 0 0 0
0 O 0 0 0 —weg O 0 0 —w39 0 —w31 w3

wssz 0 0 0 0 w2 O 0 0 0 —ws3s O 0
0 0 0 0 0 w3 O 0 0 0 0 —w3e O
0 0 0 0 0 0 0 0 0 w3y O 0 —woss

The eigenvalues associated with the Jacobian matrix at the equilibrium point

* .
€7 are:

Y = —7.1687 x 102, ¥y = —3.89549 x 10,

Y5 = —2.09237 x 105, Y, = —1.94528 x 10°,

U5 = —1.6782 x 105, Ye = 1.28704 x 10°,
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¥y = —5.76, ¥y = —4.574,
P9 = —1.08746, B0 = 0.4027,
911 = —0.369, Do = —0.0584481,

Y13 = —0.0581014.

These eigenvalues elucidate that the equilibrium state €% is typified as an unsta-
ble singularity. The simultaneous presence of naive T lymphocytes and natural
killer cells, coupled with the action of antibodies, is adequate to perturb the

virus-persistence equilibrium and ultimately engender viral eradication.

Case VIII: In the eighth scenario, where V* # 0, 1T = 0, £* # 0, and N # 0, a

boundary steady-state arrangement of the following nature was ascertained:

E* _ 0.0.0 AMo AM1 + C[& X4 AV +w[;\(/l
i BV gy BV pan, T 08Ty A 04 AT + b+
Ay + V™ Ag
01elx Gan N7
Gitnr, + Ootun, el}y NNk }
(1 ) Iy g — A O
,31V*Ma+ﬂ2V*Mf

*
where I}, = [01 (14+x1 FY ) Njc 482 (14x2 F ) E*+o E*+B—n Ty |

and B = (w+ e+ (+ pry, )

The equilibrium state €5 would be viable if:

XQTIN;( * *
Gy (14 220K N e s ol
2( 02+MF2) M RE M

Xl‘c’:]& *
o1+ 22— 1T > Ay,
1( +91+,MF1> M 1T N Nk

and
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01 (14 X1 Ff) Nje + 62 (14 xoFy) E* + 0 E* + B8 > T},

Given the initial conditions for the state variables and parameter values in

Tables [5|and [6] the following was derived:

£y = {O,O,O,136147.5070.000054,2397430,0.05291,

1.0241 x 1013,20,0,0,0,0}.

Upon linearizing the model framework [5] around the equilibrium state ¢}, a

Jacobian matrix of the following structure was derived:

—w; 0 0 0 0 0 0 0 0 0 0 0 0
0 —wy O 0 0 0 0 0 0 0 0 0 0
0 0 —wg O 0 0 0 0 0 0 0 0 0
0 0 0 —wg O 0 —wg O 0 0 0 0 0
0 0 0 0 —wig w11 —wi2 O 0 0 0 0 0
0 wig 0 wy wi2 —wia wis 0 —wig—wir 0 —wig—wio

&= 0 0 -@m0 0 0 @y -—@p-w;s 0 0 0 0 0
0 0 0 0 0 —wog—wos O 0 0 0 0
0 0 0 0 0 —w9e O 0 —w9er O 0 0 —wo9s
0 0 0 0 0 —wog O 0 0 —w3g 0 —w31 @30

ws3 0 0 0 0 0 0 0 0 0 —wqy O 0
0 0 0 0 0 w3 O 0 0 0 0 —w36 0
0 0 0 0 0 0 0 0 0 w3y O 0 —wss

The equilibrium point €5 exhibits the following eigenvalues:

s = —7.1687 x 10'2, sy = —1.94529 x 10°,
33 = —1.6782 x 106, 24 = —1.60556 x 106,
35 = —805297, 25 = —46.0454 + 362.858i,

»; = —46.0454 — 362.858¢, g = 48.4958,
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ny = —0.4027, 9 = —0.369,
2 = —0.083031, 19 = —0.0584,
3 = —0.037.

These eigenvalues delineate that the equilibrium state €5 is characterized as an
unstable saddle-node. The absence of naive T lymphocytes fails to contribute
to the equilibrium stability of the persistent viral infection. The synthesis of
antibodies and the elevation of effector B cell counts are sufficiently potent to
destabilize the virus-persistence equilibrium. This accentuates the fundamen-
tal significance of the synergistic contribution of both antibodies and effector

B cells in the eradication of hepatitis B virus infection.

Fractional-order Model

Fractional calculus has garnered significant attention from numerous schol-
ars and has found utility across various disciplines. Researchers have engineered
mathematical frameworks for a wide spectrum of infectious diseases, leveraging
contemporary calculus techniques. The preponderance of mathematical modeling
methodologies is predicated upon classical ordinary integral and differential equa-
tions, or systems of linear and nonlinear differential equations. Nevertheless, over
the last three decades, in order to address real-world complexities with superior pre-
cision and exactitude, arbitrary-order fractional integral and differential equations
(FDEs) have been increasingly adopted (X. Liu et al., 2022).

The conventional mathematical model of integer order often proves inadequate
in certain scenarios. For instance, virus propagation typically exhibits discontinuous
behavior, a nuance classical differential models struggle to capture effectively. In
contrast, fractional systems naturally accommodate such discontinuities (L. Zhang
et al., 2021)). Consequently, fractional calculus has made substantial contributions to
the fields of mechanics, chemistry, biology, and image processing. Several physical
problems have been successfully addressed through the application of fractional cal-

culus. Since the fractional order can assume any positive real value, denoted as ¢,
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researchers can select the value that best fits the available data (Nisar et al., 2022).
Thus, models can be tailored to real-world data, enhancing our ability to predict the
future evolution of diseases by considering their past and present states (L. Zhang et
al., 2021)).

To incorporate the memory effect of hepatitis B virus and liver cancer on host
liver cells, we introduce the Atangana-Baleanu fractional differential operator into
the proposed model. This decision stems from the fact that human body cells, includ-
ing liver cells, are susceptible to various viral infections, necessitating the use of frac-
tional differential operators to understand how liver cells respond to these infections
based on their prior experiences with other pathogens. Additionally, this approach
enables the examination of how both infected and uninfected macrophage popula-
tions utilize their memory to prevent infections in compartmental models. These
considerations have elevated the fractional-order model to prominence in contem-
porary biological process modeling. Thus, our motivation lies in investigating the
dynamics of hepatitis B virus and liver cancer coexistence using Atangana-Baleanu

fractional differential and integral operators in Caputo sense.

Immune Response in HBV and Liver Cancer Model via ABC Operator

The proposed model [3] is presently being augmented to correspond with the
foundational fractional differential and integral operators, in conjunction with the
theorems delineated earlier. In accordance with the authoritative literature on frac-

tional differential equation models, the immune response model [5|can be articulated
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within the purview of the Atangana-Baleanu Caputo formulation as follows.

,

AECDETy = A%, — o TuTolio — pEVToho — P Tol (1)
— i, To,
ABCDETy = pfIyTolo — 7 lyTh — i T,

GEODITy = piVTol — 65TV — i, T,
g‘BCDfMO = Aﬂo — BV My — MﬂOMoy
GBODEM, =AY, — BSV My + (1 — iy, My,
GBCDELy = BYV Mo+ BIV My + w?IyTh — 67 (1 + x{Fy) Iy Nie
—65 (1 + X)) IyE — o¥IyE
_ (Wso +e¥ 4 (P + /“Liw) Iy, (39)
ABODYV = AL+ wPly — TV — ST AV — (¢ + uf) V,
ABEDFA = AL+ PV —6TAV — pfA,
ABCDEE = AL — 65 (1+ xSFy) Iy E + oIy E — uoF,
GPCDYNg =A%, — 07 (L+X{F1) Iy N + 07 Fy + 05 F)
— (n” + 1) Ni,
0PD Ly = p5InTo (ﬁ) — ui, o,

éBCDfFl :€@IM— (0f+ufwl) Fla

(‘]ABCDfFQ ZU@NK— (98204—#?2) FQ.

\

With initial conditions TO = To*, Tl = Tl*’ T2 = TQ*, MO = M(]*, M1 = Ml*,
[M = [M*’ V = ‘/Oa A = AO’ E = E07 NK = NK*’ [10 = [10*’ Fl = F1*7
F2 - FQ*.

Basic Model Properties
This section elucidates the non-negativity and boundedness of the solutions,
alongside the computation of the reproduction number for the proposed model. Fur-

thermore, the existence and uniqueness of the solutions pertaining to the analyzed
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model are examined. Let

A = {(T07T17T2aM07M17]M7V7A7 EaNK7[107F17F2> € R.lf :

TD7T17T27M07M17[Ma‘/7A7E7NK7IlOaF17F2 € R+}

be the required invariant region.

Lemma 6
Let f(t) € Cla,b] and suppose 5;P°DY f(t) € C [a,b] when 0 < ¢ < 1. Then

the generalized mean value theorem states that

f(t) = f(a)+%[6‘BCfo(s) (t— )]

where 0 < s < ¢.

Let o € (0,1], f(t) € C'[0,b] and §PCDY f(t) € C[0,b]. It is clear from the Lemma
6 above that 5ZCDY f(t) > 0,V¢ € (0,b], then the function f(t) increases while if

ABCDY f(t) < 0,Vt € (0,b], then the function f(t) decreases.

Theorem 7
Positivity of solutions
The solutions of the model system[39 are non-negative provided all initial con-

ditions are all positive.

Proof. From the considered model system [39] the following expression can be writ-

ten for any non-negative initial condition:

0P DTy (t)lm=0 = A%, >0,
0 PODET(t)|lr=0 = T (H)To(t) 1o(t) > 0,
0 PODETy(t) =0 = pEV()To(t)L1o(t) > 0,
07D Mo(t) =0 = A%y, >0,

éBCDfM1<t>|M1=0 - Afﬁ + CLPIM(ﬂ >0,
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0 TCDEV (t)lv=o = A +wPly(t) >0,
0D (D) ry=0 = BV () Mo(t) + BEV () Mi(t) > 0,
0 PDFA(t) 4z = AL+ YPV () >0,
0 DYE(t)|p—0 = AL >0,
0PCDE N (t) | ne—o = A%, +O07F(t) + 05 Fa(t) > 0,
GPDET () =0 = p§Tn(t)To(t) > 0,
0P DY Fy(t)lm=0 = €Iu(t) >0,

0P DEFy (1) m=0 = n?Ni(t) > 0.

Thus, from Lemma @, all solutions of the considered immune response to HBV and
liver cancer co-existence model are non-negative given any positive initial conditions

for all ¢t > 0.

Lemma 7
Boundedness of solutions (positively invariant region)

The population variables and parameter fluctuations within system[39]are metic-
ulously scrutinized. Given that the variables and parameters in the model system
remain strictly positive for all values of ¢ > 0, it is substantiated that all possible
solutions are uniformly bounded within finite limits.

Let

A = {(T07T17T27M07Ml?-[MJ‘/vA?E?NK?IlOaFl)FQ) € R}E’:
T<I',M<Ty,V<I3A<Ty,E<Ts5,Ng <T's, 110 <1I',

Fy <TIg, Fy < Fg}-

The solutions of system given any non-negative initial conditions, remain con-
strained within the biologically viable domain delineated by the set A for all ¢ > 0.
Consequently, A serves as a positively invariant domain for the model system de-

scribed in Eq. (39).
Proof. Taking into account the different T cell subsets (i.e., Ty, 71, and 75) and
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aggregating them to determine the overall T cell population, the following was ob-

tained:

0 CDH(To+ T+ To) = Af —pf o — i T — 15, T

1
—p5InTo <

—— | = 7T, — 6TV
1+7’f]10) M 372

It follows that
0 PDY ()] < Af - pfT, where ¥ =min{uf, uf,, 45} (40)

By applying the Laplace transform to both sides of Eq. (d0), the following was

obtained:
ABC(p)T(0) (1 —p)AT
T(t 0 x E, 1 (—0t%
O = |ABCG) - (1 - T ABCG) — (1 - gr] et (1)
+ AR, X By i1 (—019) @1)
ABC(p) = (1—g)pe ~ 2% ’
where
0 = L2 and T(0) = Tp(0) + T1(0) + T(0).
ABC(p) = (1= @)p#
Since
1
anﬁ (t> = tEa,a+IB (t) + F(ﬁ) 9 (42)
following Eq. (#2), the relation in Eq. (1)) transform to
A? ABC(y)
T(t) < —2+
) pe ABC(p) — (1 —¢)p®
A%’
X {T(O) - uﬂ X B, (—0t7). (43)

A‘P
It follows from Eq. (@3) that T'(t) < 7 = I'y ast — oo. Thus, the T cells
%

o , A? AP A
population is bounded. That is T < M—f}), T, < “—? and T, < H—f,}’
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Taking the macrophage population into consideration (i.e., My, M7, and ;)
and summing them to obtain the total macrophage cell population, the following was

obtained:

0 PCDF (Mo + My +Inr) = Afy +Afy — ufy, Mo — uiy, My — pif, T
—(51 (1 + XlFl) [MNK — (52 (1 + XQFQ) [ME

Iy E — (w t et o+ ,%) I + 721y T
It follows that

§PODF (Mo + Myt L) < Afyy + Ay = iy, Mo — pify, M — ], T

+7TQOIMF1.

A7
ButI'y = H—; = T7. Hence,

0PODY M (t)] < A —pfM, (44)

where A? = min{AY, , A%, } and p¥ = min{uy, , i, 47,1 By applying the

Laplace transform to both sides of Eq. (44), the following was obtained:

ABC(p)M(0) (1—p)A® e
M) ABC(¢) — (1—p)pe | ABC(g) — (1 —g)ue] Epa (=07)
eA? .
YABC(o) — (L= pyr < et (50, @)
where
_ pur n _
t = ABC0) — (= and M (0) = My (0) + M;(0) + Ip(0).
Since
Easl®) = Eparslt) + 155 (46)
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following Eq. (#6), the relation in Eq. (45]) convert to

A ABC(y)
MO = 5 Y aBaG) - 0o
A% o

It follows from Eq. @7)) that M (t) < W = I'y as t — oo. Thus, the macrophages

cells population is bounded. That is My < 22, M, < A% and Iy, < 1;}:

Considering the virus population, the followmg is obtained:

SBEDEV(t) = AL+ wfly — pbV — STV — 6§ AV — #V.

It follows that

AODRV(E) < AL — WV + WP,

ButI'; = = I,;. Hence,

SEODY V()] < AL — ubV. (48)

By applying the Laplace transform to both sides of Eq. (@8)), the following was

obtained:
ABC(p)V (0) (1 - Ay
Vit T % By (—0t%
W < | ABCG) - (1o T ABC) — (1) et (1)
@AY
+ X By o1 (—0t%), (49)
ABO(p) — (1 g < et (ZH7)
where

Py,
{ = and V(0) = V.
ABC(7) — (1= )it 0)=W
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Since

Eaﬁ(t) = tEa,Oa-&-ﬂ (t) + ﬁv

following Eq. (50), the expression in Eq. (@9)) changes to

A7 ABC(p)
i) < i ABC(p) — (1 — o)k
AT e
X [M(O)—E] XE%l( lt )

(50)

(S1)

It follows from Eq. (51)) that V' (¢) < 2—‘:; = I'3 as t — oo. Thus, the virus population
Vv

18 bounded.

Considering the humoral immune response (antibodies) population, the fol-

lowing was obtained:

GBDYA(L) = A+ PV — GTAV — pf A,

It follows that

0 CDPA() < AL+ YTy - pfA

A<P
ButI's = =¥ = V. Hence,

ny

0PCDP[A()] < A% - piA.

(52)

By applying the Laplace transform to both sides of Eq. (52)), the following was

obtained:

ABC(p)A(0) (1—p)A]
ABC(p) — (L= ABC(p) — (1 —p)u

+ (ij x E +1 (—6#'0)
ABC(p) — (1 =)y = 77 ’

A(t)

110
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where

PHA
/= and A(0) = A,.
ABC(p) — (1 —p)ui 0) =4

Since

1
Enp(t) = tEa,a%(t)er, (54)

following Eq. (54), the relation in Eq. (53)) convert to

A% ABC(y)
At < -4
1) < ph o ABC(p) — (1 —¢)uh
®
X [A(O) — A—;}} x By (—0t9). (55)
My

It follows from Eq. (33) that A(t) < % = I'y ast — oo. Thus, the antibodies

population is bounded.

Considering the effector B cell population, the following was obtained:
SBCDEE() = AL — 65 (1 +XSF) InE + 0?IyE — ihE.
It follows that
JBCDYE() < A%+ 0¥ToE — ubE.
ButI's = 2—: = I,s. Hence,
0D [E()] < AL - uRE. (56)

By applying the Laplace transform to both sides of Eq. (56), the following was
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obtained:
ABC(p)E(0) (1 —p)AT
Bt + x E —0t¥
) ABC(p) = (L —p)up  ABC(p) — (1 —¢)ug et (207)
+ AL X Ep i1 (—017) (57)
ABC(p) — (L—g)ug ~ 7% ’
where
oI
{ = and FE(0) = E,.
ABC(p) — (1 — @)y ©) =&
Since
E (g) = tE (t) + L (58)
.3 a,a+ F(B) 5
following Eq. (58), the relation in Eq. (57) convert to
A% ABC(y)
BEit) < —L£4
) py  ABC(p) — (1 —9)ug
ASO
X [E(O) - M—g} x B, (—0t%) . (59)
It follows from Eq. (59) that
A‘P
E(t) S _g - F5a
HE

as t — oo. Thus, the effector B cells population is bounded.

Considering the natural killer cell population, the following was obtained:

GPDENK(t) = A, —0f (14 x{F) IuNk + 0 F1 + 05 Fy

- (77@ + Mf}K) Nk.
It follows that

0PCDENK(t) < A%, — pk, Nk + 60{Ts + 65T,
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@ ®
ButI's = 5~ and I'g = Z-. Hence,
NFl ,U«F2

ABODY [Nk (1)) < A%, — i, Ni. (60)

By applying the Laplace transform to both sides of Eq. (60), the following was

obtained:

ABC(@Nk(0) (1= )AL,
ABC(p) — (L —p)uy,  ABC(p) — (1 — @)ux,
AR,
ABC(¢) — (1 — @)u,
XEg o1 (—0t7),

NK(t)

X]E%l (_gtcp) +

(61)

where

ou
/= LS and Nz (0) = N,
ABC) — (=Pl x(0) = Ni

Since

Eap(t) = tEaats(g) + m7 (62)

following Eq. (62), the relation in Eq. (61) convert to

A% ., ABC(¢)
ny,  ABC(p) — (1 —@)ug,

A%
x [NK(O) - K} X B (—0t7) . (63)

E(t)

%)
Nk

73

A, )
It follows from Eq. (63)) that N (t) < —& = I's as t — oo. Thus, natural killer

MNK

cells population is bounded.
Considering the anti-inflammatory cytokine (i.e., interleukin-10) population,

the following was obtained:

1
ABC o
o Dfho(t) = p5iuTo (m) = 17, Tro-
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It follows that

1

ABCT ©
DY () < 'y | ——
o Dilp(t) < pily 2(1+T{”Im

) - ,ull()[].O' (64)

@

A
ButI'y = M—ﬂo =Tyand I'; = ﬁi = I5s. By applying the Laplace transform to both

©

sides of Eq. (64), the following was obtained:

ABC(p)110(0) (1 —¢)py
ABC(p) — (L —p)up,  ABC(p) — (1 —o)uf,,
©p3
ABC(p) — (1 = )y,

Lio(t) <

X Eg&,l (_gt%’)

+

X Ey o1 (—087), (65)

where

)
{ = SO,UIIO and ]10(0) = IIO*-

ABC(p) — (1 = p)ut,,

Since

1
Ea,ﬁ (t) = tEa,a-i-a(t) + ma (66)

following Eq. (66), the relation in Eq. (63) convert to

ps ABC(y)
ny, ABC(p) — (1 —9)ui,

X |:[10(0) — p—3:| X E%l (—gtso) . (67)

Lio(t) <

It follows from Eq. that I1o(t) < /;)Tg = I'; as t — oo. Thus, the interleukin-10
Iio
population is bounded.
Considering the anti-inflammatory cytokine (i.e., type-1 interferon) popula-

tion, the following was obtained:

GPODYE(t) = e¥Iy — (0 + uf) Fi.
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It follows that
GPCDYF(t) < ey — pf Fr. (68)

ButI'y = % = Is. By applying the Laplace transform to both sides of Eq. (63),

the following was obtained:

ABC(p)F1(0) (1 —p)e?
Fy(t K, (—0t¢
O < B0 - (1ot T ABO) — (1= gy, | < B 50
pe¥
+ X By i1 (—09) (69)
ABC(p) — (1= g, ot 510
where
A
(= ! and F1(0) = Fi-.
ABC() — (1— o, 0=
Since
Eop(t) = tE (t) + L (70)
. a,a+f F(ﬁ)7
following Eq. (70), the relation in Eq. (69) convert to
e?¥ ABC(p)
) < —+
1) pe  ABC(p) — (1 —@)up
©
X {Fl(()) - g—g,} x By (—0£9). (71)
Fy

It follows from Eq. (7I) that Fio(t) < =~ = T'sast — co. Thus, the type-1
4t
interferon population is bounded.
Finally, considering the type-2 interferon population, the following was ob-

tained:

GECDEFy(t) = 1PNk — (05 + uf) B
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It follows that

JPCDER () < 0T — pp Fo. (72)

73

A
But I's = —% = N. By applying the Laplace transform to both sides of Eq. (72),

73]
IJ'NK

the following was obtained:

ABC () F5(0) (1 —¢)n®

Fy(t K, (—0t¢
O < A0 - (1 s, T ABO) — (1~ g, | < B )
©n?
+ X By i1 (—09) (73)
ABO(R) — (1 =gz, Bowrt (7117)
where
opg,
/! = 2 and F5(0) = Fox.
ABO(E) — (1= o0, 20) = F
Since
Eop5(t) = (E (t) + ! (74)
. a,a+f F(ﬁ)7
following Eq. (74), the relation in Eq. convert to
n¥ ABC(p)
() < -
) < pe,  ABC(p) — (1 —¢)up,
Y
x {FQ(O) _ g—g,} x By (—0£9). (75)
Fy

It follows from Eq. (73)) that F5(t) < :TW = I'g as t — oo. Thus, the type-1 inter-
2

feron population is bounded. Thus, all solutions belong to the set A. Consequently,

the closed set A is positively invariant.

Model Analysis

We begin the model analysis by looking at the virus-free equilibrium state.
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Virus-free Equilibrium State (VFE)

At the virus-free equilibrium state, the complete absence of the hepatitis B
virus signifies the eradication of infected macrophages. This eradication results from
the fact that uninfected macrophages have no pathogen to engulf, thus precluding
infection. Consequently, V* = 0 necessitates that /3, = 0 and F} = 0. It follows
that A* = 0, B* = 0, Ny = 0 and Fj = 0. Thus at the virus-free equilibrium, the

following equations are satisfied

\

A?’O - M?OTJ = O’

_ng’ilTl* = 07
_M’LIJD—'QT; = 07

(76)
Af/[() - IU“fJOMg = 07

A}f/fo — ,u}‘\}UMg =0,

—wa Iy =0

Ve

Therefore, at the virus-free equilibrium,

go - (T(;(’Tf?T;? MSJM{(7]]T47V*7A*7E*7 N;{7ITO7F1*7 F;)?

populations of all species involved in the immune interactions are given by

A? A2 A¥
g = <Z°,0,0, o, 241,0,0,0,0,0,0,0,0).
K, Mgy Hoy

Basic Reproduction Number; R

Subsequently, the infection reproduction number of the model system was de-
termined using the Next Generation Matrix methodology, as outlined by (Diekmann
& Heesterbeek, 2000) and applied in (Chataa et al., 2021)). The process begins with
an examination of the equations within the model system that describe the prolifer-

ation of newly infected macrophages and the transitions in the infected macrophage
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state. These equations are articulated as follows:

)
ABEDE I (t) = BV My + BEV M, + 7?1y Ty — 6, (14 X7 Fy) Iy Nk

(77)
ABEDEV (1) = NS + wP Iy — 05ToV — 05 AV — (42 + us) V.

where € = (w? + &%+ (¥ +pf )

This ensemble of equations in system [/7|is designated as the infected subsystem.
Adhering to the established protocol of the Next Generation Matrix methodology,
the initial step involves linearizing the infected subsystem around the virus-free

steady state. If X is stipulated as
X = (To, Th, Ty, Mo, My, Ing, V. A, E, Nig, Lo, Fy, B

where 7' denotes the transpose, the infected subsystem can subsequently be ex-

pressed in the following configuration

0 TCDEX() = F(X) - V(X),

where
fV My + 8BSV M, + w91y T,
Fx)= 70T M and
0

AL — Wy + OETRV + 6TAV + (0F + p2) V

Computing the Jacobian matrix of F(X) at the virus-free equilibrium state gives

0 BYMg + 5 M
0 0
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By employing substitution, the following expression was derived.

