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Abstract: In this paper, we prove that the Wronskian W (\) of the boundary
condition functions for the following boundary value problem 7:
71 Lo = ¢W () + Py (2) ¢ (2) + Py () 0 (2) + Py (2) 6 (2) = M (w)
¢(a) =@/ (a) = (b)) = ¢/ (b) =0

is asymptotically equivalent for large values of |\|, to the Wronskian of the
boundary condition functions of the corresponding Fourier problem 7 given
by
mp oW (2) = Ao (@),
¢ (a) = ¢/ (a) = ¢ (b) = ¢/ (b) = 0.
AMS Subject Classification: 35B40, 34B05
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1. Introduction

Boundary condition functions have been studied widely by many mathemati-
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cians for some years now. The use of boundary condition functions for boundary
value problems was first considered by Kodaira in [1]. Since then, quite a num-
ber authors including [12] and [13] have worked on Boundary value problems.

In [5], D. N. Offei proved that the boundary condition functions, the Wron-
skian of the boundary conditions and the Green’s function for the boundary-
value problem:

Lo = %D +pa(2) ¢!V (2) +p3(2) 6 () = Ao (2)
o(a) = ¢(b)=9¢" () =0,
are asymptotically equivalent, for suitably large values of |\, to the correspond-
ing functions, associated with the corresponding Fourier problem.

In [15] M. Bonsu Osei, Samuel Asiedu-Addo, considered the Asymptotic
behaviour of Wronskian of boundary condition functions for a second order
boundary value problem.leJPAM, 1(1), ( 2010), 93-101.

In [14], E. K. Essel et.al proved that the boundary condition functions
of the Fourth order boundary value problem are asymptotically equivalent to
the boundary condition functions of the corresponding Fourth order Fourier
problem.

2. Notations

In this section we give some properties of the linear differential expression L
and some notations used in subsequent sections of this paper.
1. (a) For a suitable set of functions, the symbol ® (x) denotes the 4 x 4
Wronskian matrix [¢£5_1) (x)] ,(1<rs,<4).

b | b @ 6@ &)@ )@
@) 6P (@) o8 (@) ¢ (2)
D (@) ¢ () ¢ (2) o (x)

and W (¢1¢2¢3¢4) (x) = det @ (x) . A similar notation is used if ¢ is
replaced by another symbol; the respective capital always represent-
ing the Wronskian matrix.

(b) If ¢1 (z,N\), P2 (z,A), ¢3(x,\), ¢4 (x,A) are the solutions of Lo =
A¢ and if xg, x; € [a,b], then

W (¢1020304) (21) = W (p10203¢4) (UCO)GXP/ -

Zo
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(see chap. 3, [8]). If P, (x) =0 for x € [a,b] then it follows from (1)
that W (¢p1¢2¢3¢4) () is independent of = € [a, b].

2. Given the linear expression defined by

Lo = Py (2)+ P, (2) P + Py (2) 0P (z)
+P5 () oM (2) + Py (2) ¢ (2); (a<u

the Lagrange adjoint of L is denoted by L™ and is defined as

Lty = (~1)"(P)Y + (=1 (Py)® + (1) (Pyy)?
+(=1) (Pgw)(l) + Py (z) 1.

3. (a) For suitable pairs of functions f and g

b
| {ors- 1T} do= 1190 - 73 @),
Here [fg] (z) is a bilinear form in

W) £2) rB3)
(£, 50, 1@, 7@,

and
(3.90.5.59),
given by
4 4 ‘
[fgl(z) = > > Biu(e)gv™" (@) 4V ()
1k=1
= § (#)B(x)f ()
where f (z) represents the column vector with components
(£ @) V@) OV @)

and § (z) denotes the row vector with components

(9@).9" @), 8"V (@)),
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and
Pry (z) Py (x) Py3(x) Puy(x)
By | T2t op) _op® _p _op®  _p 0
Py — 3P(§1) Py 0 0
-1 0 0 0
where
Pi(z) = P (x)= B (@) + PP (2) - B () - BY) ()
Pa(x) = Py(x)~ P (2) + B ()
Py(z) = Pi(z)- P ()
Py(z) = Py(x).