0 B;PAﬁIO 521\%11

? ?
F = Harg Hary

0 0

Additionally, by computing the Jacobian matrix of V(X) at the virus-free equilib-

rium and performing substitution gives

Vo (wf + &2+ P+ pf ) 0
w? (V% + pir)
It follows that
A 0
VvV = ,
—w B
where
A = (WHeP+CP+puf)),
B = (% +puj).
Hence,

=

w?®
AB
Thus, the Next Generation Matrix, which encapsulates the aggregate infectiousness

of hepatic cells throughout the entire infection period, is delineated as

1
P BEMG +BEME) [ L0
¥ 1
0 0 i B
we [B7A%0 B%’A‘le] l[ﬂf/\;}o +B;"Aﬁfl]
_ | AB L #ig i B | ni, Han
0 0
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Since the matrix F'V ! is an upper triangular matrix, it follows that the eigenvalues

correspond to the elements on the principal diagonal. Consequently,

n = L {Bf/\f@ + ﬂgAﬂl} 05 = 0.
AB | pyy, Hivn,

Since Ry = max[|o1||02|] represents the spectral radius of FV !, the following

holds at the virus-free equilibrium.

w?

Ro = AB[

Uiy | ]

® @
vy K,

By substitution, the Ry was obtain to be

Ro = Rumy + R,

where

Biw?AY,
Ry = — " 5%
‘chpASD
Ry, = & My

uSp (w2 +ee+ o+ pf) (W2 + uf)

Existence and Uniqueness of Solutions

This section addresses the existence of solutions for the model under consid-
eration, and if such solutions exist, they are proven to be unique. To establish the ex-
istence and uniqueness of solutions, the renowned Banach fixed-point theorem was
employed. Let B(S) = B(S) x B(S) x B(S) x B(S) x B(S) x B(S) x B(S) x
B(S) x B(S) x B(S) x B(S) x B(S) x B(S) be aset, where B(S) € C'[0,T]is a

Banach space for an interval-defined continuous real-valued function defined on the
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interval S = [0, ¢] with the norm

||T07T17T27M07M17]M7V7A7E7 NK7]107F17F2||
= |[Toll + |0l + [[T2]] + [|Mol[ + [[Ma]] + |[Lael] + [IV]] + [IA[]| + || E]]

HINg ] + ([ Dol + [[E3]] + £,

where
IRl =sup(Tal. Tl =sup[Til, [|Tel] = sup T2,
tes tesS tesS
|| My]| = sup | M|, [[My|| = sup |My],  ||[Ia]| = sup | Tn],
tesS tesS tesS
WIl=swplV] Al =supldl,  |IE|| = sup]|E]
tesS teS tesS
||NK||:SUP|NK|= ||]10||:SUP|I10|7 ||F1||:SUP|F1|7
tes tesS tesS

|| F|| = sup | Fy|.
tes
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The model system [39|can be written in terms of ABC' integral operator as

(

\

To(t) — To(0)

Ty(t) = T1(0)
Ty(t) — T1(0)
Mo(t) — Mo (0)
My (t) — My (0)

In(t) — 1(0)

V() — V(0)
A(t) — A(0)
E(t) — E(0)

:6430 ]If{Aaeo - pf]MTOIIO - ngT()IlQ

~5 Tl (b7 ) — uzioTo},

=ABC {pY InTolio — 7¢Iy Th — ,LL%Tl},
=07 I {psVToho — 6515V — i, To},
=07 TP {AY,, — BYV My — pi5y, Mo},

=0 PO IP{AY, — B3V My + C¥ Iy — piy, My},
= PO T{BYV My + BV M,y + w2 IyTh

—0f (L+XTF1) IuNk — 05 (1+ x5 F) I E
—o?IyE — (w“’ +e?+ (% + ufM) I},
_ABC [PINS 1 WPy — STy — 6T AV (78)
=@+ i)V}

=" IT{AL + 4%V — 07 AV — pf A},

=0 POI{AL — 05 (1 + x5 F) InE

+o?IyE — u$EY,

Ni(t) = Ni(0)  =3BC IP{AS — 0f (1 + XPF) Iu Nk + 67 Fy

Lo(t) — Io(0)

Fi(t) — F1(0)

Fy(t) — F»(0)

+92WF2 - (77@ + #]%K) NK}?
=8¢ Hf{ﬂngTo (ﬁ) — Mfmflo},
=07 I {e? I — (0F + pi7,) F1},

={PC 17 {n* Nk — (05 + p3,) Fa}.
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Applying definition[9]in Eq. yields Eq. (79), Eq. (80), and Eq. (81).

To(t) = To- = 1N<_—g;)p{/\%) — pi I (t)To(t) L1o(t) — p3V (1) To(t) T10(2)

N(g)l'(#)
VT R) ~ T (1o )
— i, To(v) }du,
T =T = 5 (pFIuOTH holt) = 7L (T3 (1) = w5, T3 1)
s < | = T R)
Loy () T3 () — i, Ta () Yl (79
Ty(t) —Tor = N—(P V() To(t) Lo(t) — 65 Ta(t)V () — i, Tu(t))
T / (t =) V() To() o)
ST )V (v) — i To() Y
Mift) = My = 5 (M, = BV Mole) = iy Mofr)
+N<¢;pr( 5 % /0 (t = v)P NS, — BV () My (v)
43, Mo(0) o,
M) =My = g (A = BEVOM(E) + C L) = iy M (0)
GG A, 0 - BV
+C¥ Iy (v) — M (v)}dv,
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1__SD b » ¥
N@) {BrV () Mo(t) + BV () Ma(t) + w21 (8)Th (1)
=07 (L+ xTF1(t) L (8) Nk (1)

oI (B() — (1 47+ uE,) (D)
1 t elesey(v v
*WX/O (t — )" {BEV (1) Mo(v)
+B5V () My (v) 4+ 721y (V)T (V)
=0y (1 +x{F1(v)) I (V)N (v)
=05 (L + x5 F2(v)) In(V)E(v) — 01y (v) E(v)
— (w‘p +e¥+ (" + ,ufM) Iy(v)}dy,
— — 1__90 ¥ w? _ 8P Y2
V(t)—Vo = No) {AY + WPy (t) — 05T (t)V (t) — 0f A(t)V (t)
— (WP +uy) V() } (80)
v /0 (t— )" (AL + WP T (1)

N()T'(¢)
=05 To()V(v) = SfAW)V (v) — (V7 + uy) V(v) v,

+

A= Ao = T2 (N5 UV () = AWV — 15A)
¥ : o=l pw oV (y
—0f A()V (v) — phA(v)}dv,
E(t)— By = g_—gj{Ag T 0T (B () — 6 (1 + \EB(0) () B (1)
—ppE(t)}
Ld X /t (t —v)? " {A? 4+ %I (V)E(v)
N(p)T(e) ~ Jo i
=05 (1 + x5 Fa(v)) I (V) E(v) — ppE(v) ydv,
Nie(t) — Nig» = %z—;)”{A;@K L O2E() + 05 Fy(t)

=87 (L4 X{F() I ()N (8) — (0 + 1%, ) Nic(t)}

) ! _ p—1 ® i v g v
NP X/O (8 =v)" {AR, + 0T FL(v) + 67 Fo(v)

58 (L4 XER) Lt (V) Nic(w) — (0 + ) Nc(v) Yo,
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Lo(t) — Lior = { (t)To(?) (14_%?[10) torg, i To(t )}
p ' - 1
e <, Y {””M( 1) (556,
—uzofm@)}dv, @1)
l—¢

(E‘p]M(t) — (Qf + “?1) F1(t))

ek / (t = v)* {e L ()

) = Fi = 0]

+

N(p)L'(¢)
(9¢+MS§)F1( )ydv,
RO~ R = ot > 2 (0 Nclt) — (05 + 115,) Bo(1)

x/ (t—v)" 1{77“’NK (v)
0

(9“” + MFQ) Fy(v)}dv.
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To streamline the analysis and enhance clarity, the kernel was chosen to take

the following form.

®1 (t7 TO)

Oy (¢, T1)
O3 (t,T5)
d, (t, M)
5 (t, M)

(I)G (ta [M)

O (t,V)

g (t, A)
g (t, E)

P10 (t, Nk)

D14 (, L10)
Dy (t, FY)

D5 (1, Fy)

Agy = pT I () To () 1ho(t) — p5V (1) To () 10 (t)
00 (15 ) KT,
P I (1) To(t) o (t) — 77 L (1) T1(E) — pf, Ta (1),
psV () To(t) 11o(t) — 05 T2(t)V(E) — pg, Ta(t),
Afpy = BEV () Mo(t) — piy, Mo(t), (82)
Afy, = BEV ()M (t) + CP I (t) — piy, Ma(2),
TV () Mo(t) + BSV () My (t) + w2 Ly ()T (¢)
—0f (14 xTF1(t) In (£) N (t)
—03 (1 + x5 F2(t)) In (£) E(t) — 0¥ 1y (8) E()
— (W +e? + ¢+ puf ) In(2),
A + WPy (t) — 05 To(t)V (t) — 05 A()V ()
— (W7 + ) V()
AL+ 9PV () = ST AV () — pi AR),
Ag + 0 In(HE() — 05 (1 4+ x5F2) In(H) E(t) — ppE(t),
AR FOTF(t) + 05 Fo(t) — 6 (14 xTFy) Tng(t) Nie(t)
— (0 4+ 1%,.) Nx(t),
00 (15 ) — Hha Tl
e?In(t) — (07 + ) Fa(t),

NP Ni (t) — (05 + p3,) Fa(t).

Following the equations in[82] the constants ©;,7 = 1,2, ..., 13 are obtained to be

©,

1
(2 ®ana ?a + <p’
p1aea1 + pyaran + piag (1+rfan) Hr,

©
7Tg0a6 + 'uTl’
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O3 = dfar+ pf,,
Os = Blar+ uyy,,
Os = Byar+ uy,,
O = mPas+ 07 (1 + xTa12) aro + 05 (1 4+ x5a13) + o¥aqg
+ (W +e?+ ¢+ pf ),

O = &faz+ 6jas + (V¥ + pub),
Os = dfar+ pj,
Oy = 05 (1+ x5a13) ag + o¥ag + pip,

O = (14 xTan)as+ (77“0 + ,M}'QK) ,

O = ,Ufloa

O = 0f +up,

O3 = 05 +pp,

To establish both the existence and uniqueness of solutions for the model system,
the following assumption was considered:
H; : For the continuous functions

{T07T17T27M07M17-[MaMA7E7NK7]107F17F27

Tow, Tyw, Towy Mos, Ings, Vo, Ao, Eo, Nicw, Iios, Fiv, For } € 1[0, 1],

it follows that || To[| < ay, |[T1]] < as, || T2[| < as, [[Mo]| < a4, [[Mi]| < as, |[In]] <

ag, ||V < ar,||A]| < as, ||E|| < ag, ||Nk|| < ao, || 110]| < a11, || Fi1]] < are, || F2|| <

ais.
Theorem 8

If assumption (H,) is true and ®;,i = 1,2, --- |13 mollify the Lipschitz con-
dition, then they are contractions and ©; < 1;Vi =1,2,--- 13.

127
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Proof. First, the satisfaction of the Lipschitz condition by ®; (¢, Tp) is demonstrated.

Let 7j) and 7{)- be two given functions, then

[|®1 (¢, To) — @1 (t, To-) || = [|Af, — p{InTolro — p5VTolhg
STl [ ——— ) — 48T,
p3 0 M(1+7_1g0110) ILLTO 0

—{AL = ¥ I To- o — p3 VT I1o

—p5To- I (ﬁ) — 1, To- I,
< {prMflo + p3V 1o
+p5 I (%) + pr, }HTO — To-||,
1+ 7Ly 0
<

1
» ¥ ¥
{pl aeQ11 + p3arair + p3ae (1 n T{"an>

+M?O}HTO—TO*H,

- @1||T0—T0*H.

Next, the satisfaction of the Lipschitz condition by ®, (¢,7}) is demonstrated. Let

Ty and T+ be two given functions, then it means that

[@2 (8, T1) — 2 (1) || = |[p¥ InTol1o — 77 Iy — M%Tl —{pT InTo 110

—WSD[MTl* — IugilTl*}H,

< (71 — pf) [Ty — Ths|l,
< (7%a6 + pf,) |11 — Th- ||,

— ®2HTI—T1*H.

Furthermore, the satisfaction of the Lipschitz condition by ®3 (¢,7%) is demon-

strated. Let 75 and 75+ be two given functions. It follows that
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[|@3 (¢, T2) — 3 (t,To+) || = [|pgVTolio — 05VTy — g, To — {p5 Vo 1o

=05V Ty — g, To 3],

< (85V + pf,) |1 To — Toe|,
< (65ag + pf,) [Ty — Tox ],

= O3||Ty — To||.

Next, the satisfaction of the Lipschitz condition by ®, (¢, M) is demonstrated.

Let My and My« be two given functions. It follows that

@4 (&, Mo) = @4 (8, Mo-) || = [|ATy, = BTV Mo — puas, Mo

_{A‘;JO - /BfVMO* - MS;JOMO*}H7

IN

(51@‘/4'#?40) || Mo — Mo+,

IN

(Bfar + 1) [1Mo — Mo,

= O4||My— Mo-||.

Next, the satisfaction of the Lipschitz condition by ®5 (¢, M) is demonstrated. Let

M, and M- be two given functions. It follows that

||@5 (¢, M) — @5 (t, My+) || = [|AY, — BV + C¥In — iy, My

—{ A%, = B5V My + (Pl — iy, Mas

IA

(BSV + ugy,) 1My — M|,

IA

(BSar + phy,) 1My — M|,

- @5||M1—M1*H.

Next, the satisfaction of the Lipschitz condition by ®¢ (¢, I),) is demonstrated. Let

Iy and I);+ be two given functions. It implies that
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1BfV Mo + B3V My + 791y Ty

=07 (L + X7 ) Im Nk — 65 (L + x5 F2) In E
—0IyE — (WP +e¥ + (¥ 4+ uf ) Iy
—{BYV Mo + B3V My + n¥ Iy Ty —

—0f (L +x7F1) I+ (t) N

—05 (1 4+ X5 Fy) Iy E — 0¥ Iy E

I

{m?Ty + 07 (1 + x{F) Ng + 05 (1 + x5 F,) E

_ (w@ 4+ &% + C‘P + ufM) IM*}

+0%E + (w? + ¥ + ¢+ pf ) Hn — I

{(W¢a2 -+ 541,0 (1 + Xfalg) aip + 5;’0 (1 + X;)alg) Qg
+o%ag + (w“” +e¥+ (¥ + ,ufM)}HIM — Iy,

Next, the satisfaction of the Lipschitz condition by ®; (¢,V') is demonstrated.

Let V' and V}, be two given functions. It follows that

|®7 (&, V) = @7 (¢, Vo) ||

IN - IA

IAS + wPlyy — 65TV — 6EAV — (% + 18 V
—{AY + wPLy — 6ETRVy — 67 AV

— (¥ + pfy) Volll,

(05T + 0F A+ (V% + ) [V = Vol

(65 az + 0fas + (V7 + ud)] [V = Vol|,

O7([V = Vo[-

Next, the satisfaction of the Lipschitz condition by ®g (¢, A) is demonstrated.

Let A and A, be two given functions. It means that
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|®s (¢, A) = s (, Ao) [| = [[A] + ¥V = 67AV — A

—{AL+ 97V =07 AV — i Ao}l

< 65V + p) [|A = Aol
< (0far + ph) ||A — Aoll,
= Ogl||A — Agll.

Next, the satisfaction of the Lipschitz condition by ®y (¢, F') is demonstrated.

Let F and Ej be two given functions. It means that

||@g (t, E) — @g (t, Eo) || = |[|[A%+0¥IyE — 065 (14 x5F) IyE
—ueE — {A% + 0¥ Ey

=05 (14 x2F%) In Eop Eo } ],

IA

(0%In + 65 (14 x5 F2) Ing + ) || E — Eq],

IN

[0¥as + 05 (1 + x3a13) as + pp] || E — Eoll,

Next, the satisfaction of the Lipschitz condition by ®1 (¢, N ) is demonstrated. Let

Nk and N+ be two given functions. It means that

|P10 (t, Nic) — ®1o (, Ni+) || = [{AR, +O07FL + 05
—0f (1+ XY F) In Nk — (% + p%, ) N}
—{AR, FOTEL +05F, — 6F (1 +xTF)

Iy N — (09 + 1%, ) N 3],

< (0 U+ xTR) v + (0 + 15,))
XHNK - NK*Hv
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|10 (£, Ni) — @10 (£, N+ ) || < [6f (1 + xFarz) ag + (07 + p%, )]
X||Ng — Ng-+||,

- @H)HNK_NK*H

Next, the satisfaction of the Lipschitz condition by @1 (¢, I;¢) is demonstrated. Let

Iy and [;4+ be two given functions. It implies that

1
D1 (¢, [1g) — D11 (£, L1+ = Iyl | ——— | —pu? I
|| 11(a 10) 11(a 10)” ||p3 M 0(1_{_7_;0[10) Frt10

1
—{p5InTy (m) — pug o H1,

< il = Lol

= @HHIlO - [10*H-

Next, the satisfaction of the Lipschitz condition by @15 (¢, F7) is demonstrated. Let

F} and Fi- be two given functions. It follows that

[ @12 (2, F1) — Pra (8, Fis) [| = |[e¥Tn — <9f+l‘1ﬁl) £
[l - (67 4 2) B
< (0F +pp) 1B = Fiel,

— 612HF1—F1*H.

Finally, the satisfaction of the Lipschitz condition by ®3 (¢, F,) is demon-

strated. Let F5 and F5« be two given functions. It follows that

|@13 (8, Fy) — i3 (8, Fo) || = [0 Ny — (05 + 1) P
— [n" Nk — (6 + 1%,) For] |,
< (05 + up,) [|1Fo = Foull,

= O||Fo — Fo].
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It is evident that each of the kernels ®;,7 = 1,2, --- | 13, meets the Lipschitz condi-

tion, indicating that they are contractions with ©; < 1,7 € 1,2, --- ,13 as well.

Moreover, when the initial conditions approach zero, the model systems

and [8T] transform into 83] [84] and 85| respectively.

N(p)

00 (17 ) - u%oTom}

(Y2 ! p—1 e P v v v
el A {ATO o s (V)T (1) ()

To(t) = 1_—S0{A§0 - PfIM(t)To(t)[lo(t) - ng(t)To(t)[lo(t)

—psV(v)To(v) Lo (v) — p5To(v) e (v) <1++f110>

_N%TO(V)}d%
Ty(t) = INZ—S;)D{Pf]M(t)To(t)Im(t) — w7 I ()T () — M%Tl(t)}
+m X /0 (t =) {PfIM(V)To(V)Ilo(V)

—m? Iy (V)T (v) — /L%Tl(l/)}d% (83)

Ta(t) = %{pfv(t)To(t)flo(t) — 05T (1)V (1) —u%%(t)}

Mo(t) = ;‘—"”{AM ~ BV () Mo(t) —MMOMO@}
¥
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M (t)

I (t)

IL—¢ © e 4 —u?
W{AMI BEV ()M (t) + CP I (t) uM1M1<t>}

¥ ' =1L AY 3PV (1 y
T <, ¢ {AMl EV )

+(P Iy (v) — 'uf/hMl (v) }dy,

= 9)0{ TV () Mo(t) + 85V (0) My () + 77 L () T1 ()

N(
—0f (14 xTF1(t)) In(t) Nic (1)

—0?Iy (1) E(t) — (w? + €% + (¥ + i) IM(t)}

o : p ,
b < [ = {ﬁlw Moo + BV (1) M)
R T ()Ta(v) — 57 (14 XER(0) T () Nic ()

—05 (1+ x5 F2(v) Iu (V) E(v) — 07 1n (v) E(v) (84)
— (WP + e+ +puf ) IM(V)}dy,

1_

N(go) {A*" + Wy (t) — 05 To(t)V () — 05 A()V (t)

= (V¥ + up) V(t)}

¥ t _Vw—l P w? ) — 5¢ y y
+N(ap)r(<p) ></0 (t ) {Av+ In(v) = 05T (v)V (v)

—SPAWV (1) — (4% + pif) V(u)}du,

_90 Y q® ® _ P
(@){A + PV (t) — 0L ARV (1) MAA(t)}

o < - u>“01{Ai+wV<v>—5fA<v>V<V>

(©)
—#A }
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Fl(t)

—_

—){A“’ + oI E(t) — 65 (14 x§Fa(t) In(t) E(t)

—NEE( )}

Ld t PN + 0Ty (V)E(v

=05 (L+ x5 F2(v) In (V) E(v) — ppE(v )}dv

ZP—‘

2T Pl e @ @
o) {ANK + 05 F1(t) + 05 Fy(t)

=07 (L+ X7 R (1) I () Nk (t) — (0 + 45, ) NK(t)}

t
+ d X / (t - V)w_l {A}%K + efFl(V) + 92WF2(V>
0

=0 (1+xTFa(¥) I (V) N (v) — (n¢+MﬁK)NK(V)}dv,

- (—{ OT(t) (ﬁ) ﬂflou)fw()} (85)
+N(90;0F(s0) * /ot (t=v)"™ {PSIM( )To(v )(ﬁ)
—/hloflo(u)}du,

g@){%w (07 + 5, 1<t>}
' (so;OF (t=v)" {gwa — (0F + pfy) Fa(v )}dv,

_tp ® ®
(90){ NK (9 +MF2)F2 }

¥ @ ©
+N(QO)F t—V { NK 9 —f-,qu) Fg( )}dV
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Lett = t,, wheren = 1,2, --- |13, define the following recursive formulas

for systems [83] [84] and [83]to be in the forms:

1

To, (t) = W{Afb = pt I ()0, () L10(t) — p5V (1) To,—, (t) L10(t)

1
—pi T Oy (t) | —— ) — u2 T, t
p3 Onfl() M( ) (1+7_1g0]10) /’LTO Onfl( )}

N

-y ()T, (V) — M%Tln_l(u)}dy, (86)
To.() = ;[—qjj{pgva)%(t)zm(t)—(%n_l(t)wt)—umn_xw}
1 t oLV (v v v
el N P OO
STy (V) — 1, o ()}
My, () = g[—;fmo — BEV(8) Mo, (1) — 1 Mo, (8)}
v t — V)N, — BV ()M, (v
el M (I S DR
i Mo, ()},
M, (1) = ﬁ{% BV (H)Ma, . (8) + CPIaa(t) — i, My, (D)}
1d t oot V(v v
+ ( ) (90) /(t_y> {A QV( )Mln_1( )
(P I(v) — iy M, ()},
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Ing, (t)

1=

L= 23V () Mo(t) + BEV (DML (E) + 7% Tas, (DT (1)
L+ XEE (1)) Tagy (£) N (0)
Dy (DE(t) — (0 + £ 4 P 1f.) T, (1))

[ (= )P BV () Mov) + BV () My (v)

—05 (1 + x5 Fa(v)) Ing,, (W) E(v) — 0¥ np, (V) E(v)

— (WP e+ P ) T (V) v,

L=¢he w? _ 5 s

W{AVJF I (t) = 05 T2(t)Via (t) — ST A Vo1 (1)

— (W7 + ) Vi (1)} (87)
1d t —)PTHIAS WP Ty (V) — 08T (v v

g < €T AR ) = BTV

—0y AW)Var(v) — (WP + pi) Vi (v) Jv,

1

“ P ® _ —u?
Ny A+ ¥V () = A OV — i A (1)}

) t o1 A 4 PV () — 57 O
+N(<P)F(90) X/o (t=v)" {AL + PV (v) = 07 4w (V)V (V)
~1(v) }dv,

—piA
T{AE + 0P () Ena (8) — 05 (14 x5 Fo(8)) L (8) B (1)
—HpEn1(t)}

47 X /t (t —v)? " {A% + 0% Ty (V) Enr (v)

N(@)T(e)  Jo
=05 (L 4+ x5 Fo(v) I (V) Ena (v) = pp B (v) Y,

o LoPine R (1) + 62 Fa(t)
—0f (L+x{Fi(t) I (t) N, (1) — (07 + 1%.) N, ()}
¥ ' LAY 2L (y 2L (y
+N(QD)F((,D) X 0 (t ) {ANK+81F1( )+82F2< )
(

1+ x{F(v) In(v) Nk, (v) = (0¥ + 1%,.) Nk, (v)}dv,
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1-— 1
L, (t) = W;{P@M(@To(t) (W) - szo(t)fmn_l(t)}
¢ L e N
e <, € {’%”M(”’T“(”) ()
—ufwllon_l(y)}dy, (88)

Fll) = FoAeDnlt) = (0 + 5) Fiu 1 (1)

— t e Iy (v
N X/O (t=v)" 4 I (v)
— (0F + 1$,) Fio ()},

By (t) = %{—JWNK@)—(%’Jrﬂﬁ)an_l(t)}

S R t —v)? " Nk (v
CRe) [ = )

- (95 + N%) Fy, (v)}dv.

By taking the difference of each equation in systems [86} [87], and [88) and applying

norm on both sides, the differences between successive terms in systems [86] [87 and
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88| are expressed as follows:

||T0n+1 - TOnH
||T1n+1 - Tln”
HT2n+1 - T2nH
Mo, ., — Mo, ||

1 —
ng” {A:ﬁo — 05 InTo, 1o — p5V ()T, To

1
T T | ——————— ) — 02T
P3 Lo, M(1+71@[10) Fy on}

_{A?}) — p o, Lo — p5 V(1) To,_, L1o

1
T T ———— ) T
p3 On—1 M <1+7_]L-,0[10) ILLTO On—l}H

t
(2 _
+N(¢)F((p) X /0 (t - V)@ ' H{A%) - Pf[MTon[m

1
—0VTy Lo — 0To Ing | ——— | — 02 T,
pa V1o, 410 — p3lo, M(l—i-TfIm) K, On}

_{A% — p{InTo,_ Tio — p3VTo,_ Tho

1
_pgTonfle <—) - /’L'Z(ebTOnfl } HdV7

1+ Tf]lo
L—¢ © ® ©
W”{m InTolo — ¥ IyTh, — pg Th, )
—{p{ InuTolo — 7 LTy, — pf, Tr, | (89)
t

+N(g0;pf‘(<p) x / (t = v)*  {pf InToLio — 7 1T,

0
—pup T, } = {pf InTolvo — 7°InTh,,, — pip, Th,, }|dy,
l—¢
WH{PgVTo]w — 05T,V — pp, To, }

~{psVToho — 65Ts, \V — pug, T, 3|
t
¥ / o111 ¢ @
F—— X t—v ps Vgl — 05715,V
N(e)L(e) = Jo (0= 0)" s VToho = 05T
—pip,To, } —{p3VToho — 05Ts, \V — pg,To, , }ldv,
-
WH{Aﬂo — BYV My, — piy, Mo, }
_{Aﬂo - /BfVMOnfl - /"LS’MOMOnfl}H
t
' / -1 @ @
4—P - A2~ 8PV M,,
NG < Jo 777 AR = VA
_IUJT(JQMOn} - {AL]’QO - fVM0n71 - /’LQDMOMOnfl}HdV?
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l—¢
_{Aﬂl - /BépVMln—l - M‘;JlMln—l}H
t
¥ p—1 @ ¢
—— t— Ay, — BV M I
N " /0 (¢ =) A = PRV, Pl

—pyy My} = {AY, = BSV My, + CPly

_M}fﬁMln—1}HdV7
1—
Wg;;”{ﬁf‘/]\/[o + 5<2PVM1 -+ ﬂ'SOIMnTl

=0y (L + XTF1) Ing, Nk — 05 (1 + X5 Fo) Iy, B

H[Mn+1 - IMn H -

—0In, B — (w? 4%+ ¢ +puf ) I, }

—{BYV Mo + BSV My + 791y, Th

=07 (1 4+ xTF1) Ing,_, Nic65 (1 + x5 Fo) Inpn 1 E
—0Ing, B — (w0 +e* + ¢+l ) Ing,, ] (90)
+m g /0 (t = )" {8V Mo + B5V M,
+7° Iy Ty — 07 (14 X Fy) Ing, Nk

=05 (1+x5F2) In ¥

—o¥Iy, FE — (w" + e+ (¥ + ,ufM) I, }
—{BfV My + B5V My + 7¢I, Ty

=07 (L+XTF) I, N — 65 (L+ x5 Fy) Iy, B

—O'QDIMH_IE — (w“" +e¥ + CW + ,UfM) [Mn_l}dea
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—_

||Vn+1 — Vn” = T”{AW CUQDIM — 5§T2Vn — (iszVn

— (V% + puy) Va

_{AS‘K; + WC'O]M — 5§0T2Vn,1 — (5:fAVn,1
— (07 + puy) Var bl

t

' / p—1 © ©

+——x t—v Ay + WPy — 0515V,
N(@)'(e)  Jo E=w)" Ay e

~OPAV, — (0F + 1) Vi) — {A + Wy

—05ToVyq — 05 AV — (W% + lfxp/) Vao1}|dv,
1-—

N(p)
— (AL + YV =07 A 1V — i An )|
t
Y / -1 @ ®

44— X t—v AT+ PV — 67 A, 4V

NG < J 707 I i
—,LLAAn 1} {ASD +¢¢V (5¢An 1V /LﬁAn 1}||dV
1_
HEn-H_EnH = WH(Ag"'_U(p]MEn_&QP (1+X§DF2) ]MEn_UgEn)
—{A(g‘—f‘U@IMEn 1 — 5%0 (]_—|—X FQ)]MEn 1

[Anr = Al =

\—/‘6

N (AL + 97V = 07 ALV — i An)

—HpEn1}

® ' VP IIAY 1 o
e / (t — )" A% + 0* Iy E,

=05 (L +x5Fy) IyE, — ppEn} — {A7 + 0¥IyE, 1
—05 (14 x§Fo) I By — pip B }||dv, 1)
%H{A@ FOPF, + 05 Fy — 6% (14 XPF) Iy Ni }
— (17 + 1%,) Nk, — {A%, + 07 FL + 65 F

HNKn+1 - NKn ”

—6f (1 +XTF1) InNk, ., — (0° + 1%,.) Nk, .}
¢
v / p—1 @ @ o
+— X t—v A% 4+ 07 F, + 03 F
N(QO)F(QO) 0 ( ) H{ Nk 141 242
=67 (1 4+ x{F) IuNxk, — (0° + 1%, ) Nk, }
—{AL, TR+ 05 F, — 0F (14 xTF) In Nk, _,

— (n* + 1%, ) N,y Hldv,
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1—¢ 1
I -1 = — PIvyTo | ——— | —u? I
H 1041 lon” N(QO) H{pS M+L0 (1+7_1s0110) Fr 10n}
—< p5 Iy T 1 © Iho |
3 1+Tf]10 T1o nt
/ (t— )" 1 oI T
3 1+Tf]10

1
:uhoIlOn 1} {PgIMTo 1+ 70 ) —uflohon}\ldv,

HF1n+1 _F]-nH = ( gij_ (6¢+MF1)F171)

( Iy — (0¢+MF1) ki, 1) I
t
R | € I 60+ ) F)
= (700 = (0F + 1y) P, ldv, (92)
]_ _
Bl = g 10N - (65 + iR F)
— (P Nie(t) — (6% + u2) Fo, )l
B t _ )t _(p® @
N / (t =) (7 Nie = (05 + 1) F2,)
— (P Nk (t) = (05 + 1) Fo, ) ldv.

| £

n+1

Theorem 9
If the following inequality holds for t, then the considered model |39 has a

solution:
Z; = max{V;} <1, i=12--13.

Where

1= <p@ 0
CT Ne) T NI
Proof. Suppose the following equations: (4, = Ty, (t) =70, (1), Qap = T4, (t) —
Ty, (1), Qs = T,y (1) = 1o, (), Qun = Mo, () — Mo, (1), Q5 = My, (1) —
My, (t), Qen = Ing,ey (1) = Ing, (8), Qzn = Vgt (t) = Vi(t), Qg = Apya(t) — An(t),
Qop = Enyi(t) — En(t), Qion = Nk, (t) — Nk, (1), Qi = Lo, (t) — Lo, (1),
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QlZn = F1n+1 (t> - Fln (t)’ Ql?m = F2n+1 (t) - F2n (t)

First, the analysis begins with €2y, for the first compartment

I—o

1]l = 2|y (£, Tp,) — Dy (¢ — To)|| + ——

N(p)I'(¢)

x| (=) 1@ (1, To, (V) — @1 (v = To(v)) v,

1—¢ © )

< 4 1) W, || T, — Toll,
<N90) ) ) Ll =Tl
1—¢ @ )"

< + t? ) Z7 Ty — To, ||
<N90) N(o)I(p) il = To,

Next, the analysis proceeds with the second compartment

Q]| = g(_—s;)pﬂ@g(t,ﬂn)—qb(t_ﬂm_i_m

x / (t = 0)? |02 (. T, (1)) — s (v — TL(w)) | d,

1— ¥ ¥ ¥ _
< (N@o) N ) Lell T, = Tall

1—¢ o\ o
< (N<¢>+N<¢>r<w>t) ZI =l

Next, the analysis proceeds with the third compartment

l—op

1] = 2|5 (£, T,) — Dy (t — To)|| + ——=

N(p)I'(¢)

x| (t=v)" 1@ (1, Tp, (v) — @3 (v — To(v)) |,

1-¢ Y _

< (35 * ) vl -
1_90 ¥ ® " n .

< (W mp”) BTl

143
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

Next, the analysis proceeds with the fourth compartment

100 = 0 (6 Mo,) = 4 ¢ = Mo+

x / (L= )P [y (v Mo, (1)) — Do (v — My(v)| v,

1_
( oL )ﬁ)q%”Mon—Mo,L

~ \N(p)  N(p)I'(p
1—¢ o N
(N(SO) "N > Zi|| Mo — Mo, |-

Next, the analysis proceeds with the fifth compartment

1950 = ﬁ|l@5(t’Mln>_®5(t—M1)|l+m

x / (t = )7 |5 (v, My, (1)) — B (v — M (v)) v

11— o i

= (N(g@) T N(e) )‘1’5||M1n Ml
11— o N

(N(w) TN ) Z3| My — My |-

Next, the analysis proceeds with the sixth compartment

¥

Q6] = —H<I>6(t,IMn)—@s(t—[M)\|+W

1-¢ Y e _

< (35 * ) Yol ~ ol
1_()0 ¥ %) ! n .

< (N w?) i = bl

Next, the analysis proceeds with the seventh compartment

-y
1|l = —=|P7(t, Vo) = @7 (t=V)|| +

N(y) N(p)T'(p)

N(¢)  N(p)I'(p)

-y ) WS
(N«o) +N<w>r<¢>t> ZV=nl
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Next, the analysis proceeds with the eighth compartment

1960l = R s (1. 4) = 94 (1= A + T

< / (t = )™ B8 (v, An(v)) — Bs (v — AW))||dv.

)t%ﬁ) \IISHATL - AH>

(v
N(p) ' N(p)I(y
1_(70 L P " n i

(N(w) +N(¢)F(¢)t) Zg||A = Al

Next, the analysis proceeds with the ninth compartment

Il = gyt B = 1= B+ i

=07 190 (0 B, 0) = @ 0 = B

L—¢ @ )
+ t? ) Yol E, — E|,
)T(0)

1—¢ o\ e
(N(w) +N(90)F(90)t) ZIE =Bl

Next, the analysis proceeds with the tenth compartment

I—o

Qonll = 2o (t, Ni,) — g (t — Nio)|| + ——2

N(p)I'(¢)
x [ (t—v)"" @1 (v, Nk, (v)) — @19 (v — Ni(v))]|dv,

-y P _

< (35 * ) Yol =l
1_90 ¥ @ " n .

= (N(Sﬁ) +N(90)F(90)t> Foll¥ie = Nl

Next, the analysis proceeds with the eleventh compartment

1—0 %)
Nl = =2y, (t,Th0,) — Py (E— T T
12110 | N(p) @11 (£, 110,,) 11 ( 10>H+N(go)l‘(<p)

X /O (t =) [ @11 (v, 1o, () = ®ro (v = Lo () || dv,

= G@; ENe tw)

1—¢ @ )"
+ ) 2% Lo — o, .
(N(so) N(p)T(p) i1l 50 = o,
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Next, the analysis proceeds with the twelveth compartment

Q]| = ;\I@)qu(t F,) = %2 (= ) 4 e
X/O (t=v)? @12 (v, F, (v) = 1o (v = Fa(v))||dv,
-y b ) _
< (N * wrea”) Vel ~ Bl
1_90 2 ® ! n _
< (Vo + ") ZlA Al

Finally, the analysis proceeds with the thirteenth compartment

1—
[nll = 7190 (0 F) = Bus (¢ = P+ s

N(y)
X /O (t =) |13 (v, Fo, (1) — 1z (v — Fy(v))]|dv,

l—¢ ¥ @ _
= (M@+NWWWV>WMM% Bl
1—(,0 2 (p” n _
S(M@*Mwmﬁ)zﬁg Ball

Following the analysis above, it can be seen that

n+k ] Z{L—‘,—l _ Z{l'ﬁ‘k‘f’l
120l = 110, ) = To, 0l < 3 2 = Z5—7—
j=n+1
n+k n+1 n+k+1
j Z2Jr — Z
190l = 11T ) =T, O < 30 2= 25—
j=n+1
n+k
) Zn+1 o Zn-i-k-l—l
o ] _ “3 3
Q] = [T2,,,(t) — T2, @) < 'Z 2y =—"7_ 7.
j=n+1
n+k
Zn—i—l Zn+k+1
12l = 1Mo, (1) = Mo, ()] < DT 24 =7
j=n+1
n+k
Zn—i—l Zn+k+1
_ ] _ 5
19l = 1M1, (0 = M, O < D 28 === P—,
j=n+1
n+k
Zn+1 _ Zn-‘rk:-i-l
19l = M) = DI < D 28 = =5 —7—
j=n+1
n+k
Zn+1 o Zn-i-k-‘rl
Ol = |V, < Z} = —,
190l = [Vasr(®) HJZ; =
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ko gndl gtk
19 = [Aust) = Al < 30 B =B
j=n+1 It
n+k
. g+l _ gntktl
19 = 1Bukt) - Bl < S0 2= 222
j=n+1 -9
ntk . gnt+l _ gntktl
[0nll = 1N () = N, (D] € 3 2y = A =200 —,
- — 2o
j=n+1
ntk n+1 n+k+1
. gnt+l _ gntk+
190l = o, (t) = Tuo, (O] < Y 2y = Z =2,
- —Zn
j=n+1
ntk n+1 n+k+1
. g+l ontk+
Q] = 1By (0= B @< Y 2= T
j=n+1 - 412
ntk n+1 n+k+1
. g+l ookt
19l = 1Fo ) = Fo (0 < Y 2y = T8
j=n+1 - 413
for some k.

Hence, we have found that the sequence ||€2;,(¢)|| — 0 (i.e tends to zero)

Vi = 1,2,---,13

as n — oo (tends to infinity). Therefore,

TO,T17T2,MO,M1,]M,‘/,A, EJ NK7]107F1

and F; can be viewed as Cauchy sequences within the Banach space B(.S). Applying
the limit theorem as n tends to infinity confirms that the limit of these sequences is
the singular solution of [39] This demonstrates their uniform convergence (Taylor &
Layl, [1986; X. Liu et al., 2022), and establishes the existence of a solution for @

under Theorem EL Thus, the proof is concluded.

Next, the uniqueness of the solution for the considered model in Eq. (33) was

demonstrated.
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Theorem 10

The system has a unique solution if the following holds:

11— 7 ) .
n o, < 1,i=1,2,.--.13.
( N(p) ~ N(p)I'(¢)

Proof. Suppose the considered model [78| has solutions Ty (t), T1(t), To(t), Mo(t),
My(t), Ing(t), V(t), A(t), E(t), Nk (t), Iio(t), Fi(t), Fy(t) as well as Ty(t), T1(t),
To(t), Mo(t), My(t), In(t), V(t), A(t), E(t), Nk (t), Iio(t), Fi(t), F5(t), then the

model system can be written as

Ty(t) = %;—S;)p{/\% — ¥ Tn () To(t) T1o(t) — p5V () To(t) 10 (2)

—p5To () Tas (2) (ﬁ) - M?OTOW}
¥ ' _ )¢t v (v v
i [ R

—p5V () To(v) 1ho(v) — p§To(v) Ins (v) <1++f[10)

To(t) = 1_—S0<,0§V( t)To(t )Im<>—5§T’2<t>V<t>—u£T2<t>) (93)
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() = 12 (A5, — BEV(ONG(E) + CPLu(t) — iy ML (1))

©)
Bk / (t = v)" AT, = BV () M(v)
+CP I (v) — iy, My (v) }dv,
Bult) = S DABEVOMo(e) + BV ()M () + 7 T (1) T3 (1)

N(p)
=67 (14 XPFL () Do ()N () = 65 (14 XEF(0) () (1)
—? IO E(t) — (P + % + CF + uf. ) T ()}
14 t — )RV (v v Vv v
g % =T BV M) + BV ) M)
e Lu ()T () — 6 (14 XER ) Do) Nic )

35 (14§ Fo(v) Tu (V) E(v) — 0% 1o () E(v)

— (WP +e® + ¢+ uf,) Tu(v) v,

V() = 1Nz—S;)O{A€ + WP Iy (t) — ST (D) V (1) — 67 ALV ()
— (WP + )V ()}
+N<gogpr<<,o> . / (t = )" HAD + W I (v) = S Ta(v)V ()
—S{ AWV (V) = (W + 1) V() v, o)
At) = 11\1_—;; ( V() — SEAMV () — i A ))
+N(<p30F(g0) /Ot (t— )" H{AL + 0PV (v) = 5T A(W)V (v)
—pA(v) Yy
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Ni(t) = g{—qj{A%KJr@fFl(tH@%”Fz()—5“”(1+x Fu) I () Nic (8)

— (n? + %) Ni(t)}

b ' =1 frp R (y Y (y
*WX/O (= (85 + O ) + )
57 (L4 XEF () T ()N () — (1 + 4%, ) Nic(v)}elw,

) = i (OB (1t )~ i)
b < [ o ) ()

—M?mfio(V)}d%
A) = %{9)0 (=21 (0) — (65 + 1i%,) Fi(0))
Y ' ) _(p¥ ©\ 7 y
+Wx/o (=) (2D (t) — (67 + u3,) Fa(0))
Fy(t) = wa(@NK )= (05 + uf,) Bo(0) (95)
2

N ™ /Ot (t— )¢ (nvNK(z/) — (6 + 113,) FQ(U)) dv.

Upon applying the norm to both sides of systems 03] [94] and[95] along with systems
and [81] the following expression are obtained:

1Ty — Toll < %(—)H{ATO — pT I (8)To(t) o (t) — p5V (t)To(t) 10(2)

—p5To(t) I (t) | ———— | — nh. To(t
AT (17 ) ~ D0

—{Af, — PP L () To(8) Lo (t) — p5V (£)To () Lo (¢)

—p§To(t) I (2) (ﬁ) — u§ T}
v e
N(gp ['(p) / (t = v)* {AL, — PP I () To(t) L1o(2)

)
PV OTa0)0(0) ~ pET0 I 0) (v ) = T8}
—{A%, = P I (OTo (8 1o (1) — p5V () To () 1n0(1)

o) (1) (;) _ B},

1+ 77 o
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(W + w1
Therefore, || Ty — Tp|| = 0 which implies that Ty = Tj. In a similarly way, we have

Ty =T, T, =Ty, My = My, My = My, Iy = L, V=V,A= A FE = E,

Ny = NK, I = [10, F = Fl and I, = FQ. Thus, the proposed model has a unique

solution.

Virus-persistence Equilibrium Analysis (VPE)

In this section, the equilibrium points for viral persistence are delineated by

concurrently resolving system E] for the state variables 15y, 17, 135, M{, Iy, V>, A*,

E*, Ni, I3, FY, and I5. These equilibrium points represent steady-state configu-

rations where the hepatitis B virus remains active, persistently infiltrating the entire

hepatic cell population. In this scenario, the viral compartment does not diminish to
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zero, indicating sustained infection within the hepatic cells of the host. Therefore,
the system is contingent upon all state variables.

At the equilibrium state of viral persistence, uninfected macrophages transi-
tion into an infected state, which subsequently activates the infected cells through
cytokine-mediated signaling. It is important to note that the state of viral persis-
tence encapsulates two potential prognoses: an acute condition or progression into
a chronic ailment. The manifestation of an acute infection is contingent upon a spe-
cific constellation of parameters, whereas the transition to chronic pathology ensues
upon the modulation of these variables. Consequently, an analytical exploration is
undertaken to scrutinize the gradual cytolytic interactions among the constituents of
the immune system within the fractional-order model. Accordingly, the subsequent

equations are maintained at the equilibrium point of viral persistence:

(

0 =A% —piInTolio — psVIoho — p5Toln (ﬁ) — g, To,
0 = p{InTolo — 71T — pp 11,

0 = ngToll() — 5?;T2V — /,Lf_‘;sz,

o

== A}@O - fVMO — ,U/}@OM(],

o

= Ay, — BSV My + (¥l — piyy, M,
0 = BfVMO —f‘ﬁépVMl + W‘pIMTl — 51’0 (1 + XfFl) ]MNK

—05 (1+ x5 F) Iy E — o?IyE — (w‘p + ¥+ (¥ +ufM) Iy,

e}

= NS + WPy — 6STRV — SFAV — (4% + 1) V,
0 =A%+ 92V — 67AV — %A,

o

= A%, — 07 (L4 XPR) Iy Ny + 07 Fy + 05F> — (% + 1%,) Nic

e}

= p:f]MTO (m) - [11?10]107

0 =e?ly — (6f +puf,) Fi,

\
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The endemic infection equilibrium state is represented by
ey = (13,17, Ty, My, My, Iy, V*, A E*, Ni, I}y, FT L FY) .
The equilibrium value for naive T cells () at the viral persistence state in system

[5]is determined by

A¥

Ty = L . (96)
0 90[* I* 4 * [* P3 Iy 4
p1 Ly o + pa VI, + Trrer, T HT

The equation in Eq. elucidates that during the endemic phase, there is a con-
tinuous influx of naive T cells from the bone marrow into the host system. Con-
versely, the denominator denotes that elevated concentrations of both intracellular
and extracellular viruses deleteriously affect the proliferation of naive T cells. This
is attributed to the virus and infected macrophages stimulating the differentiation of
naive T cells. Nonetheless, this differentiation is contingent upon the clonal expan-
sion rates (p;, where ¢ = 1,2, 3) and the decay rate yr,. As the viral burden recedes,
the naive T cells revert to their baseline production rate of 2—;2

For the T helper 1 cells at the viral persistence state, the population is given by
PN TE T

Tr — Pilmtolio
' we Iy + i,

O7)
The equation in Eq. denotes that the numerator encapsulates the interaction
between infected macrophages, the proliferation rate of 7 cells secreting Iy, and
the naive T cells (7j), which collectively enhance the augmentation of T helper 1 (7})
cells. Conversely, the concentration of cytokines generated through the activation of
Ty cells by infected macrophages (/,,), in conjunction with the decay rate of 7} cells,
mitigates the proliferation of the 7} cell population.

The expression for T helper 2 cells, also known as cytotoxic T lymphocytes,
produced from naive T cells at the viral persistence state is given by

ps VT 15

Ty —_——-
2 O5V* + i,

(98)
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In equation Eq. (98)), the interplay between the virus and naive T cells, alongside
the presence of interleukin-10, augments and sustains the genesis of T2 cells. How-
ever, the magnitude of the virus’s lytic activity, characterized by the rate (d3) and
modulated by the decay rate (y7,), obstructs the expansion of the T2 cell population.
Expression Eq. (99) delineates the equilibrium concentration of non-cancerous,
uninfected macrophages in the presence of the virus as follows:
. A
MF = m. (99)
In this equation, the numerator quantifies the influx of non-malignant, uninfected
macrophages originating from the bloodstream. Conversely, the impact of the viral
burden on these macrophages, coupled with an elevation in their inherent degrada-
tion rate, leads to a diminished macrophage population. As the viral load abates, the
AL

uninfected macrophages stabilize to their baseline concentration, articulated as —2.
Mg

Furthermore, the denominator illustrates that augmented interactions between non-
malignant macrophages and the virus further exacerbate the attrition of macrophage
numbers.

Similarly, expression Eq. (I00) represents the equilibrium concentration of

uninfected macrophages associated with cancer under the viral presence:

Ay + P13
ay = D F (100)

pyV* + K,
The numerator in equation Eq. (100) signifies the influx of cancer-compromised,
uninfected macrophages from the bloodstream. However, the presence of the viral

population adversely affects these macrophages, exacerbated by an elevated intrinsic

decay rate. As the viral burden recedes, the concentration of cancer-compromised,

. . ey . AY
uninfected macrophages returns to its equilibrium baseline, represented by ”241 . Ad-
M
ditionally, the denominator reveals that intensified interactions between these cells

and the virus further exacerbate the diminution of their population.
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The equation for infected macrophages under the viral presence is given by:

BV Mg + BV Mg
(07 (1 + X F7) Ny + 0% (1 + X5 F3) B* + H]

Iy, = (101)
where H = 0¥ E* 4+ (w¥ + €% + (¥ + puf ) — n?T7}.