(b) If P (x), P, (z) and P3(x) are identically zero in some neighbour-
hood of @ and b and Py is a constant independent of x then

0 0 0 R
B o 0 -m o0
Ba)=BO)=| ¢ p o ol (2)
~P, 0 0 0

(¢) The notation (¢,?) is used to denote f;gb(:c)ib (z)dz and the ex-
pression [ {g‘]Lf - fL+g} dx may be written as (Lf,g) — (f,LTg).

(d) The Lagrange adjoint of L™ is L and for suitable pair of functions g
and f

b
/ {FL*g - gIT} dx = [gf) (b) — [9) (a)

where

{9/}(x) = Aji (2) fU7V (2) g*7 (2)

NE
NE

1

i

1
A(z)g(x).

<.
Il

~—

(z

Il
s

The Aj;, are dependent on the coefficients of the differential expres-
sion LT and A (z) = [Ai] -
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4. If ¢ (z,A) is a solution of L = A¢ and 9 (x, ) is a solution of L*e) =
X then,

ool e2) - 0l o) = [ {3Lo- LT}, (a<mi<m<i)
= [T {oro—oNT}do
=0

and hence,
[¢¢] (x2) = [¢)] (1) -
Thus,
[ (z, A) ¥ (2, A)] (2)

is independent of x € [a, b)].
Similarly,

{¢(2,2) ¢ (2, )} (z)
is independent of x € [a, b).

This implies that [¢ (z,A) ¥ (z,A)] () and {¢ (z,\) ¢ (z,A)} (z) may be
denoted by [pv)] and {¥¢}, respectively.

(a) If there is a constant K such that |fz| < K¢ for x > xg we write
f=0(9).

(b) Tf 45 — 1, 2 — 0o where I # 0 we write f ~ ¢,

3. Preliminaries

In this paper we consider the boundary value problem

7 i Lo= oW (z) + Py(2) 9P ()
+P3 (z) ¢V (2) + Py (x) 6 ()
= Ao () (3)

¢(a) = ¢/ (a)=¢(b)=¢/ (b)=0 (4)
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which is a special case of the boundary value problem

m : Lp= ¢(4) (z) + P () ¢(2) ()
+P3 (z) oW (2) + Py (z) ¢ ()
= M (2)

4
> mpgt V(@) = 0, (r=1,2)
s=1

4
> gtV (B) = 0, (r=34).
s=1

The Fourier problem corresponding to (3) - (4) is given by

e oW (@) = Ao (2)
¢(a) = ¢ (a)=¢(b)=¢/(b)=0.

In this special case where,
¢(a) =9/ (a) = ¢ (b) = ¢/ () =0,
the matrix M = [m,,] and N = [n,4] in

4
> md V(@) =0, (r=1,2)
s=1

and A
D TV () =0, (r=3,4)
s=1

are given respectively by

1 0 0 0 0 0 0 O
01 00 0O 0 0 O
M=14000|™N=1y1 900
0 0 0 O 1 0 0 O
Substituting Py = 1 from (3) into (2) (i.e., Notation 3(b))

we see that
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0 0 0 1
0 0 -1 0

B@=BO=| . 1 o o (®)
-1 0 0 O

We now state some Lemmas that will enable us to prove our main result.

Lemma 1.
(i)
brr (a/z,N) Zmrsfs (a/x,\)

(i)
XFr (b/x, ) angs (b/x,\)

s=1
(iii) Let fs (z) = fs (a/2,A), gs(x) = gs (b/x, ). Then,
fol@)= (DT (@) 2<s<4
gs (@) = () VgV (@) 2<s<4
See [14] for proof.

Lemma 2.

(@) () v 0/, N) = v (a/w,2) + O (JPI7 €7@ as A] = o0
(i) v (a/z,\) =0 (ypys—l e0<x—a>) as |\ = 00, (1<rs<4)
(iii) (i) and (i) =

Y (afm, N) ~ 0T (afa, A) as|A] = oo
(b) () 37V /) =3 (/2 2) + 0 (P72 7070 as [A] o0
(i) x&7Y (b/z, \) = <|P|S_1 e<f<b—:v>) as |\ = 00, (1<rs<4)
(iii) (i) and (i) =
XY (02, 0) ~ B (/).

See [14] for proof.