Expression Eq. elucidates that the interaction between the virus and both
non-malignant and cancer-afflicted macrophages leads to an augmentation in the
population of infected macrophages. However, factors such as the heightened cyto-
toxicity of type 1 and type 2 interferons, denoted by the rates y; and . respectively,
the production of effector B cells during the infection, as well as the synthesis of
novel virions and type-1 interferon by activated infected macrophages, contribute to
a diminution in the infected macrophage population. Furthermore, the degradation
rate (y1,,) of infected macrophages also significantly influences their reduction.

The equilibrium concentration of the viral population in the endemic state is

expressed as:

A+ w¥ s
Vo= v M . 102
03Ty 4+ 67 A* + (¥ + pub) (102)

Equation Eq. (102) elucidates that the viral load escalates both extracellularly and in-
tracellularly. Extracellularly, the virus proliferates due to its influx rate, represented
by Ay, especially when interleukin-2 (/5) fails to trigger apoptosis, a mechanism re-
sponsible for the programmed demise of infected macrophages. Intracellularly, the
replication of the hepatitis B virus within infected cells, originating from an initially
negligible viral load that does not provoke an immune response, leads to a gradual
augmentation of the viral population at a rate denoted by w. Nonetheless, the prolif-
eration of the viral population is mitigated by decay rates and the cytotoxic effects
of both adaptive and humoral immune responses.
The equilibrium concentration of antibodies in the endemic state is given by:

Af + 9PV

A= AL
Oy V> + s

(103)

160
Digitized by Sam Jonah Library



University of Cape Coast https://ir.ucc.edu.gh/xmlui

During the endemic phase, antibodies (A) are synthesized as a consequence of the
viral cytolytic activity and the antibody production rate. Consequently, an upsurge
in viral proliferation is positively correlated with the antibody population. How-
ever, the rate at which antibodies neutralize the virus attenuates this proliferation.
Additionally, the antibody population is diminished by its decay rate (y4), as articu-
lated in equation Eq. (I03). It is observed that as the viral burden recedes, antibody
concentrations stabilize to %

The equilibrium value for the population of effector B cells in the endemic
state is expressed as:

Ag

E* = . 104
05 (L + x5 F5) Iy + pp — 0?1y, (109

In equation Eq. (104), the numerator denotes the influx of effector B cells. How-
ever, the presence of infected macrophages deleteriously impacts the effector B cell
population, compounded by an elevation in their intrinsic degradation rate. As the in-
fected macrophage population nears zero, effector B cells revert to their equilibrium

%)
Ap
@

HE

level of —£. Additionally, the denominator elucidates that augmented interactions
between type-2 interferon and infected macrophages further attenuate the effector B
cell population.
The equilibrium concentration of natural killer (N ) cells in the endemic state
is given by:
. AL, +OTFY + 05

Nt = . (105)
K 87 (L+XTFy) Iy + (7 + 1%,

Equation Eq. (I05) elucidates the influx of natural killer (NK) cells. Moreover,
it indicates that the activity of both interferons facilitates an augmentation in the
NK cell population. However, the presence of infected macrophages and an escala-
tion in their intrinsic decay rate detrimentally influence the NK cell population. As

the infected macrophage population diminishes to near zero, NK cells stabilize at
A% .. . ..

Mﬁ K Additionally, the denominator signifies that

Nk

heightened interactions between type-1 interferon and infected macrophages further

their equilibrium level denoted by
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contribute to a diminution in the NK cell population.
The endemic equilibrium concentration of interleukin-10 cytokines is expressed
as:

ps /Ty
Mfm (1+ Tfﬁo)

I, = (106)
In equation Eq. (I06)), the numerator delineates that regulatory T cells are the prin-
cipal origin of interleukin-10 (/y¢), synthesized through interactions among naive
T cells (1p), infected macrophages (/,;), and the virus. Furthermore, the equation
reveals that [, production is modulated by a temporal factor (1 + 717,), particu-
larly when intracellular viral burdens in infected macrophages (/;;) are insufficient
to elicit a robust immune response. The denominator additionally encompasses the
attenuation of Iy, levels due to its intrinsic degradation rate yiy, .

The endemic equilibrium level of type-1 interferon cytokines is given by:

eIy,

jas M
! 0F + 1,

(107)

Equation Eq. illustrates that the synthesis of type-1 interferon (alpha-
beta) cytokines is catalyzed by the proliferation of infected macrophages (/) at a
rate denoted by €. Consequently, an augmentation in the F; population correlates
with increased proliferation of infected macrophages. Nonetheless, this population
encounters suppression from natural killer cells (Vg ), which continuously counter-
act its production, and is also diminished by its intrinsic decay rate pip, .

The endemic equilibrium concentration of type-2 interferon cytokines is given
by:

n*Ni

jos VK
? 05 + u,

(108)

In equation Eq. (108)), the biosynthesis of type-2 interferon (gamma) cytokines is

propelled by the proliferation of natural killer cells (Ng) at a rate signified by 7.
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Consequently, the concentration of F5, escalates with heightened natural killer cell
activity. However, this cytokine level is regulated by the natural killer cells them-
selves, which perpetually endeavor to suppress its production, and is also attenuated

by the intrinsic decay rate pp, .

Local Stability Analysis of Virus-free Equilibrium

This section presents a localized stability assessment utilizing fractional-order
operators. It is crucial to emphasize that although the equilibrium point of the
fractional-order system mirrors that of the corresponding classical-order system, the
underlying conditions diverge markedly. Specifically, when the eigenvalue is non-
negative, the equilibrium point for the integer-order system is generally unstable,

whereas it tends to exhibit stability in fractional-order systems.

Theorem 11
Local stability analysis of virus-free equilibrium.

The points of equilibrium for system where ¢ € |0, 1] are said to be asymp-
totically (local) stable, if for the Jacobian matrix a% f (t,y), all the eigenvalues \;

computed at the points of equilibrium satisfy

larg ()| > T =12, 13,

Proof. From the corresponding fractional-order system below,

SEODYy(t) = f(tw(®), vilte) = vo. (109)

where §'P¢Dy represent classical fractional derivative (CFD) of order ¢ € [0, 1].

Next, the points of equilibrium would be evaluated using §%“Dfy;(t) = 0

which means that f; (f1, f2, fs, fa, f5, f6, 7, fs: fo, fi0, fi1, fi2, f13) = 0 for which

we can get the equilibrium points

f17f27f37f47f57f67f77f87f97f107f117f127f13-

To compute for asymptotic stability, the system §P°Df f(x) = f(z,y) would be
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considered in Atangana-Baleanu in Caputo sense; let y;(t) = y;E;(¢). The follow-

ing equilibrium points ( f1, fo, f3, fa, f5, f6, f7, fs, fo, fr0, fi1, fiz2, f13) are said to be

locally asymptotically stable provided all the Jacobian eigenvalues from the matrix

of1
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Ofa
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s
oy1
Ofz
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Oys
Ofa
0ys
Ofs
Oys
Ofe
0ys
ofr
Oys
Ofs
O0ys
9fs
Oys
9fi0
O0ys
0f11
O0ys
Of12
Oys
dfi3
O0ys

f
Oya
Ofa
Oya
Ofs
Oya
Ofa
Oya
Ofs
Oya
s
Oya
ofz
[
Ofs
Oya
9fs
Oya
9fi0
Oya

0f11
Oya

Ofi2
Oya

9f13
Oya

f
9ys
0f2
Y5
Ofs
Oys
Ofa
9ys
Ofs
Jys
Ofe
9ys
ofr
dys
Ofs
9ys
9fs
dys
dfio0
Oys

0f11
0ys

Ofi2
Oys

df13
9ys

of1
9ys
9f2
9Ye
Ofs
Oye
Ofa
9ye
Ofs
9ys
9fe
9ys
ofr
9ys
Ofs
9ys
9fo
9ys
df10
Oye
9f11
9ye
Ofi2
Oye
9fis
Oye
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of1
Oyr
9f2
Oyr
ofs
Oyr
Ofa
Oyr
Ofs
dyr7
9fe
Oyr
ofr
dy7
Ofs
Oyr
9fo
dy7
9f10
Oyr
9f11
Oy
9f12
Oyr

9f13
Oyt

9f1
Oys
9f2
Oys
Ofs
Oys
Ofa
Oys
Ofs
Oys
9fs
Oys
ofr
Oys
Ofs
Oys
9fo
Oys
9f10
Oys

9f11
Oys

9f12
Oys

9f13
Oys

df1
Oyo
9f2
0y9
Ofs
Oyo
Ofa
0yg
Ofs
9yo
Ofe
Oyg
ofr
Oyo
Ofs
Oyo
9fo
9yo
9f10
Oyo

9f11
0yg

9f12
Yo

9fis3
O0yg

9f1
9y10

Of2
9y10
Ofs
9y1o0

O fs
9Y10
Ofs
9y10

Jfs
9y10

0 f7
9y10

Jfs
9y10

Jfy
9y10
9f10
9y10

9f11
9Y10

9f12
9y10

9f13
9y10

of1
Oy11

0 f2
Oy11

Ofs
Oy11

Ofs
dy11

Ofs
Oy11

O fe
dy11

Ofz
Oy11
Ofs
dy11
Ofs
Oy11
9f10
dy11

Of11
dy11
Of12
dy11
9fi3
dy11

computed at the points of equilibrium satisfy the condition

‘Cl”/’g ()\17 )\27 )\37 e ,)\13)’ >
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It follows that, the linearized Jacobian Matrix at the virus-free equilibrium is

obtained to be where

-5 0 0o 0 0 -6 0 0 0 0 0 0 0
0 —uf, 0 0 0 0 0 0o 0 0 0 0 0
0 0 -« 0 0 0 0 0 0 0 0 0 0

Dl@)=1 0 0o 0o 0o 0 W - 0 0 0 0 0 0

0 0 0o 0 0 0 0 0 0 -k 0 & 0

-

=

T
A

0 0 0 —u, 0 0

K1 = M%? Ko = Mﬂoa K3 = Mf/jla
K4:(ww+€¢+C§0+ufM)’ ’%Z(Wp‘i‘ﬂxﬁ% ﬁ6:¢*7

Kt = [y, kg = (T]%o + :uf[K) ’ Rg = (Qf + M?‘l) )
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k10 = (0290 + M?'Q) ) K11 = /BfMg + B;va 61 — png,

S, = 87 M, S, = By M7, 6, =6,.

By examining columns 1, 2, 3, 4, 5, 8, 9, and 11, it is observed that

)\1 = _:uf“oa >‘2 = _HJ?N )‘3 = _:usjo“zﬂ
Ay = —M}@O, As = —Mﬂlv Ao = — 14,
)\7 = —,ug, )\g = —/wa.

The remaining five eigenvalues are the eigenvalues of the 5 x 5 matrix given by

—ky kY0 0 0

w? —kE 0 0 0

Jigg)=| 0 0 —xg 6 63
e 0 0 —k§ O

0 0 n° 0 —k%

The row echelon method was used to determine the remaining eigenvalues. Consider

Z—iRg + Rs — Rs. It follows that the Jacobian matrix .J;(¢j) becomes
8

—ky kY0 0 0

w? —kE 0 0 0

Jigg)=| 0 0 —xg 6 63
e 0 0 —k§ O

TBy considering column 3, )y is obtained as Ay = —x§ = — (n* + %, ). The
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remaining four eigenvalues are the eigenvalues of the 4 X 4 matrix given by

—-ky K 0 0
. w?  —kf 0 0

J2 (e5) =
a4 0 —k§ O

By considering columns 3 and 4, A\;y and \{; are obtained as

)\10 = —/ﬁg = — (01('0 + ,U?l)

and A\;; = —kfy = — (05 + pf, ), respectively. The remaining two eigenvalues are

the eigenvalues of the 2 x 2 matrix given by

—Ky K
Js (=) = YR
w?  —kE

The characteristics polynomial of the Jacobian matrix J; () is given by

NAX[(w+e?+ ¢ +puf )+ W +ud)] +1-Ry = 0. (110)

Given that all coefficients of the characteristic polynomial in Eq. (IT0)) are positive
when Ry < 1, the Routh-Hurwitz criterion indicates that the roots of the charac-
teristic polynomial possess negative real parts. Consequently, all eigenvalues of the
Jacobian matrix .Jy(};) have negative real components when Ry < 1. Thus, it can be
inferred, based on the Routh-Hurwitz criterion, that the virus-free equilibrium & of

system [39]is locally asymptotically stable.

Global Stability Analysis of Virus-free Equilibrium
To analyze the global stability of the considered fractional model 39 we use

the Ulam-Hyers sense approach.
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Ulam-Hyers (UH) Stability Scheme

Ulam-Hyers stability is a concept that provides an approximate solution for
the exact solution in a simple form for fractional differential equations. This section
establishes the stability of the proposed model 39] To achieve this effectively, the

following definition was utilized.

Definition 12
The systems in Eq. (86), Eq. (87) and Eq. (88) is UH stable if there exists a
constant P; > 0,2 =1,2,3,--- ,13 satistfying G; > 0, =1,2,3,--- , 13, if

To(t> — N(cp)q) (t To( )) fO 1— I/ <p 1(131 (V T()( ))d < Ul,
Ty(t) — 5 Pa(t, Tt JF [5 (1 =v)f 7 @y (v, Th(v)) dv| < U,
To(t) = 57595t To()) s J5 (1= v)f 7 @y (v, Ta(v)) dv| < Us,

[Mo(t) — 55 2alt Mo sy o (L= )7 @ (v, Mo() d| < B

M) - F5 s, Ml(t))m Jo (1 =) @5 (v, My(v)) dv| < T,
(JM(t) — Ly (t, L (1) iy Jo (1= )7 @6 (v, Tag (v ))du‘ < U,
)V(t) — L (8, V() wrat Jo (1= 1) @ (0, V(v ))du’ < Us,
)A(t)— Loy (1, Alt Jw JEa =0 g (v, A(w ))dy) < Us,
(111)
and
‘E(t) — Lyt E(1)) sy Jo (1 0)7 " @ (v, E(v ))du‘ < Uy,
]NK@)—g—z%w Ni(®) gy o (1= )77 1o (v, Nc()) dv| < B,
Tno(t) — 52 @0 (t, To() sy Jo (1~ ¥) 1c1>11 (v, Ilo(y))dy‘ < Uy,
Fi(t) - 1(— Dot (1)) i o (1= 1) @0 (v, Fy(v ))du‘ < Ua,
Fy(t) — 22®3(t, Fo(t)) sy Jo (1= )7 s (v, Fo(v ))du‘ < Uy,
(112)

and also satisfying for TO, Tl, TQ, Mo, Ml, ];\4, V, 121, E, NK, I{O, Fl, Fg such that
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To(t) = %{@f@l(t,fo(t))Nw;"rM /Otu—y)*“cpl (V,TO(V)) dv,
i) = %{@f@z(t,ﬁ(t))wwfrw /Ot(1—y)*0—1c1>2 (v 72)) dv,
B0 = 1t T g [ -0 e (T
My(t) = gz;@(t,Mg(t))N(@;pF(w /0 - e, (v Mo(w)) v,
M) = %{@f%(t,Ml(t))N(;ﬂ@ /0 (-0 o (v 21()) d.
Iu(t) = 1\@;@6@ IM(t))N(JP(SD) /Ot(1—y)*" g <u,134(y)> dv
Vi) - 1\@;@7@ V(t))N(SD;OF((p) /0 1), (. V() dv
Alt) = %{wf%(t,A(zﬁ))N@fF(@ /O t(1—y)¢—1q>8 (V,A(u)) dv,
Bty - %{wf%@,E@))N(@wa /Ot(l—uY’ @ (v, E(v)) dv.
Ng(t) = g(—gf%o(t NK(t))N(SO;DF(w /Ot(1—y)%0 @10 (v, Nc(v) ) v
Lo(t) = %{5@11@,zlo(t))N@;”F(@) /Ot(1—y)¢ @1 (v To(v) ) dv
Bi(t) = %z—;)”@m(t,ﬁl(t)wwfrw /0 =)y (v Fs(w)) o
Byt) = gz—;)”cpm(t,ﬂ(t))N(JF(@ /0 (1= ) By (v, B(v)) v

Theorem 12
With assumption (H) the fractional model 39|is UH stable.

Proof. Theorem[10]demonstrates that each compartment

TO(t)7 Tl(t>, T2(t)7 MO(t>’ Ml(t)7 IM(t)u V(t)7 A(t)7 E<t>’

Nk (t), Lio(t), Fi(t), Fa(t)
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has a unique solution. Let

~ A

NK(t)allﬂ(t)v Fl(t)>F2(t>

be the estimated solution of model system [39] and satisfying systems [83] [84] and [83)]

respectively. It can be stated that

_ T <« 7 3
ITo - Tl < N( )||<1>1<t To) = @ (LT |
o /H<I>1 (1, Ty) — &, (V TO)H
< 1 £) 0 |Ty — Tl
~ 1 — ~
I =Tl < e (7 - @2 (673

+m /Ot||c1>2 (v, Ty) — @, (v, T1)||,

1—9 % .
< (i + mamat) B - B
7= Tall < s (.72) =y (.0
I TP o)
L—¢ 2 -
< (i + o) B - B
Mo = M| < s (1 Mo) = @ (100
e e (o M) — @ (v 1
oy | 101020 = @ (1301,
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~ 1 — ~
|y — A s( oL t)wMo—Mou,

| M, — M|

1ar — Tl

V=V

14— A

IA

IA

IN

IN

N(p)  N(p)['(v)

1—¢ N
WH‘% (t, My) — @5 (t, M1> |

+m /0t||<1>5 (v, My) — ®; (V, M1> I,
G@; i N(go;pf‘(gp)t) Ws[| My — M)

1—¢ A
WH% (t, Ins) — P (tJM) |

+m /;H% (v, Inr) = s (v, Lo ) |

l-¢ 4 .
(N«o) " N(SD)F(w)t) Lollnr = Lurl

1—¢ ~
N Ier V) - (7))

TS /Ot||<1>7 (v, V) = &7 (V)]

1— .
( oL QWNV—VW
(¢)

1—0 A
N 12 (6 4) = 2 (1)

TS /Ot||<1>8 (v, 4) — @ (v, A) |,

1— .
( vL__¥ t) el A - A,
©) ()
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N 1— A~
IE=EIl < S 2l1@ (L E) — @ (1, B))|

~ N(p)
© ! -
s [ 190 B = @0 ().
l—¢ 4 i
< (N(@*N( w)t) Loll £~ B

A 1— A
N = Nl < sl (Vi) = @uo (1 N )|

-9 ® Y
(Nw) ! Nmr(w)) 1ol Noe = Nicl,

IN

. 1— .
1o =Tl < g1 (5o = @ (5.5 |

—l—m /OtH(I’ll (v, I19) — P11 <V> 110> I

il 4 p .
(N(sz?) i N(QO)F(gp)t) Vil = Tholl,

IN

“ 1 — ~
I — By < 2@ (t, ) — By (¢, 1)
N(¢)

+m /Ot||<I>12 (v, F) — @19 <V7 Fl) I,

-y ¢ .
(M@+N@N@Q@ﬂﬂ—ﬂw
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A 1— A
1P = Ball < 51 (4 ) = @i (1, B2 )|

—l—m /OtH‘I)lza (v, F2) — P13 (V’ FQ) I

1—¢ o p
(N(w) " N(gp)r(w)t) Uy3|Fy — Fbll.

Taking into account

01,02, 013 =V, Vg, -, U3

and

1—
PI’P%”"PIS:(N SD—F ¢(¢)t),

the following are obtained.

| To — TOH < G4y, Ty — T1|| < Oy, | T> — T2H < U3Ps,
Mo — M|l < GaPy,  ||My— Mi|| < UsPs, || Inr — Ing|| < UePs,
|V — V|| < U;PPy, |A — A|| < UsPs, |E — B|| < UgPy,

| Nk — NKH < UyoP10, |10 — —710|| < UyPy, ||FA— F1|| < U122,

|Fy — Fy|| < Ur3Pus. (114)

From the inequalities in Eq. (114)) above, it follows that system[39]is UH stable

and this complete the proof.

Fractional-order Model With Treatment

The focus now shifts to the pivotal role of antiviral interventions in manag-
ing HBV and liver cancer. While there are no specific treatments available for acute
hepatitis B, two principal classes of pharmacological agents are utilized for the man-
agement of chronic HBV infection |Chenar et al. (2018)); |[Fatehi et al.| (2022). These

include nucleotide (nucleoside) analogues (NAs) such as lamivudine, adefovir, ente-
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cavir, tenofovir, telbivudine, famciclovir, and clevudine, as well as interferon-based
modalities, encompassing either standard interferon-« (roferon, intron) or pegylated
interferon (peg-IFN-a2a/2b) (Takkenberg et al., 2010; Kim et al., [2012; Dahari et
al., 2009; Sypsa et al., 2005; Packer et al., 2014; Chenar et al., 2018). These thera-
peutic approaches, whether administered as monotherapy (Nowak et al., |1996; |Min
et al., 2008) or in combination regimens (Lewin et al., 2001; Colombatto et al., 2006;
Chenar et al., 2018)), are designed to either attenuate the synthesis of new viral par-
ticles or prevent the initiation of novel infections. In this context, “de novo” refers
to the emergence of hepatitis B surface antigen in a patient with previously negative
hepatitis B serology following an orthotopic liver transplantation (OTLX).

The primary objective of these interventions is to suppress HBV replication,
thereby impeding the progression of liver disease and averting the advancement to
cirrhosis and hepatocellular carcinoma. This is mathematically represented by mod-
ifying the viral production rate to (1 — ¢¥) w?, and adjusting the transmission rates
to (1 —9°) 6y and (1 —9¥) By (Chenar et all 2018). Here, 0 < p? < 1 and
0 < 99 < 1 denote the efficacy of the drugs in diminishing viral production and
preventing new infections, respectively (Chenar et al., 2018}; Fatehi et al., 2022).
Consequently, the revised equations for the populations of uninfected macrophages,
both with and without malignancy, infected macrophages, and viral loads, are for-
mulated as follows:

(

éBCDfMO = A}@O =B (1 =99) VM, — M}’(/[OMO,

0 PCDYMy =AYy, — B (1= 09) VM + (PIn — piy, Mo,

< 0PDf Ly =AY (1 —99) VMo + 35 (1 —09) VM, + 791y T a1s)
=07 (L+ X7 F1) Iu Nk — 05 (1 + x5 F2) InE

—0?I\E — [w? (1 — 0%) + % + ¢+ pf | I,

ABODYV =AY +wf (1 — 0%) Iy — 05TV — 07 AV — (% + b)) V.
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Control Reproduction Number, R.

Next, the control reproduction number, R, of the model system is determined
using the Next Generation Matrix method, as outlined by (Diekmann & Heesterbeek,
2000) and applied in (Chataa et al., 2021)). This procedure begins with an analysis of
the equations within the model framework that characterize the proliferation of new
infected macrophages and the transitions in the state of these infected macrophages.

The relevant equations are expressed as follows:

(

ABCDS Ty (1) = BY (1 — 09) VI My + 85 (1 — 99) VM + %1y Th

—O'(’D]ME - €]M7

ABCDPY (1) = A +w? (1 — 0°) Iy — 65TRV — S AV — (0% + i) V,

\

where

¢ = (w@(l—g‘p)+s‘p+C‘p+ufM).

We designate this set of equations in system[I16]as the infected subsystem. Adhering
to the established principle of the next-generation matrix approach, the initial step
involves linearizing the infected subsystem around the virus-free steady state. If we

set
X = (TOaThTQ;MOa My, Iy, V, A E, N, L, Fi, F2)T§

where 1" denote the transpose, then the infected subsection can be written in the

form:

0 TODEX() = F(X) - V(X),
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where
£ (1 —9°)V My + B¢ (1 —99) VM, + 72Ty T,
F(X) = Y ( ) VMo + 535 ( ) VM, wli)
0

A —w? (1= 0?) Iy + 0STRV + 6L AV + (09 + puf) V

Taking the Jacobian of [F(X) at the disease-free equilibrium state gives

0 Bf(l—ﬁW)Af/IO B%"(l—ﬁ‘P)AﬁI1

4 (2
F = P Fary

0 0

Also, taking the Jacobian of V(X)) at the disease-free equilibrium and substituting

gives

Vo (w@(l—g“’)—%s@%—C@—l—ufM) 0
—w? (1 —¢%) (% +pf) -
It follows that
A 0
V = ,
—w?(1—0%) B
where
A = (W1 —0")+e 4+ +uf,),
= (¥ +uf).
Hence,
1
V_l — .,_4 0
wP(1-0%) 1
AB B
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Hence, the next generation matrix which represents the total infectiousness of liver

cells during the entire infected period is given as

e [0 sam M sz [ 5 o
w?(1—p%) 1
0 0 —F - B
w(”(l—g‘/’) [ﬁf(lfﬁgp)/\(lflo /B(Qp(l*ﬁw)/\f/ll] ‘
frnd AB Mf/l() 'u&l
0 0
P —_9¥ A#’ 2 —9¥ A«P
where & = % [’81 a - W | 0500 - ) Ml]. Hence, we obtain the R to be
g Hry
Re = Ry + Ry,
where
- B7 (1= v9)w? (1 - 0%) AY,,
M )
’ Wi (w? (1= 0%) + 2+ + 7 ) (V2 + )
B3 (1= 9%)w? (1 — o) A},
Ry, = 1

i (e (1= 09) +e2+ (2o +pf ) (e +uf)

Chapter Summary

In this chapter, a model capturing the dynamics of coexisting hepatitis B virus
and liver cancer transmission, with the immune response incorporated as a regu-
latory mechanism, was rigorously analyzed. A detailed explanation of the model’s
foundational assumptions was provided, along with a comprehensive flowchart illus-
trating its structure, as well as descriptions of the various state variables and param-
eters. The model encompasses populations of liver cells, viruses, and immune cells,
demonstrating that all state variables and their solutions remain non-negative for all
time points ¢ and are bounded by upper limits that populations cannot exceed. The
system described in 5] has two non-negative equilibrium states, including the virus-

free equilibrium (VFE), denoted as ¢j, and the virus-persistence equilibrium. The
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conditions necessary for the existence of the virus-persistence equilibrium were also
examined. These steady states significantly influence virus transmission dynamics
within liver cell populations.

Despite the potential for infinite variations in the initial distribution of hep-
atitis B virus and liver cancer among the cell populations, these equilibrium states
represent the ultimate reachable configurations. The stability of these points was
further assessed using the reproduction number, R,. Stability analysis confirms that
the virus-free equilibrium is locally asymptotically stable, as verified by the Routh-
Hurwitz criterion, and globally asymptotically stable based on the Castillo-Chavez,
Feng, and Huang methodology. In contrast, the virus-persistence equilibrium may
exhibit stability, instability, or act as a saddle point. Analytical results for the repro-
duction number suggest that when the rate of new virion replication, w, exceeds a
critical threshold, the model system converges to the virus-persistence equilibrium.
The chapter continues by demonstrating the existence and uniqueness of solutions
for the model system at the virus-persistence state.

Similarly, the model framework for hepatitis B virus and liver cancer trans-
mission dynamics was revised to incorporate the immune response and treatment
of infected cells as regulatory measures in Eq. (39), using fractional-order calculus.
Key characteristics of the revised model, including the existence and uniqueness of
solutions, as well as its stability, were analyzed using fractional differential equa-
tions. The model system [39] also features two non-negative equilibrium states: the
virus-free equilibrium (VFE) and the virus-persistent equilibrium (VPE). The con-
trol reproduction number was calculated, and its analytical properties were explored.
Furthermore, it was observed that increasing the clearance rates of NK cells, effec-
tor B cells, and antibodies from infected macrophages helps eliminate the infection.
However, the presence of naive T cells, supported by other immune cells, facilitates

the faster achievement of the virus-free equilibrium.
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CHAPTER FOUR

RESULTS AND DISCUSSIONS

Introduction

Validating an epidemiological model critically involves fitting its parameters,
which enhances the model’s precision in understanding epidemic transmission and
predicting disease trends. In this section, we will explain how to determine param-
eters using nonlinear least squares curve fitting, perform sensitivity analysis on the
estimated parameter values, and conduct numerical simulations with published pa-
tient data from acute infections for classical-order systems and literature-sourced
parameter values for fractional-order models. Sensitivity analysis is utilized to pin-
point the parameters that exert the greatest influence on the spread of an infectious
disease, with a focus on assessing the effect of each parameter on the reproduction
number R,. Computational simulations are carried out to elucidate the role of the
immune system in eradicating the hepatitis B virus from hepatic cells and to identify
the most effective combination of therapeutic and preventative measures for manag-

ing hepatitis B virus and liver cancer infections.

Model Fitting Procedure

The model is typically compared with data after its formulation to validate
it. Model validation involves assessing how well a mathematical model represents
real-world data. Analyzing data from infectious diseases is a complex problem, and
various approaches have been used to address it. These techniques encompass the
moments method, the maximum likelihood approach, the minimum x? method, the
least squares approach, among others. Inference issues with burst data are often
complex due to the data’s interdependence and common incompleteness, as the true
infection status or process is not always directly observable. Nonetheless, creating a
straightforward model that encapsulates the essential aspects of disease spread can
serve as a valuable initial basis for inference. This research utilized the nonlinear

least squares technique to align the DNA viral load data with the model.
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Non-linear Least Square Method

The non-linear least squares technique, also known as the Nelder-Mead algo-
rithm, named after Nelder and Roger Mead in 1975 (Nelder & Mead, [1965)), was
utilized to optimize the estimation of system parameters. To effectively apply this

method, system [3]is reformulated into the following structure:

%u(t,O) = v(t,w, w),

u(0, ) = uo,

where the function v is dependent on time ¢, the state variable w, and the parameter

vector o that needs to be estimated. The vector of variables is defined as:

u(t,ww) = {To(t), Ti(t), To(t), Mo(t), My (t), In(t), V (1), A(t), E(t),

Nic(t), Lio(t), F1(t), Fy(t)} € R™,

The process for performing the least squares estimation involves minimizing the
sum of squared differences between the observed data values u(¢;) and the model’s
predicted values u(t, @), which are associated with the parameters co. Thus, given
k data points (¢;,u;), where i = 1,---  k, the goal is to minimize the following

objective function:

n

H(w) = Y lalt, @) —u(t)].

=1

Therefore, finding the parameter vector ww that best fits the model requires solving
the optimization problem min H () under the constraints i, < @; < Wyax for
1=1,---, g, where g denotes the number of parameters to be estimated. The model
is implemented using the ‘ode15s’ solver in MATLAB, which is designed for solving
initial value ordinary differential equations. Subsequently, the model is fitted to real

data using the ‘fminsearch’ function in MATLAB.
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Model Fitting Results

The behavior of model [5]is examined using a set of plausible parameter values
approximated from available experimental data. Interaction rates and kinetics are

estimated from this published data. The results are depicted in Figures 2] and 3]
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Figure 2: The Optimal Representation of V' Provided by Model [1{ (Solid Red Lines)
is Compared to Patient Data (o), Where (a) Represents the Best Fit for Pa-
tient 1 Data, (b) Represents the Best Fit for Patient 2 Data, (c) Represents
the Best Fit for Patient 3 Data, and (d) Represents the Best Fit for Patient
4 Data (Source: Author’s construct, 2023)
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Figure 3: The Optimal Representation of V' Provided by Model [1{ (Solid Red Lines)
is Compared to Patient Data (o), Where (a) Represents the Best Fit for
Patient 5 Data, (b) Represents the Best Fit for Patient 6 Data, and (c)
Represents the Best Fit for Patient 7 Data (Source: Author’s construct,
2023)

In 1998, seven individuals were identified in the prodromal stage of infection
amidst a singular-source hepatitis B virus (HBV) outbreak Webster, Hallett, et al.
(2000); Webster, Reignat, et al. (2000). All were infected with an identical HBV
variant and were seronegative for antibodies against hepatitis C virus and hepati-
tis delta virus Webster, Hallett, et al.| (2000); [Webster, Reignat, et al. (2000). For
patients 1 and 6, who were identified during the latency period, the interval be-
tween exposure and the zenith of viral replication was extrapolated to be 117 and
120 days, respectively, based on computations of the viral doubling kinetics prior
to the peak |Whalley et al.| (2001). In the case of patient 2, this temporal window
was ascertained to be 80 days Whalley et al.| (2001). For the remaining individuals,

the precise chronology of infection was indeterminate, prompting the assumption of
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an average incubation period of 100 days between viral acquisition and the apogee
of viral proliferation. The dataset under scrutiny comprises longitudinal quantifica-
tions of HBV DNA concentration per milliliter of plasma for these seven individuals
over the initial 8 — 10 months post-infection. Each individual underwent between
7 and 29 measurements, with a mean sampling interval of 12 days. Initially, the
viral burden escalated exponentially, culminating at a peak of up to 10! HBV DNA
copies per milliliter, subsequently declining in a biphasic trajectory and appearing to
asymptote approximately six months following infection. However, epidemiological
evidence elucidates that patients 1 — 6 ultimately achieved viral clearance, whereas
patient 7 progressed to chronic HBV infection |Webster, Hallett, et al.| (2000); |Web-
ster, Reignat, et al. (2000) and succumbed shortly thereafter to fibrotic pulmonary
pathology.

The model V' was fitted as outlined by the HBV and liver cancer co-existence
model Eq. (3] using data from seven patients who were identified in the acute stage
of infection during a single-source HBV outbreak (for further details, see |Webster,
Hallett, et al.| (2000); [Ciupe et al.| (2014); Fatehi et al.| (2022)). The findings are
illustrated in Figures [2| and |3, and the optimal parameter estimates for each patient
are provided in Table ] The model accurately reflects the significant viral surge
observed during the acute infection phase for each individual and the subsequent
two-phase reduction in viral levels. Furthermore, the most best estimates indicate
that viral elimination (defined as having less than one virion present in the body)
occurs after infection in the first six individuals, but not in patient 7, who has de-
veloped a chronic infection (Ciupe et al., 2014; Fatehi et al., 2022). No relationship
was found between R and the time to viral clearance; however, the rapid clearance
seen in patient 5 corresponds to a marked second-phase reduction in viral levels,
attributed to a high rate of infected cell loss, 17, (2.1918). Conversely, patients 2
and 7, who have the lowest 17,,(0.4908) and 1,,(0.00000885), respectively, expe-
rience the longest duration to viral clearance and no clearance at all. The parame-
ters {¢,w, o, 1, Pa, C, 01, 02, 03, 04, P1, P2, P3, fi1,, } Were determined by fitting V' as

specified by the HBV and liver cancer co-existence model Eq. (3) using data from
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acute HBV infections (Ciupe, Ribeiro, Nelson, Dusheiko, & Perelson, |2007; |Web-
ster, Hallett, et al., 2000; |[Fatehi et al., 2022)). The infection dates for each individual
were either known or previously approximated (Ciupe, Ribeiro, Nelson, Dusheiko,
& Perelson, 2007; Whalley et al., [2001; Ciupe et al., 2014; |[Fatehi et al., 2022)). The
parameter values are detailed in Table |4, and we then adjusted w, &1, 92, d3, 4, and
ps to explore the outcomes. The basic reproduction number (R() corresponding to
the fitting result was calculated to be Ry = 5, 061, 469.22, with R, = 5,061, 469.01
and R, = 0.21, indicating that the primary driver of infection dynamics is the contri-
bution from R, which is associated with the uninfected macrophage without cancer
population. In the absence of antibodies, natural killer cells, effector B cells, and
T-cell responses, the reproduction number exceeds one (i.e., Ry > 1), indicating a
persistent, chronic HBV infection in model 5| The changes in these dynamics are
examined in the presence of antibodies, natural killer cells, effector B cells, naive T

cells, and cytokines.
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Parameter Estimation for the Classical-order Model

It is estimated that an adult liver contains about 2 x 10! cells, with 60%
of these being hepatocytes (Ciupe, Ribeiro, Nelson, Dusheiko, & Perelson, 2007;
Goyal et al., 2017; Michalopoulos, 2007; Kmiec, 2001} Fatehi et al., [2022). For
an adult patient, the assumption is that 3 liters of serum contain complete particles

0.6x2x101 4+ 107 cells/ml. The

(Murray & Goyal, 2015). Therefore, ﬁi—js = s

death rate for uninfected macrophages is estimated at 0.01 per day (Gued; et al.,
2013}, Kitagawa et al., 2018 Fatehi et al., 2022), making 15/, = 0.01. Consequently,
Ay, =4 % 10°. SIn unvaccinated individuals with a positive HBV-DNA test, the
antibody concentration remains below 10 mIU/ml, equivalent to 8.5 x 10* mg/ml
or 3.4 x 10'2 molecules/ml (Ciupe et al., 2014; Guang et al., 2019; Fatehi et al.,
2022). Thus, A4 = 3.4 x 10'? molecules/ml was assumed. The remaining baseline

parameter values are provided in Tables [5|and [6]

Table 5: Parameters and their Values for the Classical-order Model

Parameter Values Source
A, 0.99 cell/ml/day Assumed
A, 4 x 10° cell/ml/day (Fatehi et al., 2022)
Ay, 0.015 cell/ml/day (Bhadauria, 2011)
Ay 0.3 cell/ml/day (Wiah et al.,[2011)
Ay 3.4 x 10'2 cell/ml/day (Guang et al.,|[2019)
Ag 10 cell/ml/day (Fatehi et al., [2022)
ANy 0.057 cell/ml/day (Y. Zhang et al.,|2007)
wr, 6.7 x1077 cell/ml/day ~Assumed
wry 0.3333 cell/ml/day Assumed
178 0.3333 cell/ml/day Assumed
J5yA 0.011 cell/ml/day (Fatehi et al., 2022)
I, 0.01 cell/ml/day (Kitagawa et al., [2018))
Iy 0.5636 cell/ml/day Estimated

Source: Author’s construct (2023)
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Table 6: Parameters and their Values for the Classical-order Model

Parameter Description Source

Ly 0.67 cell/ml/day (Chenar et al.j2018)7

A 0.332 cell/ml/day (Ciupe et al., 2014)

WE 0.5 cell/ml/day (Ciupe et al., 2014)

IN g 0.42 cell/ml/day Assumed

Lo 3.70x1072 cell/ml/day ~Assumed

R 4.9 cell/ml/day (Chenar et al., [2018)

I, 5.16 cell/ml/day (Chenar et al.,[2018)

p1 3.7523 cell/ml/day Estimated

P2 3.0210 cell/ml/day Estimated

P3 0.6697 cell/ml/day Estimated

01 0.7 cell/ml/day Estimated

) 0.9308 cell/ml/day Estimated

03 1.3114 cell/ml/day Estimated

04 0.7 cell/ml/day Estimated

0, 0.8 cell/ml/day (Chenar et al., 2018)

0 0.6 cell/ml/day (Chenar et al., 2018)

X1 1.5 cell/ml/day (Chenar et al.,[2018)

X2 2.0 cell/ml/day (Chenar et al., 2018)

B 0.8903 cell/ml/day Estimated

Ba 0.9157 cell/ml/day Estimated

T 0.1642 cell/ml/day Assumed

WY 5 cell/ml/day (Chenar et al., [2018)
0.5 cell/ml/day Estimated

w 20.0342 cell/ml/day Estimated

€ 1 cell/ml/day (Chenar et al., 2018)

n 0.9 cell/ml/day (Chenar et al., 2018)

s 0.3359 cell/ml/day Assumed

¢ 1.0014 cell/ml/day Estimated

Source: Author’s construct (2023)
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Numerical Results of Classical-order Model

Assessing the practical utility and performance of system [5 through numer-
ical methods involves applying a set of estimated parameter values derived from
published research on HBV patients and other relevant studies. The initial condi-
tions employed are: Ty(0) = 5 x 10°, T1(0) = 0, T5(0) = 0, My(0) = 4 x 10°,
M;(0) = 4 x 10°, I;(0) = 0, V(0) = 300, A(0) = 0, E(0) = 0, Ng(0) = 0,
I,p(0) = 0, F1(0) = 0, and F»(0) = 0. The parameters used in the simulations are

detailed in Tables 5] and [@

Quantitative Findings at the Virus-free Equilibrium

To elucidate the spectrum of dynamic behaviors that model[5|can exhibit under
various parameter configurations, the system is computationally resolved utilizing
the baseline parameter values enumerated in Tables [5|and [6] The results are show-
cased in Figures 4} [5 and [6] Figures[] [5] and [6]elucidate the immune response dy-
namics in the absence of hepatitis B virus within the hepatic cell population. In this
scenario, the initial viral replication precipitates an augmentation in the levels of an-
tibodies (A), effector B cells (£), natural killer cells (N ), cytotoxic T lymphocytes
(T3), and both classes of interferons. This culminates in the effective eradication
of the HBV infection. Subsequently, type-1 interferons are also eradicated, and the
system attains a stable, virus-free equilibrium. The absence of infected macrophages
indicates that HBV is not proliferating, implying that naive T lymphocytes do not
partake in lytic activity. Consequently, the populations of T helper-1 cells, cytotoxic
T lymphocytes, antibodies, effector B cells, natural killer cells, interleukin-10, and

interferon-gamma diminish to zero, as depicted in Figures [} [5] and [6]
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Figure 4: Simulation Results Illustrating the Dynamics of State Variables at the
Virus-Free Equilibrium Point, Where (a) Represents the Unactivated T
Cell Class, (b) Represents the T Helper 1 Cell Class, (c) Represents the
Killer T Cell Class, (d) Represents the Uninfected Macrophage Free of
Cancer Cells Class, (e) Represents the Uninfected Macrophage Contain-
ing Cancer Cells Class, and (f) Represents the Infected Macrophage Con-
taining Cancer Cells Class (Source: Author’s construct, 2023)
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Figure 5: Simulation Results Illustrating the Dynamics of State Variables at the
Virus-Free Equilibrium Point, Where (a) Represents the Hepatitis B Virus
Particles Class, (b) Represents the Antibodies Class, (c) Represents the
Effector B Cell Class, (d) Represents the Natural Killer Cell Class, (e)
Represents the Interleukin-10 Cytokine Class, and (f) Represents the In-
terferon Alpha and Beta Class (Source: Author’s construct, 2023)
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Figure 6: Simulation Outcomes Demonstrating the Dynamics of the F3; Cytokine
Class at the Virus-Free Equilibrium (Source: Author’s construct, 2023)
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Quantitative Findings at the Virus-persistence Equilibrium

Figures [7] [8] and [9) delineate the dynamics of the state variables model [5] sub-
sequent to infection with a minimal initial burden of hepatitis B viruses, observed at
the equilibrium of viral persistence. Figure 7(a) elucidates the dynamics of naive T
lymphocytes, which, upon complete maturation, attain their peak density. However,
the presence of HBV within hepatic cells induces a modification in these dynam-
ics. As depicted in Figure 8(a), HBV precipitates a diminution in the density of
naive T lymphocytes due to their differentiation into T-helper 1 (77) cells, cytotoxic
T lymphocytes (75), and interleukin-10 (/;9) cells. A reciprocal relationship was
also discerned between HBV levels and naive T lymphocytes, indicating that an
augmentation in naive T lymphocyte density correlates with a diminution in HBV
levels. As the HBV burden escalates, the rate of decline in naive T lymphocytes ac-
celerates, concomitant with an enhanced production of both pro-inflammatory and
anti-inflammatory cells, as illustrated in Figures 8(e), 8(f), and[9] Figures 7(b) and
7(c) further examine the behavior of T-helper 1 and cytotoxic T lymphocytes, re-
spectively, demonstrating an initial increase in both cell types as a consequence of
the differentiation process of naive T lymphocytes. Nevertheless, cytotoxic T lym-
phocytes were observed to diminish almost immediately post-generation, within the
shortest conceivable time frame, due to persistent inhibition by HBV. Conversely,
T-helper 1 cells decline as a result of the lytic effects induced by HBV replication
within macrophages, which impacts the overall rate of disease progression. Figures
7(d) and 7(e) illustrate that uninfected macrophages, whether or not associated with
neoplastic cells, commence with their initial densities, which subsequently decrease
over time, correlating with the escalating HBV load.

As the HBV replication rate intensifies, an increased recruitment of cells to
the infection site occurs to engulf the virus, as depicted in Figure 7(f). This re-
sults in a diminution in the density of uninfected macrophages. Consequently, the
number of infected macrophages escalates as uninfected macrophages become in-
fected through viral ingestion. This increase in infected macrophages stabilizes once

they achieve activation, as shown in Figure 7(f). Furthermore, the density of in-
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fected macrophages, positively correlated with interferon-gamma, interferon-alpha
and beta cytokines, antibodies, effector B cells, and natural killer cells, is illustrated
in Figures 8(b), 8(c), and 8(d). As interferon-gamma concentration escalates, as de-
picted in Figure 8(f), it triggers the activation of additional infected macrophages,
resulting in a rise in the population of uninfected macrophages. Thus, Figures [7} [8]
and 9] delineate the dynamics when the endemic steady state is both attainable and
stable, demonstrating that the initial viral expansion is regulated by the coordinated

actions of various components of the immune system.
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Figure 7: Simulation Results Illustrating the Dynamics of State Variables at the En-
demic Equilibrium Point, Where (b) Represents the Unactivated T Cell
Class, (b) Represents the T Helper 1 Cell Class, (c) Represents the Killer
T Cell Class, (d) Represents the Uninfected Macrophage Free of Cancer
Cells Class, (e) Represents the Uninfected Macrophage Containing Can-
cer Cells Class, and (f) Represents the Infected Macrophage Containing
Cancer Cells Class (Source: Author’s construct, 2023)
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Figure 8: Simulation Results Illustrating the Dynamics of State Variables at the En-
demic Equilibrium Point, Where (a) Represents the Hepatitis B Virus Par-
ticles Class, (b) Represents the Antibodies Class, (c) Represents the Effec-
tor B Cell Class, (d) Represents the Natural Killer Cell Class, (e) Repre-
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Figure 9: Simulation Outcomes Demonstrating the Dynamics of the F3, Cytokine
Class at the Endemic Equilibrium (Source: Author’s construct, 2023)
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Impact of Natural Killer Cells on Infected Macrophages Cells

Natural Killer (NK) cells are essential in the immune defense against Hepatitis
B virus (HBV) and in preventing the development of liver cancer, referred to as hep-
atocellular carcinoma (HCC). They address HBV by targeting and killing infected
liver cells, as well as secreting cytokines that curtail viral replication and enhance
other immune responses. In liver cancer, NK cells recognize and eliminate tumor
cells through cytotoxic mechanisms. However, in chronic HBV infection and ad-
vanced liver cancer, NK cell function can be impaired, allowing the virus to persist
and cancer cells to evade immune detection, contributing to disease progression.

In Figure[I0] it is evident that an increase in the rate at which natural killer cells
cure and kill infected macrophage cells by 25% from the baseline value (§; = 0.7
to 0; = 0.875) corresponds to a 0.23% decrease in infected macrophages. This
suggests the effective elimination of infected macrophages causing HBV and liver
cancer infections, leading to a reduction in the overall infected liver cell population.
Conversely, a 25% reduction in this rate from the baseline (6; = 0.7 to 6; = 0.525)
results in a 0.05% increase in infected macrophage cells. This implies that increasing
the rate at which natural killer cells cure and clear infected macrophage cells from
the baseline lowers the basic reproduction number (R), subsequently reducing the
spread of HBV and liver cancer infections.

Further adjustments in the virus clearance rate by natural killer cells, such as
a 50% increase to 0; = 1.05 or a 50% decrease to §; = 0.35, lead to corresponding
4.58% decreases or 2.46% increases in the infected macrophage populations. Similar
trends are observed when the clearance rate is increased by 75% to 6; = 1.225
(i.e., a 6.76% decrease in the infected macrophage population) or decreased by the
same percentage to 6; = 0.175 (i.e., a 4.94% increase in the infected macrophage
population). We also computed the area under the curve (AUC) for different virus
clearance rates by natural killer cells to assess the extent of the infected macrophage
population over time and summarized the results in Table

The simulation results in Figure [I0] underscore the crucial role that natural

killer cells, through the immune system response, play in controlling the dynamics
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of HBV and liver cancer spread within human liver cells and their elimination.
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Figure 10: Effects of NK Cell Clearance Rates on Infected Cells (Source: Author’s
construct, 2023)

Table 7: Effects of NK Cell Clearance Rates on Infected Cells

Parameter Value AUC PC %
Baseline (6; = 0.7) 211799712.99
25% increase (6; = 0.875) 206870976.17  -0.23%
25% decrease (0; = 0.525) 211898491.99  0.05%
50% increase (6; = 1.05) 202099200.36  -4.58%
50% decrease (6, = 0.35)  2170000903.39 2.46%
75% increase (07 = 1.225) 197478331.85 -6.76%
75% decrease (0; = 0.175) 222264190.28  4.94%

Source: Author’s construct (2023)

Impact of Effector B Cells on Infected Macrophages Cells

Effector B cells (plasma cells) are crucial in the immune defense against Hep-
atitis B virus (HBV) and liver cancer. They represent the mature stage of B cells
and are responsible for generating antibodies that target HBV specifically. These
antibodies neutralize the virus, stopping it from infecting liver cells and tagging it
for elimination by other immune cells. Regarding liver cancer (hepatocellular carci-
noma), which can result from chronic HBV infection, Plasma B cells contribute to
the immune defense by producing antibodies that target tumor-associated antigens,
aiding in the recognition and elimination of cancerous cells. Nonetheless, in persis-
tent HBV infection and advanced hepatic carcinoma, the activity of Plasma B cells
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might be compromised, reducing their ability to manage the illness. In Figure
it is clear that a 25% increase in the rate at which plasma cells treat and eliminate
infected macrophages from the baseline value (0o = 0.9308 to 0, = 1.1635) results
in a 2.66% decline in infected macrophages. This indicates the successful removal
of infected macrophages driving HBV and liver cancer cell replication, thereby de-
creasing the overall population of infected liver cells. On the other hand, reducing
this rate by 25% from the baseline (d, = 0.9308 to J, = 0.6981) causes a 0.99% rise
in infected macrophage cells. This shows that boosting the rate at which effector
B cells clear infected macrophages from the baseline reduces the basic reproduc-
tion number (Ry), which in turn limits the transmission of HBV and liver cancer
infections.