462 E.K. Essel, E. Yankson, S.M. Naandam, A.S. Lanor

4. Main Result
Let

W) = W(mmanzm) (x), (9 = (2, X))
Wr(N) = W (eiranesnrea) (), (ner = nee (2, 0)) .

Then
W (A) ~Wr(A)

for suitably large values of |A|.
We prove our main result via two theorems.

4.1. Theorem 1

Wr(\) = (o 1P| e20(b—a>) as |\ = oo
Proof. Let {¢p, (a/x,\, xFr (b/z,\))} be the boundary condition function for
7. Then ¢p, (a/x,A), xFr (b/2,A), 1 < r < 4 are solutions of @ (z) =
A (z) such that
Upy () =B(a) M and xp, (b) = B () N (9)

where B (a) and B (b) are as in (8). Substituting (7) and (8) into (9) we have

Yr1(a) Yra(a) Yps(a) Yra(a)
w%f (a) w%% (a) w%i (a) ¢§§i<a>
oo v oo ¢;;;<a>‘
v @) v @) @) o8 (a)
0 0 0 1 1 0 0 O
- 0O 0 -1 0 01 0 0
B 0O 1 0 0 0O 0 0 O
| -1 0 0 0O 0 0 O
0 0 0 0
0O 0 0 O
- 0 10 0]’ (10)
| -1.0 0 0
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and

xr1(b) xr2(b) xr3(b) xra(b)
1 1 1 1
x%i (b) xé%(b) X%;%(b) X%;%(b)
X{% (b) X{g% (b) X{g:)g (b) Xg% (b)
Xr1 ()Xo (0) Xz (B) Xy (D)
0 0 0 1 0 0 0 1

- 0O 0 -1 0 0O 01 0

o 0O 1 0 0 0O 0 0 O
| -1 0 0 0 0O 0 0 O
0 0 0 O

oo o o

o 0 01 0
(000 -1

From Lemma 1, with the matrices M and N as in (7) we have

nr (z,A) = Ve (a/z,N) = f1(a/z,\)
nre (z,A) = Ypa(a/z,\) = fa(a/z,\)
nrs (x,A) = xrs(b/z,A) = g2 (b/z, )
nra(x,A) = xrala/z,A) = g1 (a/z,A)
Yrs (a/x,\) = 0,%p4(a/z,A) =0
xr1(b/z, ) = 0,xr2(b/z,\) =0.

By definition
Wr (X)) =W (nrinrenrsnra) (z, N)

Substituting (12) into (13) we see that

Wr (X)) =W (Yr1raxraXra) (2, )
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(11)

(12)

(13)

(14)

is independent of x € [a,b] (see notationl(b)). Comparing corresponding ele-
ments on the right and left hand sides of (11) we see that for z = b, (14) reduces

to

Wp(A) = W @Wmvraxr3xra) (b, A

)

Yr1(b) Y2 (b) Yp3(b) Ypa(b

e o) vy ) vl () vk b
TR 0) ) vh () v (0
o) W o) w0 w8 o
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Yr1(b) Pr2(b) 0 0
1 1
_ OO v ®) 0 o0 (15)
v O) v 0) 10
v (b) ¥ () 0 -1
Evaluating we have
Wi (A) = 9] (0) bz (b) — b1 (0) 4 (b).- (16)
Using Lemma 2 (ii) we find that
M) = o(IPer®) as [P, (17)
v ®) = o(IPIe™™™) as [P o,
bra(®) = 0(e™) as [P o,
Yr1 (b)) = O(e”(b_“)) as |P| — oo,
Substituting all of (17) in (16) we see that
WF(A):o(|P|eZU<b—a>) as |\ = oco. (18)
Ol

4.2. Theorem 2

W(A):WF()\)+O(62U(b_“)) as |\ = oo.