Additional changes in the virus elimination rate by effector B cells, such as a
50% increase to 9, = 1.3962 or a 50% decrease to d, = 0.4654, result in 4.99% re-
ductions or 1.98% increases in infected macrophage populations, respectively. Sim-
ilar patterns are observed when the clearance rate is raised by 75% to d, = 1.6289
(leading to a 7.24% decrease in infected macrophages) or lowered by 75% to d =
0.2327 (leading to a 3.40% increase in infected macrophages). Additionally, we
calculated the area under the curve (AUC) for various virus elimination rates by ef-
fector B cells to evaluate the progression of infected macrophage populations over
time, with the results summarized in Table

The simulation results in Figure [IT] highlight the significant role that effector
B cells, through their immune response, play in managing the spread of HBV and

liver cancer within liver cells and facilitating their clearance.
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Figure 11: Effects of Plasma Cell Clearance Rates on Infected Cells (Source: Au-
thor’s construct, 2023)

Table 8: Effects of Plasma Cell Clearance Rates on Infected Cells

Parameter Value AUC PC %
Baseline (6, = 0.9308) 233309811.20 -

25% increase (0, = 1.1635) 227103342.58 -2.66%
25% decrease (0, = 0.6981) 235608561.86 0.99%
50% increase (0, = 1.3962) 221677614.71 -4.99%
50% decrease (6 = 0.4654) 237938941.06 1.98%
75% increase (0, = 1.6289) 216426617.26 -7.24%
75% decrease (6o = 0.2327) 241242954.76 3.40%

Source: Author’s construct (2023)

Impact of Cytotoxic T Cells on Hepatitis B Virus (HBV) Cells

Cytotoxic T lymphocytes, often referred to as C' D8 T cells, play a crucial
role in combating HBV and liver cancer infections. They identify and attach to liver
cells that present viral antigens, including those from HBYV, on their surface. Upon
attachment, these T lymphocytes secrete cytotoxic substances, such as perforin and
granzymes, which trigger apoptosis (programmed cell death) in the infected cells,
thereby effectively removing the virus. In the context of liver cancer, Cytotoxic
T lymphocytes can also detect and destroy cancerous cells that present abnormal
antigens, aiding in the management and reduction of cancer progression. Even so,
in long-term infections, their functionality could be diminished, lowering their ef-
ficiency. In Figure it is clear that a 25% increase in the rate at which cyto-
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toxic T lymphocytes target and eliminate hepatitis B virus from the baseline value
(03 = 1.3114 to 93 = 1.6393) leads to a 7.26% reduction in the HBV population.
This shows that effectively removing HBV cells that drive the infection reduces the
total count of infected liver cells. Conversely, a 25% decrease in this rate from the
baseline (63 = 1.3114 to d3 = 0.9836) results in a 5.44% increase in the HBV popu-
lation. This indicates that raising the rate at which cytotoxic T cells eliminate virus
cells from the baseline lowers the basic reproduction number (RR), thus reducing the
spread of HBV and liver cancer infections.

Further changes in the virus elimination rate by cytotoxic T cells, such as a
50% increase to 63 = 1.9671 or a 50% decrease to 3 = 0.6557, lead to 11.86%
decreases or 9.48% increases in HBV populations, respectively. Similar effects are
observed when the clearance rate is increased by 75% to d3 = 2.2950 (resulting in a
16.02% reduction in HBV population) or decreased by 75% to 63 = 0.3278 (causing
a 13.94% increase in the virus population). Additionally, we calculated the area
under the curve (AUC) for different virus elimination rates by cytotoxic T cells to
assess the evolution of virus populations over time, with the results summarized in
Table Ol

The simulation results shown in Figure [I2] emphasize the important role of
cytotoxic T cells in managing the spread of HBV and liver cancer within liver cells

and in aiding their clearance through their immune response.
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Figure 12: Effects of Cytotoxic T Cells on HBV Cells (Source: Author’s construct,
2023)

Table 9: Effects of Cytotoxic Cells Viral Removal Rate on HBV Cells

Parameter Value AUC PC %
Baseline (05 = 1.3114) 611.22 -

25% increase (63 = 1.6393) 566.83 -7.26%
25% decrease (03 = 0.9836) 644.44 5.44%
50% increase (03 = 1.9671) 538.73 -11.86%
50% decrease (65 = 0.6557) 669.17 9.48%
75% increase (63 = 2.2950) 513.31 -16.02%
75% decrease (03 = 0.3278) 696.45 13.94%

Source: Author’s construct (2023)

Impact of Antibodies Cells on Hepatitis B Virus (HBV) Cells

Antibodies are essential in clearing HBV (hepatitis B virus) and liver cancer
infections by targeting and neutralizing pathogens or infected cells. For HBV, anti-
bodies bind to viral particles, preventing them from infecting new cells and marking
them for destruction by other immune cells, thus inhibiting replication and spread.
In liver cancer, antibodies target and bind to cancer cells, facilitating their destruc-
tion by the immune system and potentially interfering with tumor growth. Thus,
antibodies enhance the immune system’s ability to recognize and eliminate HBV
and cancer cells, aiding in the control and resolution of these conditions. In Figure
it is apparent that a 25% increase in the rate at which antibodies target and erad-
icate the hepatitis B virus from the initial value (6; = 0.7 to 9, = 0.875) results in
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a 22.49% reduction in the HBV population. This indicates that efficiently remov-
ing HBV cells responsible for the infection decreases the total number of infected
liver cells. Conversely, a 25% decrease in this rate from the initial value (6, = 0.7
to 03 = 0.525) leads to a 7.52% increase in the HBV population. This shows that
raising the rate at which antibodies eliminate virus cells from the baseline reduces
the basic reproduction number (IR;), thereby limiting the transmission of HBV and
liver cancer infections.

Further variations in the virus elimination rate by antibodies, such as a 50%
increase to 9, = 1.05 or a 50% decrease to d, = 0.35, result in 34.36% decreases or
11.73% increases in HBV populations, respectively. Similar patterns are observed
when the clearance rate is raised by 75% to 6, = 1.225 (leading to a 43.08% decrease
in HBV population) or reduced by 75% to d3 = 0.175 (causing a 14.01% increase
in the virus population). Additionally, we computed the area under the curve (AUC)
for various rates of virus elimination by antibodies to evaluate the changes in virus
populations over time, with the results detailed in Table [I0]

The simulation results shown in Figure [I3] underscore the significant role of
antibodies in managing the spread of HBV and liver cancer within liver cells and in

facilitating their clearance through the immune response.
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Figure 13: Effects of Antibodies on Hepatitis B Virus Cells (Source: Author’s con-
struct, 2023)
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Table 10: Effects Antibodies Viral Clearance Rate on HBYV Cells

Parameter Value AUC PC %
Baseline (0, = 0.7) 632.54 -

25% increase (64, = 0.875) 490.26 -22.49%
25% decrease (04 = 0.525) 680.09 7.52%
50% increase (0, = 1.05) 41522 -34.36%
50% decrease (6, = 0.35) 706.76 11.73%
75% increase (64 = 1.225) 360.04 -43.08%
75% decrease (0, = 0.175) 721.16 14.01%

Source: Author’s construct (2023)

Time to Chronicity

The outcomes of hepatitis B virus (HBV) infection exhibit substantial vari-
ability among individuals, highlighting the significance of host genetic determinants
in influencing susceptibility to HBV persistence and the progression from hepatic
damage to cirrhosis and hepatocellular carcinoma (HCC). An efficacious antiviral
response, primarily orchestrated by C' D4+ and C'D8" T lymphocytes, natural Killer
cells, and monocytes, can facilitate immune-mediated containment of HBV replica-
tion, potentially culminating in a functional cure. Conversely, in individuals with
compromised immune systems, encompassing both pediatric and adult populations,
persistent viral replication may persist unabated.

IL-10 predominantly functions as an immunomodulatory cytokine by imped-
ing T cell proliferation and the activity of antigen-presenting cells (APCs), while also
modulating the secretion of various cytokines and chemokines (Saraiva & O’garra,
2010). Recently, a specialized subset of IL-10-secreting B cells, termed regulatory
B cells (Bregs), has been identified as a modulator of HBV-specific C D8" T cell
responses (Das et al., 2012} Y. Liu et al., 2016)). The attenuation of IL-10 has been
shown to restore the functionality of exhausted HBV-specific C D8 T cells (Das et
al., 2012)). Nevertheless, IL-10 can significantly influence the antiviral immune re-
sponse by suppressing the production of pro-inflammatory cytokines such as IFN-v,
TNF-«, IL-13, and IL-6. In chronic HBV infection, there is an elevation in both
the quantity of regulatory T cells and the levels of inhibitory cytokines IL-10 and

transforming growth factor beta (TGF-/3), leading to the exhaustion of HBV-specific
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CD8" T cells and impeding the elimination of the virus from the liver (Peerido-
gaheh et al., 2018). Consequently, elevated IL-10 expression during chronic viral
infections reflects a viral strategy to attenuate the host immune response and facil-
itate viral persistence (Hyodo et al., 2004; Ohga et al., 2004; Brooks et al., 2006;
Kaplan et al., 2008; Brockman et al., 2009).

During the preceding decade, a multitude of researchers have endeavored to
utilize mathematical frameworks to predict the advancement of acute hepatitis B
infection toward a persistent state and ultimately to hepatic malignancy, a process
frequently designated as “chronicity.” By employing system [5 our objective is to
anticipate the temporal point at which T helper-1 cells (77) will surpass cytotoxic T
lymphocytes (73) in quantity. The aim is to elucidate the determinants that facili-
tate the transition from the acute phase to a chronic pathological state as the infec-
tion progresses. The interval during which T helper-1 (7)) cells exceed cytotoxic T
lymphocytes (73) is considered pivotal for the progression from acute infection to
chronic disease. In the initial phase of infection within macrophages, the virus gen-
erally remains latent while persisting in replication. Within infected macrophages,
an ongoing contest ensues between the immune response and the hepatitis B virus.
For the infection to evolve into a chronic condition, there must be a commensurate
increase in the viral burden. Given the virus’s complexity, an elevated viral load con-
stitutes a significant threat to the host, potentially culminating in chronic pathology.
Thus, the concept of time to chronicity is employed to ascertain the minimum du-
ration and conditions necessary for T helper-1 (7}) cells to effectively surpass cyto-
toxic T lymphocytes (73), thereby facilitating the transition of infected macrophages
to acute macrophages and ensuring a vigorous immune response. Typically, a di-
minished transition period correlates with a reduced hepatitis B viral load. In our
model, it was apparent that parameters p;, p2, and p3 exert a profound influence on
the modulation of transition time and viral load. These parameters are integral to
the functions of interferon-alpha and beta, interferon-gamma, and the synthesis of
pro-inflammatory cytokines such as IFN-v, TNF-q, IL-17, and IL-6. These factors

are crucial in the progression from the acute phase of the disease to chronic stages
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and potentially to hepatic malignancy. By maintaining all other parameters constant

while varying ps, the resultant times to chronicity were observed as follows:
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Figure 14: The Graph Represents the Duration to Chronicity at p3 = 0.6697
(Source: Author’s construct, 2023)
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Figure 15: The Graph Represents the Duration to Chronicity at p3 = 1.0046
(Source: Author’s construct, 2023)
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Figure 16: The Graph Represents the Duration to Chronicity at p3 = 1.1720
(Source: Author’s construct, 2023)
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Figure 17: The Graph Represents the Duration to Chronicity at p3 = 1.3394
(Source: Author’s construct, 2023)

Figures [I4] [15] [I6 and [7] delineate the diverse time frames to chronicity
within the model. Initially, the quantities of cytotoxic T lymphocytes rise during
the initial days, but subsequently begin to diminish, eventually being surpassed by
the escalating levels of T helper-1 cells. With a parameter value of p3 = 0.6697, it
was observed that it requires over 100 days (approximately 112 days) for T helper-
1 cells to outnumber cytotoxic T lymphocytes. However, when the parameter p3
was modified to p3 = 1.0046, p3 = 1.1720, and p3 = 1.3394, the duration nec-
essary to attain chronicity extended to 266, 457, and 600 days, respectively. This
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result is counter-intuitive, as one might anticipate that augmenting the production of
interleukin-10 cytokines would generally facilitate infection resolution for a given
viral load. Nonetheless, these findings substantiate the hypothesis that sustained
antigen exposure from infected cells and elevated antigen concentrations in HBV
infections correlate with C'D8T T cell exhaustion (Revill et al., 2019; Fatehi et al.,
2022). Biologically, persistent production of interleukin-10 cytokines impedes cyto-
toxic T lymphocytes (75), thereby prolonging the duration to chronicity. A chronic-
ity period of approximately 112 days reflects the early phase following exposure
to the core hepatitis B virus (i.e., the acute phase of HBV infection), which is the
optimal time frame for the immune system to mount an effective response to the
virus.

To enhance our comprehension of how hepatitis B virus (HBV) load dynamics
shift as the latency to chronicity extends, we adjust the parameter w in relation to
its association with the temporal span to chronicity and scrutinize the HBV com-
partment to observe resultant variations. As depicted in Figure we noted that an
extension in the duration to chronicity correlates with an elevated viral load. With
an w value of 20.7039, the HBV density is illustrated by the black trajectory on the
graph. Augmenting w to 20.8713, 21.0388, and 21.2062 transitions the virus den-
sity representation to the blue, red, and magma curves, respectively. Generally, a
reduced time to chronicity is associated with a diminished HBV load. The graph
demonstrates that decreasing the w value from 20.7039 to 20.5365, 20.3691, and
20.2016, indicating a shorter latency to chronicity, results in a lower HBV load as
signified by the blue, red, and magma dashed lines. This outcome is expected, given
that the model does not incorporate temporal delays in naive T cell dynamics. The
absence of a temporal lag in naive T cell production implies continuous exposure
to elevated antigen concentrations, leading to functional impairment. Consequently,
the model suggests that delaying the maturation of naive T cells into T helper 1 cells

influences the determination of the duration to chronicity.
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Figure 18: Graph Showing HBV Load Fluctuations Over Time to Chronicity
(Source: Author’s construct, 2023)

Sensitivity Analysis

The reproduction number R is often affected by uncertainties in data collec-
tion and the estimation of parameter values. Sensitivity analysis is conducted to
assess the relative importance of each epidemic parameter for the transmission and
control of both hepatitis B virus and liver cancer, as well as alterations in the model’s
structure. The reproduction number Ry is influenced by parameters such as i, (s,
Angs Aty € W, fadgs My Hvs fo,,, ¥, and €. Effective management of a viral
outbreak requires controlling parameter values to achieve Ry < 1, as these param-
eters significantly impact the dynamics of virus transmission. Thus, the goal is to
determine how R, varies with changes in parameter values. The rate of change of
R, in response to a change in a parameter, referred to as II, can be estimated using a

normalized sensitivity index defined as follows:

Definition 13
The normalized sensitivity index of the reproduction number R, depending

upon the differentiability with respect to a parameter is given by

AR,
St = m o (117)

The sensitivity of Ry can be analyzed through sensitivity index calculation.
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For this analysis, Eq. (117) was utilized as outlined by (Chitnis et al., 2008}, Tilahun
et al., 2018} Chataa et al.,[2021), yielding the following results.
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Furthermore, Latin Hypercube Sampling (LHS) and Partial Rank Correlation
Coefficients (PRCC) are employed numerically to pinpoint which parameters of the
model have the most significant impact, using the reproduction number (R,) as the
response variable. The purpose of this analysis is to assess how parameters influ-
ence the results of the model. Parameters that demonstrate high sensitivity need to
be estimated with greater accuracy, as even minor changes in these parameters can
lead to considerable differences in the outcomes (Cariboni et al., [2007; [Blower &
Dowlatabadi, [1994; [bo1 & Gumel, [2018)). Conversely, parameters with lower sen-
sitivity require less precise estimation, as small variations in these parameters have
minimal impact on the response (Blower & Dowlatabadi, |1994)).

Parameters with PRCC values above 4-0.50 are regarded as having a strong
positive correlation with the response variable, while those with values below —0.50
are seen as having a strong negative correlation with the response variable (Cariboni
et al., [2007; Blower & Dowlatabadi, [1994; Ibo1 & Gumel, [2018). The PRCC anal-
ysis encompasses various factors: the interaction rates between V' and M, (/;) and
between V' and M; (f2), the supply rates of uninfected macrophages without cancer
(Any) and with cancer (Ayy, ), the rate at which infected macrophages transition to
liver cancer ((), the replication rate of new infectious virions (w), the decay rates
of uninfected macrophages without cancer (/:,,,) and with cancer (g, ), the virus

decay rate (111 ), the decay rate of infected macrophages (1, ), the virus lytic effect
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rate for antibody release (1)), and the lytic effect rate of infected macrophages for
releasing interferon alpha and beta cytokines ().

Although the PRCC analysis was conducted across five different periods, the
parameters showed consistent effects on the dependent variable throughout all pe-
riods. Therefore, we chose to present a single plot from the final time point of the
analysis, as depicted in Figure [[9] and summarized the results in Table [T} The re-
sults indicate that the twelve parameters most significantly impacting the response
variable (Ry) are 51, 52, Aprg> Aty €5 Wy fintgs oty Vs o1y, s and €. According to
the PRCC values, parameters (1, B2, A, Aas,, and w positively affect (R, ), mean-
ing that an increase (or decrease) in these parameters will result in a rise (or fall) in
(Rg). Conversely, parameters C, fing, fians 14vs i1y, ¥, and € have a negative impact

on (Ry), with increases in these parameters leading to a decrease in (IRy).
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Figure 19: Partial Rank Correlation Coefficients Demonstrating the Effect of Twelve
Model Parameters on the Basic Reproduction Number (R) of the Model
Framework (Source: Author’s construct, 2023)
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Table 11: Parameters and their Relationship With R,

Parameter Sensitivity Index (SI) Parameter Sensitivity Index (SI)

Mg +0.1854 1y Z0.5145
A, +0.2282 B +0.2253
e - 0.0487 By +0.2850
L, ~0.2608 e - 0.2886
L, -0.2850 ¢ -0.1390
b -0.0060 w +0.5038

Source: Author’s construct (2023)

The sensitivity analysis highlights that the most influential parameters on the
reproduction number R, are the new virion replication rate w and the HBV decay
rate yy, both of which play critical roles in the dynamics of HBV transmission. The
high sensitivity of these parameters indicates that even small changes in their values
can have significant effects on the spread of HBV. As such, future research should
prioritize efforts to better understand and target these parameters, particularly in the
context of antiviral treatments, to reduce viral replication and enhance the control
of HBV transmission. Investigating strategies that could lower these rates such as
developing more effective antiviral drugs or therapeutic interventions could provide
key insights for improving treatment outcomes and preventing the further spread of

the virus.

Numerical Simulation of Fractional-order Model

Fractional-order models extend traditional integer-order differential equations
by incorporating derivatives of non-integer order. These models can capture complex
dynamic behaviors and memory effects in various systems, making them particularly
useful in fields like epidemiology, control systems, and physics. The primary goal of
numerical simulation for fractional-order models is to approximate the solutions of
differential equations that involve fractional derivatives. This allows researchers to
analyze system dynamics, predict behavior, and validate theoretical models. Thus,
this study employed the parameter values in Tables [12|and (13| for numerical simula-

tions.
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Numerical Scheme

In this section, the iterative method was use to find the approximate solution
to the proposed hepatitis B virus and liver cancer co-existence model system [39]in
ABC sense since it is implausible to determine the exact solution of the model and

then perform numerical simulations for various values of arbitrary order ¢ € (0, 1].

Iterative Method

To effectively find the approximate solution of system [39] using the iterative
method, the numerical scheme developed in recent literature (see (Diethelm & Ford,
2002)) and (Gnitchogna Batogna & Atangana, |2017)) is applied. To proceed further,

system [39]is expressed in a compact form as follows:

ABEDSy(t) = g (t,y(t)), (118)

y(0) =y, 0<t<T < o0,

where, y = (Ty, Ty, To, Mo, My, I, V, A, E, N, Lo, F1, F5) € R' denotes con-
tinuous real valued vector function satisfying Lipschitz condition and ¥, denotes
the corresponding initial state vector. Taking the ABC integral on both sides of

Eq. (118), we arrived at the following results:

y(t) —y(0) = %g (t. (1))

L ' _ el
+G(gp)r(¢)/0 (t=0)""g(0,y(0))de. (119)

Now, an approximate solution is proposed by considering approximation at the

pointst = ¢, and ¢t = ¢,,,1. Consequently, att = ¢,,,;,n =0,1,2,---, we have

Y(tni1) —y(0) = a—wg(tmyn)
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Similarly, at t = t,,, where n = 0,1, 2, - - -, the following expression was obtained
() —y(0) = ~— Lt )
Ylln) — Y = =79 Un-1,Yn—1
G(p)
) / gty dt. (21
e [ty =) g (t,y(t))dt.
G(o)l () Jo

Subtracting Eq. (121)) from Eq. (120}, lead to the following:

y(thrl) - y(%) = m [9 (tnv yn) -9 (tnfla ynflﬂ
o | 0 o @ az2)
o | T ey ar
Hence,
Y(tni) —y(tn) = 16{—(;; (9 (tns Yn) — 9 (tne1, Yn—1)]
+B, 1 — By, (123)
where
Bor = G(SOZOF(@) /o "t — " g Ly ()
Bez = G(sDZOF(w) /0 OO
Let us consider
B%l = m /0 - (tn+1 - t)go—l g (t, y(t)) dt. (124)

The proposed method is of order 2; therefore, taking the Lagrange interpolation
with two interpolating functions of v,,, 4,1 are required to evaluate the approximate

solutions as follows:

t— tnfl t— 2fnfl

p(t) = g(ty(t) = —g(tn,yn)JrH—_tg

th1,Yn_1). (125
t—t 1 ( 1,Y 1) ( )
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Substituting Eq. into Eq. (124) leads to

tn+1
® 1) t—th
B = / tpy1 — 1 v g t?"wyn
oS Sor) Jy Y { po o)

t—1n
- h g (tn—layn—l) }dt (126)

Further simplification of Eq. (126)) leads to

_ ©9 (tns Yn) 1 el
B = Gomiah { /O (bor — )77 (1 tnl)} dt (127)
. ¥Yg (tn—17 yn—l) tnt1 el _
St [ -0 e ]

Following Eq. (127) and without loss of generality;

B(p L = w4q (tmyn) th:i—i-l . tiii
’ G\ ¢ p+1
_ _ @ t(erl
g (b, yn) (B2t | (128)
Gel(eh \ ¢ p+1
where h = t,,, 1 — t,. Similarly, the expression can be written as follows
t 2nt¢ o bty Un
IB@Q — (;Og( "'L’yn) n+1 o n+1 o SOg( n 17y7’l 1). (129)
Gl \ ¢ p+1 G(o)(p)h
Finally,
l—p o [2nth,
Yn Yn + g (tn, Yn
" (o) { Gly)  Glp)n ( o e+l
B ¥ Aty tﬁ:
Gl@nr\ ¢  o+1
L—¢ @
+ tn— » In— - (130)
9tnt i) { )~ GO

ht? L p+1
% n+l o ndl t + R,
e e+l Gl(ph

where ||R,|| < M. Eq. (I30) is known as the two-step Adams-Bashforth tech-

nique for fractional derivative in the sense of Caputo.
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Theorem 13
Suppose y(t) is the solution for {P°Dfy(t) = g (t,y(t)), where g is bounded

and continuous. The numerical solution of y(t) is given as

L= Y 2ht7 1 tiﬁ
n == n + tn7 n + -
Yn+1 Y g( y>{G(g0) G(QO)FL( © @4_1
_ ¥ htﬁ—i—l _ tiﬁ
Ge)(p)h \ o p+1
-9 ®
+9 (tn—1, Yn— — (131)
9] { Clp) G

ht? i P+1
% ntl o ndl 3 + R,
¢ o+l Gl(p)h

where || Ry||oo < M.

Numerical Scheme of the Fractional Model System
The fractional hepatitis B virus and liver cancer co-existence system under the

ABC fractional derivative was presented in Eq. (39), and the values for ®;, where
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1 =1,2,...,13, was obtained. Thus,

To(t) —To(0) = 16{—9;?@1 (t,To())

@ ¢ ot
NEENE / (t—©)*"' 2, (8,T4(8)) de,
Ti(t) = Th(0) = le—S;;?qn(t,Tl(t))

P L et
+G<go>r<a,o>/o<t 0)* &, (6,T1(8)) 6,

Ty(t) — T(0) — g?—s;)ocbg,(t,Tg(t))

© ! o
+G(@)r(¢)/0 (t—0)7 ®3(0,T5(0))de,

My(t) — My(0) = @j@ (t, My (1))

@ ! o
GG/, €O me.me) e
Mi(t) = Mi(0) = s (10 (D)

14 ! . p—1
o /0 (1 — ©)71 05 (0, M, (0)) do,

Ta(t) = Tn(0) = %% (t, I () (132)

L ' _ p—1
+G(90)F(90)/0 (t=©)"" 06 (0, 11(9)) 46,
V() - V(0) = E—S‘I’*W(W

' ! o—1
+W/O (t— @) d, (@,V(@))d@,

A(t) - A0) = E—wf%“’w”

14 ! . p—1
o) /0 (1 — ©)7 04 (0, A(0)) dO,
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B(t) - E(0) = @f%(w(t»

® t ot
NEENe / (t—©)7" @y (0, E(0))de,

Ni(t) = Ni(0) = IG[—;%O@,NK@»

2 ! o e—1
Lo(t) — Io(0) = 161?—92)0@11 (t, Lio(t))

@ ! oot
+G(90)F(90)/0 (t=0)"" 211(6, 10(0)) dO,
Fi(t)— F1(0) = 16{—(;)0(1’12 (t, F1(t)) (133)

® t o1
RO / (t—©)7" @12 (6, F1(9)) do,

FQ(t)_FQ(O) = ]_Gz—(;;q)l3(t7F2(t>)

L ' _ p—1
+G<w>r<¢>/0 (£ =0)" 912(0, 14(6)) d6.

Thus t,,1 lead to

To,.,, (1) = To(0) = _90 Dy (tn, To, (1))

© tnt1 -
TGO /0 (b —1)7 &1 (¢, To(t)) dt,
T]-n+1 (t) - T (O) = 1Gz(;)0 D, (tn, Tln (t))

® tnt1 -
RGN /o (tnpr —1)7 D2 (1, 11 (1)) dt,
T3, (t) = T5(0) = @)0‘1)3 (tn, Th, (1)) (134)

%) tnt+1 e
e /o (tnar — 1) @5 (2, T5(1)) dt,
Monsa ) = 06(0) = 167’;909)0@4(%:]\40"(25))

%) tnt1 -
+G(90)F(s0)/o (tner = 1)7 " @u (1, Mo(t)) dt,
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M, ., (t) = My(0)

Ity () = 1ar (0)

Vn+1 (t) - V(O)

Anya(t) — A(0)

Enia(t) — E(0)

N, (t) = Nk (0)

L1o,+(t) = 110(0)

B0 (1) = F1(0)

Fy, ., (1) = F2(0)

REBRE)

-9
Gy o s 1o (1)

NGB

L—¢
G(QO) <D7 (t’m Vn(t))

BN

G(p)T(p)

¥
Gl b Balt)

2 s . p—1
+—G(50)F(cp) /0 (tns1 — 1) Oy (t, E(t)) dt,

2
W%o (tn, Nk, (t))

https://ir.ucc.edu.gh/xmlui

© Pt
/ (brss — )7 Dy (1, V(1)) dt,
0

80 tn+1
[ =07 (e A
0

SO tn+1
/ (bris — 071 D5 (8, My (1)) d,
0

tnt1
i / (bris — 07 D (¢, Tt (1)) d,
0

+G<so>r<so>/o (a1 = 1) 1o (¢, Nie(1)) dt,

2
mqm (tn, 110, (1))

(135)

¥ ot p—1
+W/o (tnpr —£)7 " @11 (¢, Lio(2)) dt,

L=
mcbm (tn, F1, (1))

2
WCDB (tn, Fy, (1))

217

% tnt1 e
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+G(90)F(<P)/o (tnar — )7 Pug (2, F1(2)) di.
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For t,,, the following expression holds

I—o

To,(t) = To(0) = 4 5® (tn-1, To, (1))
+G(¢;OF<¢) /Otn (tn — )9 Dy (¢, Ty(t)) dt,
Ty, (t) — Ty(0) = IGZ—;;% (tn-1,T1,_, (1))
o ) et T
To(t) = Tal0) = G2y (hor T (1)
e (Sp‘)pr " /O = 0F @y (4, Ta(0)) di,
My, (t) — My(0) = gz—gjcm (tn-1, Mo, (1))
+G(¢;OF<¢) /Otn (tn — )9 Dy (t, My(t)) dt,
My, (t) — My(0) = Z—S;)%E, (tn-1, Mi,_,(t)) (136)
b [0 s )
T (1) = 1) = G2 (her T ()
+m /0 " — 0P g (0, T (1)
Vi(t) — V(0) = E—S’j@(tn_l,%_l(t))
+m /Otn (tn — )77 @7 (£, V(1)) dt,
) = A0) = G5O (tros, A (D)
b [0 e A
Eu(1) = B(0) = G (s, Eues(0)
+G(w()pf(s0) /Ot" (tn = )7 @ (8, BE))
Ni (t) — Ng(0) = E—qj% (tn-1, Nk, (1))
+G(¢;OF<¢) /Otn (tp — )9 Dy (t, Nc(t)) dt,
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I—o

I, (t) — 11p(0) = Glo) ——L Dy (tn-1, T10, ,(t))
2 o Y2
+—G(<p)f‘(go)/0 (tn, — )77 Py (¢, L10(1)) dt,
)= F0) = G50 (b B (1) (137)
14 o Y2
+ g /0 (b — )7 By (2, (1)) d,
an (t) — FQ(O) = 1_—QOCI)B (tn—la F2n71(t))

G(p)

@ tn ot
+G(90)F(90)/0 (tn —1)7 Pag (¢, F1(1)) di.

Upon subtracting Eq. (136) from Eq. (134) and Eq. (I37) from Eq. (I33), it leads to
Eq. (138), Eq. (139) and Eq. (140) below.

1 —
1o, () — To,(t) = WL;)O (@1 (tn, To, ) — @1 (tn1, To, 1) ]

tn+1
4 / (b — 07 0y (1, Ty 1)) dt

80 F 0
tn+1
o | (6 Ty(0)
-y
Ty, () =T, (@) = o) (3 (tn, T1,) — P2 (tne1, T1,_ ) ]
n+1
@wr / tusr — 1) Dy (8, T (1)) dt
tn+1 .
G(QO)F / n+1 @2 (ta Tl (t)) dta
1
Ty, (t) =Ty, (t) = Tg;)o [@3 (tn, T2n(t)) — O3 ( n—lvTQH,l(t))] (138)
tn+1
@wr / toit — 1) By (£, To(t)) dt
n+1
gp—l
G(QD)F / n+1 CI)3 (ta TQ(t)) dta
1
Mo, (t) = Mo, (t) = W(;)O (@4 (tn, Mo, 1)) — Pu (tn1, Mo, )]
2 t"“ 1
ONC / b — )77 Dy (t, Mo(t)) dt
tn+1 o1
QO)F / n+1 (I)4 (tv M()(t)) dt?

2

p—
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M, (t) = My, (t) = @ (@5 (tn, M, 1)) — P5 (tn-1, M1,_,1))]

© tn+1 o—1
+G(<p)F(90) /0 (tner — )7 D5 (¢, My (t)) dt

B © tnt1 e
G(e)L'(») /0 (tner = 1)7 5 (¢, Ma(1)) dt,
1-¢

Doty (t) — Ing, (8) = Glo) (@6 (tn, Inoty) — Po (tna1, Ingy 1) ]

0 o1 o1
e /0 (bsr — £)7 1 B (8, Tug (1) dt

") tn+1
/ (bnis — 1)7 g (£, Tur (1)) dt,
0

RO
Vea) = Valt) = g s (. Valt) = B2 (t1o1.Voa ()
' fota A !
+—(<p)P( )/ (tne1 —t) O (t,V(t))dt
4 fot1 _1\¢1
e el AT O
Apr(t) — An(t) = g—g,;;@ (s Au(t)) = B (burs Aua(8))] (139)
' ftt A 2!
+ ST / (tnir — )77 D (¢, A()) dt
_ ® e _ 1)1
o | =0 e A
Epan(t) - Bo(t) = 1‘—5’[@9@ Eo(t)) — B (a1, Eur(1))]
@ t"“
e / it = 07y (1, B(D)
et AR MO
Nk, (t) = Nk, (t) = a—@ (@10 (tn,NK ) = P10 (tn—1, Nk 11)]
P s
(pr /0 bror — )7 Do (£ Nic (1) dt
@r /0 (ti1 — 1)7 Do (£, Nic(1) dt,
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1—
Lo,y (t) = Tho, (1) = b [(I)u (tnajlon(t)> — &y (tn—lallln_l(t)”
G(p)
' ftt A 2!
+—G(<p)P(g0)/0 (tner — )7 Pqy (¢, 1o(t)) dt
o ' ftt i p—1
s | -0 o) ar
1—
Fi,. @) —F,@t) = TQDS)O [(1)12 (tm Fln(t)) — Dy (tn—la F1n,1(t))}
()0 bt . p—1
+G(90)F(gp) /0 (tn-‘rl t) (I)12 (ta Fl(t)) dt
Y ft1 -1
_G(QO)F((,O) /(; (tn+1 - 1) (I)l2 (t: F1<t)) dt,
1—
By (t) = F,(t) = ng [‘1)13 (tnaF2n(t)) — g3 (tn717F2n,1(t)):| (140)

1_
T, = Ty, + (tn,Ton){ 14 z”

Glp) | Glp

_ v hty tiii
Gle)l(p)h \ p+1

+® (tp-1,To,_,) { —

Gle)  Glo)l(p)h
ne, teh et .
X o 4 h + R,
( p e+l Ge)I(e) ’

where ||' R, || < M.
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Next

1—
T, = T, +P(t,,T1,) { G(g@? + Gg(pgo

Glp)  G(p)T(p)h
ne, o teh et
X ntl oAl Rl 4+ 2R,
( p e+l GO ’

where ||*R, || < M.

-1
+® (tp-1,T1,_,) {gp

Next

A 2hti+1 . tﬁii
) p+1

Glp)  Glel(p)h
hte, o teh et
x | —= - 4 | o+ °R,,
( p e+l Gy ’

where PR, || < M.

—1
+ 05 (t, 1, Th, ) {90 _

Next

1- 2ht¢ 1
M0n+1 = MOn + (I)4 (tn7 M(]n) { 90 —|— QO h ( n+1 _ n+1

G(lp) G(p) ¥ ol
o e, thi)
GT@h\ v o+1
p—1 2
+dy (tn71, Monfl) { G(p) B G(p)l(p)h

hify,  thh te
X s i Al v+ 'Ry,
( p e+l Ge)(y) ’

where |[*Ry||0 < M.
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Next

1- 21t? ot1
M1n+1 = M, +®5 (tn, Mln) { G(S;)O + G(ép)h ( ;+1 . (Pnj_.ll)

I hi,o o
Gle)l(ph \ » o+ 1

-1 ")
G(p)  G(@)T(p)h

htsD_H tvi:ll T
“\ = ot h) ¢+ °R,,
( p w1l Gy ?

where |[PR,||0 < M.

+q)5 (tnfla Mln_l) {

Next

1— thi tﬁ—&-l
Intyar = Lat, + @ (tn, Iar,) { G(s;)p " G((psO)h ( PR rl>

_ ® iy, to)
Gle)L(ph \ o+ 1

—1
+ @ (tn—1, In,_,) {s& B

o
Glp)  GeT(p)h
hte. ol et
“\ = ot h) s+ °R,,
( v e+l G)I(y) ¢

where |[SR, || < M.

Next
l—¢ ¢ (2nmth, 7
Vi = V,+P;(t,,V + h ntl  “n

_ ® htp i toh)
GE)T(@h\ ¢  p+1

-1
+(I)7 (tn,h anl) { d —

@

G(p)  G(e)L(p)h

ht“o_,’_l t”_ﬂ potl .
“\ = ot h) ¢+ TR,
( e e+l Gl v

where ||"R,||o < M.
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Next
l—¢ o  (2nth, 5
Apir = Ay + D (t, A, v 2 p -
. ‘| ){G«o) G) ( PR
' hti—&—l tiﬁ
G)l(ph\ ¢  ¢+1
p—1 ©
+(I) tnf ,An, -
¢t A) { Gl GO

T
ne, o teh an
X ntl ol Rl 4+ °R,,

( p e+l GOy ’

where |[*R, || < M.

Next
l—p o  f2nth,
Ey. = E,+®(t,, E, + h -
" a >{G(<p) G(p) ( o e+l
2 hti—l—l tﬁii
Ge)l(ph \ v  p+1
p—1 ©
+<D Zfnf 7Enf -
ot Bnc) { )~ G
Mlin  ti RIS I GV
e e+l GEI(p)

where ||°R, || < M.

Next

l—¢ ¢ . (2nth, 2,
N = Ny + &y (., N fi —
foni s P10 (fu: N { G(y) " G(p) ( © p+1
2 ht?f-i—l tﬁii
Ge)L(p)h \ e+1

Glp)  Gle)I(p)h
A A et "
X i R+ R,
( p e+l Ge)(y) ’

where |["°R, || < M.

-1
+®10 (tn-1, Nk,_,) {SO - d
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Next
1— 2ht? A
e = ot Bl o) { G(s;; * Gfso)h ( ;- gonfl>
_ b ity B tiﬁ
G)l(p)h \ o+ 1
p—1 @
P T _
F 80 (to Do) {G«o) G()T(p)h

he, teh et
x [ —2 - Rl ¢+ MRy,
( p e+l GOI(p) ’

where || Ry ||o < M.

Next
l—p 2htf. ol
F. = F +®,(t, F h —
s 1o Pz 1"){G(<p)+G(s0) ( o o+l
"2 htrf-i—l tiﬂ
Ge)(p)h \ e+1
p—1 77
O (tor, Fr _
w2 (s ){Gw GG

fth,  thn et
x [ —2H - L Rl ¢+ PR,
( p e+l Gle)(e) ’

where ||'2R, || < M.

Finally,
1— 2ht? ot
F2n+1 = F, + P53 (tn,an) { G((,OS)O + Gg(ip)h< QO‘H B g0—_:__11)
_ ¥ hty i1 _ tiii
G)l(ph\ ¢  p+1
p—1 ®
Dys (tn-1, Fo,_ -
+i (b o) {G(@ GlAT

hify,  thih te
X e h + PR,
( p e+l Ge)(e) ’

where || R, || < M.
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Quantitative Findings for the Fractional-order Model

This section examines the results of the numerical simulations obtained from
the iterative numerical scheme applied to the hepatitis B virus and liver cancer model
The numerical method used for equation [39|is based on the Adams-Bashforth
technique. The simulations are performed with parameter values in Tables [12] [T3]
with initial conditions T5(0) = 5 x 10°, T1(0) = 0, T5(0) = 0, Mp(0) = 4 x 10°,
M;(0) = 4 x 10°, I4(0) = 0, V(0) = 300, A(0) = 0, E(0) = 0, Ni(0) = 0,
I0(0) =0, F1(0) = 0, and F»(0) = 0.

Table 12: Parameters and their Values for the Fractional-order Model

Parameter Values Source

Ar, 0.99 cell/ml/day Assumed

A, 4 x 10° cell/ml/day (Murray & Goyal, 2015)
Ay, 0.015 cell/ml/day (Bhadauria, 2011)

Ay 100 cell/ml/day (Wiah et al., 2011)

Ay 0.43 x 10'2 cell/ml/day (Wiah et al., 2011)

Ag 11.5 cell/ml/day (Wiah et al.,[2011))
AN, 0.057 cell/ml/day (Y. Zhang et al.,[2007)
U, 6.7 x10~7 cell/ml/day ~ Assumed

Hry 0.3333 cell/ml/day Assumed

e, 0.3333 cell/ml/day Assumed

I, 0.011 cell/ml/day (Guedj et al.,|2013)
I, 0.01 cell/ml/day (Kitagawa et al., 2018)
Iy, 0.3264 cell/ml/day (Chenar et al., 2018))
Ly 0.67 cell/ml/day (Chenar et al.,[2018))
A 0.43 cell/ml/day (Wiah et al., [2011))

UE 0.4 cell/ml/day (Wiah et al., 2011)
Nk 0.42 cell/ml/day Assumed

Source: Author’s construct (2023)
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Table 13: Parameters and their Values for the Fractional-order Model

Parameter Description Source

Lo 3.70x107% cell/ml/day ~ Assumed

R 8 cell/ml/day (Wiah et al.,[2011)

LR, 5.16 cell/ml/day (Chenar et al.,[2018)

p1 2.9 x 10~%cell/ml/day =~ Assumed

P2 0.02 cell/ml/day Assumed

03 2.03 x 1077 cell/ml/day ~Assumed

01 1.7 cell/ml/day (Wiah et al., 2011)

09 0.066 cell/ml/day (Wiah et al., 2011)

03 0.67 cell/ml/day (Ciupe et al., 2014)

0y 0.67 cell/day (Ciupe et al., 2014)

04 0.8 cell/ml/day (Chenar et al., 2018))

0 0.6 cell/ml/day (Chenar et al.,[2018))

X1 1.5 cell/ml/day (Chenar et al.,[2018))

X2 2.0 cell/ml/day (Chenar et al., 2018)

1531 1.02 cell/ml/day (Wiah et al., 2011)

5o 1.02 cell/ml/day (Wiah et al., 2011)

T 0.1642 cell/ml/day Assumed

(0 5 cell/ml/day (Chenar et al., 2018)
8.3 cell/ml/day (Wiah et al.,[2011)

w 20 cell/ml/day (Chenar et al.,[2018))

€ 200 cell/ml/day (Wiah et al., [2011))

n 2500 cell/ml/day (Wiah et al., 2011)

s 0.3359 cell/ml/day Assumed

¢ 0.01 cell/ml/day (Bhadauria, 2011)

¥ 0<v <1 (Chenar et al.,[2018))

0 0<p<1 (Chenar et al.,[2018))

Source: Author’s construct (2023)
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Numerical Simulations of State Trajectories at Varying Fractional Orders

The simulation results in Figures 20} 21] and 22]provide a comprehensive view
of how different values of the fractional-order parameter (¢) influence the immune
system’s response to the co-existence dynamics of the Hepatitis B virus (HBV) and
liver cancer. The simulation includes fractional values ranging from 0.4 to 0.9, as
well as the integer-order case (p = 1), allowing for a detailed comparison between
fractional-order and traditional integer-order models. When ¢ = 0.4, the trajectory
of the fractional-order model converges to the virus-free equilibrium point, similar
to the integer-order case, as illustrated in Figure 20| (b), (¢), (f), and Figure 21| (a),
(b), and (d). However, the trajectories of the fractional-order model with ¢ = 0.4
take different paths from the integer-order model, as seen in Figure [20| (a), (d), (e),
Figure 21| (¢), (e), (f), and Figure The plots reveal pronounced fluctuations in
immune cell populations, HBV, and liver cancer levels at fractional-order ¢ = 0.4,
indicating an unstable immune response characteristic of lower fractional values.
The fractional-order model with ¢ = 0.4 captures more complex, real-world behav-
iors such as memory effects and irregular dynamics, which are challenging to model
with integer-order equations. This lower value reflects a system that is sensitive to
changes and exhibits erratic behavior, highlighting the model’s ability to represent
intricate and non-linear interactions within the immune system.

As ¢ increases to 0.5 and 0.6, the simulation graphs show a transition to-
ward greater stability, with a smoother and more controlled immune response, re-
duced fluctuations in liver cell populations, and viral load. This shift illustrates how
intermediate fractional values provide a more refined and stable depiction of the
system’s dynamics, capturing intermediate behaviors between erratic and stable re-
sponses, thus representing the system’s complexity more effectively. At ¢ = 0.7
and ¢ = 0.8, the simulation plots demonstrate further stabilization of the immune
system’s dynamics, with improved control over HBV and liver cancer infections and
a more balanced interaction between immune cells and virus levels. This stabil-
ity indicates that higher fractional values enhance the model’s accuracy, offering a

clearer understanding of how the immune system responds to HBV and liver cancer
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infections over time, with dynamics becoming more predictable and aligning with
observed real-world behaviors, showcasing the model’s improved resolution.

When ¢ = 0.9, the plots reveal near-optimal stability and control, with the
immune response and viral dynamics approaching a state of equilibrium, reflecting
the model’s ability to closely match observed data as ¢ nears 1. This high fractional
value signifies that the system’s behavior is becoming more predictable and less
erratic, closely resembling integer-order models. Finally, when ¢ = 1, the simula-
tion represents the integer-order model, where the plots show stable and predictable
dynamics. The immune response and viral load behaviors closely resemble those
observed with other fractional values, indicating that the fractional-order model ef-
fectively transitions to the integer-order model when ¢ is set to 1. This convergence
highlights the integer-order model’s ability to provide clear and straightforward in-
sights, consistent with traditional modeling approaches, while underscoring the frac-
tional model’s flexibility and enhanced resolution in capturing complex dynamics.

This means that, in the context of HBV, an integer-order model might pre-
dict that, due to the immune system’s response and effective antiviral treatments,
the disease could be eradicated in the population (i.e., convergence to the virus-free
equilibrium). This is akin to the virus-free equilibrium (VFE) prediction, where no
new infections occur, and the infection eventually dies out. However, because a
significant number of individuals can develop chronic HBV infection, a fractional-
order model that incorporates memory effects might suggest that the virus remains
endemic in the population. Hence, our model predicts that, even with a high cell
clearance rate by immune cells and treatment of infected macrophages, chronic car-
riers continue to transmit the virus at a low level, leading to an endemic equilibrium
where HBV persists. The fractional-order model accounts for the history of the
disease and long-term effects, such as chronic infection, delayed responses to treat-
ment, and the slow clearance of the virus. These dynamics are not captured by a
standard integer-order model. Thus, while the integer-order model predicts elimina-
tion, the fractional-order model could predict a stable endemic state where a portion

of the population remains infected over the long term. The fractional-order model
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offers a detailed and nuanced view of the immune system’s response to the coexis-
tence of HBV and liver cancer infections, with the ability to smoothly transition to
the integer-order model. By varying ¢ the model captures a spectrum of behaviors,
ranging from highly erratic to stable, providing a more comprehensive understand-

ing of the system’s dynamics compared to traditional integer-order models.
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Figure 20: Simulation Results Showing the Trajectories of the State Variables at Dif-
ferent Fractional Orders, Where (a) Represents the Trajectory of 7 Cell
Class, (b) Represents the Trajectory of 77 Cell Class, (c) Represents the
Trajectory of 7, Cell Class, (d) Represents the Trajectory of M, Cell
Class, (e) Represents the Trajectory of M, Cell Class, and (f) Represents
the Trajectory of I; Cell Class (Source: Author’s construct, 2023)

230
Digitized by Sam Jonah Library



University of Cape Coast

4
10 —p =04
c 10" o = 0.5
o
'% @ = 0.6
S 5 = = 0.7]
Q = = 0.8
£ -0 =09
> 0 ¢ = 1.0
0 500 1000
Time (days)
(a) Trajectory of H BV population
x10° = = 0.4
=10 = = 0.5
.(% ©=0.6
K = = 0.7
>
8_ 5 = = 0.8\
o ©=0.9
w 0 = = 1.0}
0 500 1000
Time (days)
(c) Trajectory of E cells population
%108 = =04
8 == = 0.5}
= @ = 0.6
3 o = 0.7~
8. = = 0.8
o = = 0.9~
= = = 1.0)
0 500 1000
Time (days)

(e) Trajectory of Iy, cells population

%10

-
o

A Population
o

o
o

https://ir.ucc.edu.gh/xmlui

= = 0.4
= = 0.5
@ = 0.6
= = 0.7
=p = 0.§
= = 0.9

—f—p = 107‘

500
Time (days)

1000

(b) Trajectory of A cells population

x10*

NK Population
o o

o
o

=y = 0.4
= = 0.5
@ = 0.6
= = 0.7
=p = 0.8
w0 =0.9

= = 1.0

F—

500

Time (days)

1000

(d) Trajectory of N cells population
%10’

F1 Population
- N

o

0

500

Time (days)

(f) Trajectory of [ cells population

Figure 21: Simulation Results Showing the Trajectories of the State Variables at Dif-
ferent Fractional Orders, Where (a) Represents the Trajectory of V' Cell
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Figure 22: Simulation Results Showing the Trajectories of (F,) Cells at Different
Fractional Orders (Source: Author’s construct, 2023)
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Impact of Antiviral Treatment on HBV and Liver Cancer

The contour plots in Figures[23]and [24] visually represent how different combi-
nations of two key drug efficacies, ¥} and o, impact the control reproduction number,
R, in the context of co-existence with HBV and liver cancer. Here, v} represents
the efficacy of nucleotide (nucleoside) analogues (NAs), including lamivudine, ade-
fovir, entecavir, tenofovir, telbivudine, and clevudine, that obstruct viral production
by blocking HBV replication (Chenar et al., [2018; Fatehi et al., 2022)). o represents
the efficacy of IFN-based therapies, such as interferon-alpha (IFN-«) or pegylated
IFN (peg-IFN-a2a/2b), which boost the immune response and prevent new infec-
tions of liver cells (Chenar et al., [2018}; |[Fatehi et al., 2022)). The objective of HBV
treatment is to lower R . below unity, as this indicates successful control of the infec-
tion, where each infected cell causes less than one new infection on average, leading
to the eventual clearance of the virus.