Proof. Let {4y (a/z, A, xr (b/z,A))} be the boundary condition function for .
Then 1, (a/x,\), xr (b/x,\), 1 <r < 4 are solutions of LTt = A\ such that

U, (a) =B (a) M and x,(b) =B (b)) N (19)

where B (a) and B (b) are as in (8) . Substituting (7) and (8) into (19) we obtain
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0 0 0 1 1 0 0 O
B 0 0 -1 0 01 00
o 0O 1 0 O 0 0 0 O
| -1 0 0 0O 0 0 O
0 0 0 O
B 0 0 0O
- 0O 1 0 0}’
| -1 0 0 0
and
x1(0)  x2(0)  x3(b)  xa(b)
1 1 1 1
xii (b) XE; (b) xii (b) xgl; (b)
X%3) (b X(23) (b X:(33) (b Xz(13) (b)
X1 (b) X2 (b) X3 (b) X4 (b)
0 0 0 1 0 0 0 1
B 0 0 -1 0 0 010
o 0 1 0 O 00 0 0
| -1 0 0 O 0 0 0 O
[0 0 0 O
B 000 O
o 0 01 0
| 0 0 0 -1
Using similar deductions as in (12) we have
m (CC,)\) = (a/x,)\)
72 (:C, >‘) = 2 (a/x, )‘)
13 (:C, >‘) = X3 (b/xv >‘)
N4 (:C,)\) = X4 (a/x,)\)
w?) (a/xak) - 07 ¢4 (a/xak) =0
X1 (b/l’,)\) = 07 X2 (b/xv)‘) =0

By definition,
W (X) =W (mnansna) (x, A),

and by substituting (22) into (23) it reduces to

W (A) =W (d1baxzxa) (b, A) .
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(20)

(22)
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That is,
W) = (¢1¢2X3X4)(57)\)
1 (b) (b) Y3 (b) Y4 (b)
R O MO O 0!
e ) @w> 2 ) w2 (®)
Gy e o) v ) o 0
Yr1(b) YE2(b) 0 0
R O ORI
e B 1o
o8 ®) w8 0 1
= 7 () w2 (b) — 1 (0) B (1) (24)

Using Lemma 2, we find that for s = 1,2 we have
¢MW%M—¢wM&M+OOHﬂf@m)aSM%ﬂw}. 25)
D (afa, A) = ) (a/b,A) + 0 (D) as M| = oo
Put r = 1,2 and = = b in (25) and substitute into (24) to obtain
W (A) (26)
= v (/b)) + 0 (er0))]
X [wm (a/bA) + O (\P\_l eo<b—a>)]
— [wr1 (a/b,2) + 0 (1P =)
x [0 (a/b, ) + 0 ()]

The product of the first two expressions of (26) is obtained as follows:

[0 (a/b,) + 0 (e0=0)]
[@Z)Fz (a/b,\) + O <|P|_1 U(b—a))}
= o (a/b, 2 s (afb, ) + U] (a/6,2) O ([P )
o0 (#3) 0 ()0 )
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Applying Lemma 2a (ii) on the 2nd and 3rd terms on the right hand side of
(27) we get
=93] (a/b,A) ¥pa (a/b,X) + O (61 + 62 + 3) |

where

— (|P|€(7(b a ) (|P|_1 o(b— a)) e20(b—a)
bo = ( o(b—a ) ( o(b— a) (620 (b— a)) ) (28)
b3 = (6 o(b— ) (|P|_1 o(b— a) ( -1 e20(b— a))
Substituting (28) into (27) we find that

8 et +0 (0]

< [wra (/b 0) + O (|P[7 7)) |
= W (a/b,N) Ur2 (/0. A) + O (91 + 62+ 63)
= lbl(vll) (b, \) Yp2 (b,\) + O (eQU(b_a)) as |\ = oo. (29)

P

Similarly the product of the last two expressions of (26) is obtained as follows:
e (a/b, ) +0 (1P )]
[ (@/b, 3) + O (7)) |
= Y (0N Y (5,0 + 0 ( 20<b—a>) as |\ = oco. (30)
Substituting (29) and (30) into (26) we obtain

W) = ) (b,A\) ra (b, A) — v (b, X) 4 (b, A) (31)
+0 (620(b—a))

Substituting (16) into (31) we get
W) =W () +0 (¢207) as |\ - . (32)

If follows from the results of Theorem 1 (i.e., (18)) and Theorem 2 (i.e., (32))
that
W (A) ~ Wg ()
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5. Conclusion

We have succesfully proved through Theorem 1 and Theorem 2, that the Wron-
skian of the boundary condition functions of the fourth order boundary value
problem is asymptotically equivalent to the corresponding Wronskian of the
fourth order Fourier problem.
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