The contour lines in Figures and 24| show regions of constant R., with
lower values indicating more effective control of the infection. In particular, Figure
23]indicates that a higher drug efficacy of approximately 96% for both NAs and IFN-
based therapies is sufficient to shift R. below unity. The optimal treatment strategy
is found in regions where R, is less than one, as illustrated in Figure 24] highlight-
ing the importance of combination therapy that targets both viral production and
the prevention of new infections. For instance, achieving a minimum nucleotide
drug efficacy rate of approximately 74%, coupled with an IFN-based therapy effi-
cacy rate of 71%, proves adequate in shifting R. to 0.0875, indicative of reduced
disease transmission. The plots underscore the need for a balanced and personalized
treatment approach, where both types of drugs are effectively combined to achieve

optimal outcomes in managing HBV and liver cancer co-existence infection.
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Figure 23: Effect of Antiviral Treatments on HBV and Liver Cancer (Source: Au-
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Figure 24: Optimal Control Strategy (Source: Author’s construct, 2023)
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Discussions

This research proposed and examined a new model for hepatitis B virus (HBV)
infection and its concurrent presence with liver cancer, with a specific emphasis on
the interactions between various components of the immune system. This model
integrates the innate immune response, represented by natural killer (NK) cells, and
the adaptive immune response, which encompasses effector B cells and naive T
cells that develop into T helper-1 cells, cytotoxic T cells, interleukin-10, antibodies,
and other cytokines. During infection, cytokines play a vital role in recruiting both
innate and adaptive immune elements, boosting their efficacy, and aiding in the non-
cytolytic elimination of infected cells.

The stability assessment of equilibrium states demonstrated the influence of
various parameters on immune response dynamics. Some results, such as the desta-
bilization of the virus persistence equilibrium due to the presence of T cells, were
fairly predictable. However, other findings, such as the inadequate infection clear-
ance despite higher levels of antibodies, NK cells, and plasma cells, were unexpect-
edly surprising. Generally, increasing the quantities of NK cells, the efficiency of
antibodies in clearing free virus, the rate at which effector B (plasma) cells elimi-
nate infected cells, the effectiveness of cytotoxic T lymphocytes in clearing infected
cells, and the rate at which IFN-v inhibits viral replication all enhance infection
clearance, thereby stabilizing the disease-free steady-state solutions. However, we
discovered that extremely high rates of free virus clearance by antibodies, NK cells,
and effector B cells have little effect on the stability of the endemic steady state.
On the other hand, higher production of naive T cells leads to destabilization of the
virus-persistence equilibrium. This is unexpected, as one might assume that higher
production rates of antibodies, NK cells, and effector B cells would promote infec-
tion clearance rather than stabilize a chronic infection. This indicates that it is not
just the production rates of antibodies, NK cells, and effector B cells that drive vi-
ral clearance, but rather the balance among these rates that determines whether the
system sustains a chronic infection or achieves viral clearance.

The dynamics of model [S|are examined using a set of reasonably approximated
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parameter values derived from published experimental data. The results are depicted
in Figures|2|and (3| with the optimal parameter estimates for each patient listed in Ta-
ble[d The model effectively captures the high viral peak seen during each person’s
acute infection phase and the subsequent biphasic decline in viral levels. Further-
more, the best estimates indicate that virus elimination defined as having fewer than
one virion remaining in the body occurs after infection in the first six individuals
but not in individual 7, who is known to have developed a chronic infection. No
correlation was observed between R, and the time to clearance; however, the rapid
clearance time noted in patient 5 aligns with a sharp second-phase viral decline due
to a high loss rate of infected cells, piz,, (2.1918). In contrast, patients 2 and 7, with
the lowest y7,,(0.4908) and 17, (0.00000885) respectively, experience the longest
time to viral clearance and no clearance, respectively.

Natural Killer (NK) cells are crucial for the immune response to Hepatitis B
virus (HBV) and for preventing liver cancer (hepatocellular carcinoma, HCC). They
work by killing infected liver cells and producing cytokines that inhibit viral replica-
tion and activate other immune responses. In chronic HBV infection and advanced
liver cancer, NK cell functionality can be compromised, which allows the virus to
persist and cancer cells to evade immune detection, leading to disease progression.
The data in Figure [I0]shows that increasing the rate at which NK cells clear infected
macrophages by 25% reduces the infected macrophage population by 0.23%, indi-
cating more effective elimination of infected cells. Conversely, a 25% reduction in
this clearance rate increases the infected macrophage population by 0.05%. Larger
adjustments to the clearance rate, either increases or decreases, lead to more signifi-
cant changes in the infected macrophage populations, demonstrating the importance
of NK cell activity in controlling HBV and liver cancer spread. Similarly, effector
B cells (plasma cells) are vital for managing HBV and liver cancer. They produce
antibodies that neutralize HBV and target tumor-associated antigens in liver cancer.
Figure 11| shows that a 25% increase in the rate at which plasma cells clear infected
macrophages results in a 2.66% decrease in infected macrophages, reflecting their

effective role in reducing HBV and liver cancer replication. Decreasing this rate by
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25% leads to a 0.99% increase in infected macrophages. Overall, changes in the
plasma cells’ clearance rate also significantly affect the infected macrophage popu-
lation, highlighting their crucial role in managing these infections.

Moreover, cytotoxic T cells and antibodies are crucial in managing HBV and
liver cancer. Cytotoxic T cells eliminate infected and tumor cells by inducing apop-
tosis, with increased activity leading to significant reductions in HBV populations up
to 16.02% while decreased activity causes increases in the virus. Similarly, antibod-
ies neutralize HBV and target cancer cells, with a 25% increase in their elimination
rate resulting in a 22.49% reduction in HBV levels, whereas a decrease leads to a
7.52% rise. Both immune components’ effectiveness in controlling infections is ev-
ident from the simulation results, highlighting their essential roles in managing and
reducing the spread of HBV and liver cancer.

Antiviral treatments are crucial in developing strategies to control HBV and
liver cancer infections. Figures [23|and [24] show how varying combinations of two
key drug efficacies, ¥/ and p, influence the control reproduction number, R., for
managing these two infection co-existence. Here, ¥ represents the effectiveness of
nucleotide analogues (NAs) like lamivudine and tenofovir, which inhibit viral repli-
cation, while o denotes the efficacy of IFN-based therapies, such as interferon-alpha,
which boost immune responses and prevent new infections. The goal is to reduce
‘R below one, indicating effective infection control. The contour lines show regions
of constant R., with lower values indicating better control. Optimal strategies are
those where R, falls below one, emphasizing the benefit of combining therapies that
both suppress viral production and prevent new infections. For instance, achieving
a nucleotide drug efficacy of around 74% combined with an IFN therapy efficacy of
71% can reduce R, to 0.0875, demonstrating effective disease management. These
plots highlight the need for a balanced, personalized approach that integrates both
types of drugs for the best control of HBV and liver cancer.

Interleukin-10 (IL-10) is a pleiotropic anti-inflammatory cytokine with a crit-
ical role in modulating the host’s immunological defenses against hepatitis B virus

(HBV) infection. IL-10 is primarily recognized for its immunosuppressive prop-
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erties, particularly its ability to dampen pro-inflammatory immune responses. It
is well-established that IL-10 suppresses the synthesis of pro-inflammatory media-
tors such as interleukin-1 (IL-1), interleukin-6 (IL-6), tumor necrosis factor-alpha
T'NFy,, and interferon-gamma /F'N,,. Through the regulation of these cytokines,
IL-10 contributes to the attenuation of hepatic inflammation during HBV infection.
IL-10 sustains a finely tuned balance between promoting an adequate immune de-
fense to combat the virus and curbing excessive inflammation that could precipitate
hepatocellular injury. This equilibrium is paramount, as an overzealous immune re-
sponse can trigger acute liver pathologies like fulminant hepatitis, whereas an insuf-
ficient immune reaction might lead to viral persistence and chronic infection. During
HBYV pathogenesis, IL-10 suppresses the activity of multiple immune effectors, in-
cluding T lymphocytes, macrophages, and dendritic cells. This immunosuppression
mitigates hepatic inflammation and limits tissue injury, thereby potentially prevent-
ing severe liver damage. However, despite its crucial role in immune regulation,
IL-10 may paradoxically promote viral persistence by attenuating the host’s antivi-
ral immunity. By suppressing the immune response, IL-10 may facilitate the virus’s
evasion of immune surveillance, allowing it to establish chronicity. The reduced ac-
tivity of cytotoxic T lymphocytes (CTLs), which are essential for the clearance of
infected hepatocytes, may permit the virus to persist and evade immune eradication,
as illustrated in Figure Augmented IL-10 concentrations have been associated
with deleterious outcomes in patients undergoing antiviral therapy for HBV, as ex-
cessive IL-10 can compromise the immunological response requisite for effective
viral eradication during intervention.

Heterogeneous temporal intervals culminating in chronicity within the model
were discerned. Initially, the concentration of cytotoxic T lymphocytes ascends dur-
ing the initial phases but subsequently diminishes, ultimately being eclipsed by the
persistently augmenting levels of T helper-1 cells. However, when we amplified the
synthesis rate of IL-10, the latency to chronicity was protracted. This phenomenon is
paradoxical, as one might conjecture that elevated IL-10 concentrations, given a sta-

ble viral load, would expedite infection resolution. Thus, these findings substantiate
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the postulation that in HBV infection, sustained antigenic presentation by infected
hepatocytes and prolonged antigen exposure are concomitant with the attrition of
C'D8" T lymphocytes. Biologically, the incessant secretion of IL-10 cytokines at-
tenuates cytotoxic T lymphocyte (75) functionality, thereby extending the duration
to chronicity. An interval of approximately 112 days corresponds to the initial phase
post-exposure to the core hepatitis B virus (i.e., the acute phase of HBV infection),
which represents the optimal temporal window for the immune system’s activation.
Nevertheless, continued IL-10 production beyond this critical juncture precipitates
immune dysregulation. The model further elucidates that under specific parameters
(refer to Figures and [18)), the duration to chronicity can be mod-
ulated. As depicted in Figure [I8] a reduction in the parameter w, indicative of a
shortened duration to chronicity, correlates with a diminished hepatitis B viral load,
as represented by the blue, red, and magma dashed lines. This outcome is antici-
pated since our model did not account for a temporal lag in the dynamics of naive T
lymphocytes. Consequently, the model posits that delays in the maturation of naive
T lymphocytes into T helper 1 cells significantly influence the determination of the
duration to chronicity. The model’s projections align with our expectations; logi-
cally, an extended duration to chronicity correlates with an elevated viral load and
vice versa.

To ameliorate the deleterious effects of IL-10 in hepatitis B virus (HBV) infec-
tion, it is essential to meticulously modulate the immunological response to achieve
effective viral clearance while preventing excessive immune suppression that could
incite chronic infection or hepatocellular injury. Consequently, we advocate for
the development of pharmacotherapeutic agents that specifically target IL-10 sig-
naling within discrete cellular subsets or microenvironments to attenuate systemic
adverse effects. Furthermore, employing monoclonal antibodies or small molecu-
lar antagonists to inhibit IL-10 receptors on distinct immune cell populations may
mitigate the attenuation of antiviral responses while preserving the advantageous
anti-inflammatory effects within hepatic tissues. Integrating IL-10 modulation with

robust antiviral therapeutics can reduce the viral burden, thereby lessening the ne-
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cessity for immune suppression. Additionally, co-administering IL-10 antagonists
alongside other immunomodulatory agents that enhance T cell functionality or bol-
ster antiviral immune responses can facilitate an optimal balance between immune
activation and inhibition.

In the absence of immunoglobulins (antibodies), natural killer (NK) cells, ef-
fector B lymphocytes, and T cell-mediated responses, the basic reproduction number
surpasses unity (i.e., Ry > 1), indicating a persistent, chronic HBV infection within
the model framework [5] We analyze how these dynamics are modulated by the pres-
ence of antibodies, NK lymphocytes, effector B cells, naive T lymphocytes, and a
spectrum of cytokines. The simulation results presented in Figures [20] and [22]
reveal how varying the fractional-order parameter (¢) impacts the immune response
to hepatitis B virus (HBV) and liver cancer dynamics. For ¢ = 0.4, the model’s
trajectory converges to the virus-free equilibrium, akin to the classical-order model,
but with distinct paths and significant fluctuations in immune cell populations, indi-
cating an unstable response characteristic of lower fractional values. As ¢ increases
to 0.5 and 0.6, the immune response becomes smoother and more stable, reflecting
a more refined depiction of the system’s dynamics. Further increases to ¢ = 0.7
and 0.8 enhance stabilization, showing improved control over HBV and liver cancer
infections, and aligning more closely with real-world behaviors. At ¢ = 0.9, the
model exhibits near-optimal stability, with dynamics approaching equilibrium and
resembling classical-order models. Finally, at ¢ = 1, the fractional-order model
aligns with the classical-order case, demonstrating stable and predictable dynam-
ics. Thus, the fractional-order model provides a detailed and flexible perspective on
the immune system’s response, smoothly transitioning to classical-order behavior
and offering a comprehensive understanding of the system’s dynamics compared to
classical models.

Although both arbitrary and estimated parameters were utilized for the model
simulations, incorporating temporal aspects of the immune response to the virus
would enhance the model’s accuracy. Temporal delays in the immune response

to HBV infection profoundly affect immune dynamics. Consequently, future re-
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search might expand upon this work by integrating time-delay variables into the
immune response model. Additionally, refining the model to encompass diverse
immunotherapeutic strategies, such as antibody-based therapies under clinical eval-
uation, chimeric antigen receptor T-cell (CAR-T) therapy, molecular interventions,
and exhaustion therapy, would be advantageous. These therapeutic approaches are
comprehensively reviewed in (Fatehi et al., 2022} Chenar et al., 2018];|/Abernathy et
al., 2020; |Cho & Levyl 2020; Bukkuri, [2020) to elucidate optimal treatment modal-

ities for managing HBV and hepatic malignancies.

Chapter Summary

In this chapter, simulations were conducted for both the classical-order and
fractional-order frameworks. The simulations for the classical-order model utilized
parameters from both literature and estimates, while the fractional-order model re-
lied solely on parameter values obtained from existing literature to examine the be-
havior of hepatitis B virus and liver cancer co-existence. The results are thoroughly
discussed. These simulations were performed using MATLAB. The classical-order
model was adjusted using HBV viral load data to estimate various parameters, which
were then applied in different simulation scenarios. The findings revealed that the
interleukin-10 cytokine plays a key role in influencing the time to chronic infec-
tion in patients. Sensitivity analysis was conducted on the reproduction number to
identify the parameters that most significantly affect the spread of hepatitis B virus
and the co-existence of liver tumors. The results show that the rate of new virus
production by infected macrophages and the decay rate of the hepatitis B virus are
the most critical factors. Therefore, efforts to control the transmission dynamics of
hepatitis B virus and liver cancer should focus on minimizing these two parameters

to effectively manage the infections.
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CHAPTER FIVE

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
Overview
A classical-order and fractional-order mathematical models for the transmis-
sion dynamics of hepatitis B virus and liver cancer diseases has been presented in
this dissertation. The body immune system was incorporate to examine its role on
hepatitis B virus and liver cancer transmission dynamics and their totally clearance.

The analytical and numerical results of these models were discussed. The results

obtained from the models presented in CHAPTERS [THREE|and [FOUR|are summa-

rized below.

Summary

This dissertation introduces and examines novel models for HBV infection and
its coexistence with liver cancer, concentrating on the interactions among different
elements of the immune system, such as natural killer (NK) cells, effector B lympho-
cytes, naive T lymphocytes, T helper-1 cells, cytotoxic T lymphocytes, and signaling
molecules like interleukin-10 (IL-10). The research demonstrates that boosting NK
cells, antibody-driven virus elimination rates, and the activity of effector B cells
and cytotoxic T lymphocytes generally improves infection clearance and maintains
a disease-free condition. However, extremely high or low rates of virus elimination
by antibodies, NK cells, or effector B cells have little influence on the stability of
the endemic state. Conversely, increased production rates of naive T lymphocytes,
combined with any of the other immune components, can disrupt the equilibrium
of persistent virus infection. IL-10 plays a dual role: it regulates inflammation but
can also suppress essential immune responses, potentially contributing to viral per-
sistence and poor outcomes with antiviral therapy. The model shows that increasing
IL-10 production unexpectedly prolongs immune responses, suggesting that manag-
ing IL-10 levels is crucial for effective treatment. Antiviral treatments are crucial
for developing strategies to control HBV and liver cancer infections. Therefore,

the treatment of HBV was incorporated with two drug types: nucleotide analogues
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(NAs) and IFN-based therapies. The goal is to reduce R. below one, indicating ef-
fective infection control. Simulation results reveal that a nucleotide drug efficacy
of around 74%, combined with an IFN therapy efficacy of 71%, can reduce R. and
shift the infection dynamics to a safer zone, demonstrating effective disease manage-
ment. The study recommends developing targeted IL-10 inhibitors, combining them
with antiviral drugs, and incorporating time delays and advanced immunotherapy

techniques in future research to improve HBV and liver cancer management.

Conclusions

A mathematical framework, including both classical-order and fractional-order
models, was created to capture the transmission dynamics of hepatitis B virus and
liver tumors, integrating the vital role of the immune system’s reaction to the infec-
tion. The model was structured with the aid of a diagram depicted in Figure[I], and
the model parameters are outlined in Tables[I} 2} and [3] The proposed models were
both mathematically consistent and biologically significant, as all solutions were
shown to be positive and bounded. Furthermore, the virus-free and virus-persistent
equilibrium states of the models were identified. The fractional model was also em-
ployed to evaluate the effects of treating infected individuals with nucleotide analogs
(NAs) and interferon-based (IFN) treatment, as well as the immune system’s reac-
tion to the hepatitis B virus, on the transmission patterns of hepatitis B virus and
liver cancer.

The fractional model was also solved numerically using ode15s in MATLAB
with the iterated-Adams-Bashforth numerical approach, and the outcomes from these
simulations were carefully analyzed. Additionally, a sensitivity analysis was per-
formed on the reproduction number with respect to all the model parameters that
influence it. This analysis revealed that the most sensitive parameters are €, fipz,,
Har s By, 11, > ¥, and ¢. These parameters need close consideration when develop-
ing methods to manage hepatitis B virus and liver tumor infections. Integrating the
immune response into the treatment of infected individuals is essential for identify-
ing the most efficient control methods and the best timing for therapy. This strategy
aids in minimizing the spread of hepatitis B virus and liver cancer.
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Recommendations

From the results of this work, the study suggests developing targeted drugs to
selectively inhibit IL-10 activity or block IL-10 receptors on specific immune cells
to minimize its negative effects. Combining IL-10 modulation with potent antiviral
drugs could help reduce viral load and minimize immune suppression.

Additionally, HBV treatments should be initiated when the viral load is de-
creasing rather than increasing.

Future research should incorporate time delays in immune responses and ex-
plore advanced immunotherapy methods, such as antibody therapies, chimeric anti-
gen receptor T-cell treatment, and molecular treatment, to enhance the management
of hepatitis B virus and liver tumors.

Furthermore, future studies should aim to incorporate datasets that include
patients with liver cancer to evaluate the generalizability of the results and explore

disease-specific dynamics.
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APPENDIX

Patient Data

Table 14: HBV DNA Levels for Patient 1 at Various Time Points

Patient | Days | HBV DNA per ml

1 101 7.22 x 108
107 6.15 x 10°
116 6.37 x 10°
117 6.69 x 10°
121 2.16 x 10°
128 1.58 x 10%
137 2.32 x 10°
145 6.79 x 104
153 4.52 x 104
159 4.8 x 10?
188 390

Table 15: HBV DNA Levels for Patient 2 at Various Time Points

Patient | Days | HBV DNA per ml
2 36 7.41 x 10°
48 4.16 x 108
60 6.82 x 10%
69 4.16 x 10®
70 2.59 x 10%
72 2.01 x 10®
73 1.53 x 108
74 1.44 x 108
76 1.37 x 108
78 5.35 x 107
79 1.09 x 108
80 6.31 x 108
81 5.33 x 107
85 1.55 x 107
86 5.70 x 107
87 1.81 x 107
93 4.21 x 10°
95 2.52 x 10°
103 1.30 x 10°
105 7.27 x 104
118 7.78 x 10*
123 6.61 x 10*
140 8.52 x 10?
155 1.40 x 103
167 3.20 x 103
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Table 16: HBYV DNA Levels for Patient 3 at Various Time Points

Patient | Days | HBV DNA per ml
3 108 3.27 x 108
120 2.25 x 107
127 4.85 x 107
161 3.69 x 10*
193 4.40 x 10°
205 7.68 x 103
275 9.20 x 10°

Table 17: HBV DNA Levels for Patient 4 at Various Time Points

Patient | Days | HBV DNA per ml

4 93 1.11 x 10°
106 7.24 x 107
110 2.66 x 107
117 6.06 x 10°
134 1.05 x 10°
151 1.99 x 10*
165 8.40 x 102
190 1.12 x 103
213 390
226 390

Table 18: HBV DNA Levels for Patient 5 at Various Time Points

Patient | Days | HBV DNA per ml

5 66 6.78 x 107
80 3.58 x 108
96 1.16 x 10°
110 9.61 x 107
123 1.35 x 10°
143 7.66 x 10*
172 1.99 x 10?
195 3 x 103
240 1.6 x 103
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Table 19: HBV DNA Levels for Patient 6 at Various Time Points

Patient | Days | HBV DNA per ml

6 99 1.4 x 108
114 2.05 x 10°
116 4 % 10°
118 1.82 x 10°
120 2.12 x 10°
122 9.65 x 108
127 1.25 x 107
129 2.87 x 10®
132 1.88 x 108
134 1.74 x 108
136 1.11 x 108
140 1.15 x 108
143 4.26 x 107
145 3.95 x 107
149 2.59 x 107
151 3.34 x 107
157 1.35 x 107
159 4.73 x 106
161 4.58 x 106
163 1.76 x 10°
171 1.14 x 10*
174 2.62 x 10*
177 1.95 x 10*
181 1.30 x 10*
186 6.60 x 10°
198 4.48 x 10°
280 1.22 x 10*
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Table 20: HBV DNA Levels for Patient 7 at Various Time Points

Patient | Days | HBV DNA per ml
7 95 6.86 x 107
105 5.66 x 10°
120 5.77 x 10°
122 6.10 x 10°
124 9.15 x 10°
126 7.37 x 10°
128 1.43 x 10°
133 1.43 x 10°
135 9.50 x 10°
137 7.53 x 10®
150 1.94 x 10°
153 3.03 x 10®
155 3.81 x 10°
157 6.87 x 108
159 1.91 x 108
161 5.86 x 107
165 1.22 x 108
169 5.80 x 107
172 4.85 x 107
174 2.10 x 107
179 1.46 x 107
181 2.49 x 10°
190 1.38 x 107
222 3.44 x 10°
223 2.32 x 10°
226 4.33 x 106
234 1.81 x 108
240 2.79 x 10°
263 3.16 x 10°
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