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Abstract. We obtain sufficient conditions for the boundedness of solutions of the almost linear
Volterra difference equation

n—1
Ax(n) = a(n)h(x(n)) + Y c(n,k)g(x(k))
k=0

using Krasnoselskii’s fixed point theorem. Also, we will display a Lyapunov functional that yield
boundedness of solution and compare both methods.

1 Introduction

In this paper we consider the scalar equation

n—1
Ax(n) = a(n)h(x(n)) + Z c(n,k)g(x(k)), x(0) = xg, n > 0. (1.1)
k=0
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We assume that the functions /2 and g are continuous and that there exist positive constants H, H*, G, G*
such that

| h(x) — Hx |< H*, (1.2)
and
| g(x) —Gx |< G (1.3)

Equation (1.1) will be called almost linear if (1.2) and (1.3) hold. In [3] Burton introduced this con-
cept of almost linear equations for the continuous case and studied certain important properties of
the resolvent kernel of a linear Volterra equation. Recently, Islam and Raffoul in the papers [7] and
[8] also used the concept of almost linear equations for the continuous case to study boundedness of
solutions of certain Volterra type equations. Our objective in this work is to extend the concept of
almost linear equations to Volterra difference equations and prove that the solutions of these Volterra
difference equations are also bounded if they satisfy (1.2) and (1.3). Due to (1.2) and (1.3) Contraction
mapping principle can not be used since our mapping can not be made into a contraction. Therefore,
we result to the use of Krasnoselskii’s fixed point theorem. At the end of the paper we will construct
a suitable Lyapunov functional and refer to [12] to deduce that all solutions of (1.1) are bounded. It
turns out that either method has advantages and disadvantages.

This paper is organized as follow. In Section 2, we give a Lemma that is necessary for the construction
of our mapping so that fixed point theory can be used. In Section 3, we state and prove our results
by appealing to Krasnoselskii fixed point theorem. In Section 4,we provide an example as an appli-
cation to our main results. Finally, in Section 5, we display a suitable Lyapunov functional that yield
boundedness on all solutions.

2 Preliminaries

We begin this section by proving the following lemma, which is need for the construction of our
mappings. Consider the general difference equation

Ax(n) —Ha(n)x(n) = f(n), x(0) = xo, n > 0. (2.1)
Lemma 2.1. Suppose 1+ Ha(n) # 0 for all n € [0,00) N Z. Then x(n) is a solution of equation (2.1)
if and only if

n—1

x(n) = x(0) [J(1+Ha(s)) + Z f(u H] (1+Ha(s)) (2.2)
s=0 s=u+1
Proof. First we note that (2.1) is equivalent to
A [nli(l +Ha(s))’1x(n)] = f(n) ]2!)(1 +Ha(s))™! 2.3)
Summing equation (2.3) from 0 to n — 1 and dividing both sides by
ﬁ(l +Ha(s))™!

gives (2.2).
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Lemma 2.2. Suppose 1+ Ha(n) # 0 for all n € [0,00) NZ. Then x(n) is a solution of equation (1.1)
if and only if

n—1 n—1 n—1

x(n) = x(0) [T(1+Ha(s)) + ¥ [a(w)(—Hx(w) +h(x(w)))] [T (1+Ha(s))

i u=0 s=u+1
n—1u—1 ]
o ZO Y c(uk) [g(x(k)) = Gx(k)] I1 1(1 +Ha(s))
u=0k=0 *
n—1u—1
+Y Zc (u, k) Gx(k) H (14 Ha(s)). (2.4)
u=0k= s=u+1

Proof. Rewrite equation (1.1) as
Ax(n) — Ha(n)x(n) = —Ha(n)x(n) +a(n)h(x(n))
n—1 n=I1
+ Y c(n,k) [8(x(k)) — Gx(k) | + ¥ e(n,k)Gx(k)
k=0 k=0

If we let

F(n) = —Ha(n)x(n) + a(n)h(x(n)) + ): c(n,k) [ Gx(k)]

n—1
+ Y c(n,k)Gx(k),
k=0

then the results follow from Lemma 1.

We next state Krasnoselskii’s fixed theorem which will be used to prove boundedness of solutions
of (1.1).

Theorem 2.1 (Krasnosel’skii). [13] Let M be a closed convex nonempty subset of a Banach space
(B, ||.|]). Suppose that C and B map M into B such that

(i) C is continuous and CM is contained in a compact set,
(i1) B is a contraction mapping.
(iii)x,y € M, implies Cx+ By € M.

Then there exists z € Ml with z = Cz+ Bz.

We rely on the following theorem for the relative compactness criterion since the Arzella-Ascolli
Theorem can not be utilized here due to the unbounded domain.

Theorem 2.2. [1] Let M be the space of all bounded continuous (vector-valued) functions on [0,c0)
and S C M. Then S is relatively compact in M if the following conditions hold:

(i) S is bounded in M;
(ii) the functions in S are equicontinuous on any compact interval of [0,e0);

(ilixhe functions in S are equiconvergent, that is, given € > 0, there exists a 7 = T'(€) > 0 such that
|| 0(2) — 0(co) ||rn< €, forallz >T and all ¢ € S.
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In this paper we assume that

lim a(n) =0, (2.5)
n—co
and for some positive constant L,
u—1
0< Y |e(u,k)| < Lia(u)| for all u € [0,00) NZ, (2.6)
k=0
and
Hla(n)| < 1— |14 Ha(n)| for alln € [0,0)NZ, (2.7)
Moreover, we assume
=1, = —1
): 1+ Ha(s ): Gle(u,k)| <a< 1, (2.8)
u=0 u+1
and
n—1, n—1 11
YITIa —i—Ha(s))I [|a(u)|H* Ly G*Ic(u,k)[] <P <o 2.9)
u=0"s=u+1 k=0

Finally, choose a constant p > 0 such that

n—1

[1(1+Ha(s))| +ap+B<p (2.10)
s=0

xo

for all n > 0. Let S be the Banach space of bounded sequences with the maximum norm. Let

M={yeS, y0)=x :||y| <p}. (2.11)

Then M is a closed convex subset of S.
Define mappings 4: M — S and B : M — M as follows.

n=1 n—1
(20)(n) = X, |atu)( - Ho(w+h(¢))] [T (1+Ha(s) 2.12)
u=| S=u+
n—1u—1 n—1
+ LY. cwh)[s(6®) - Gok)] T (1+Ha(s)

=l

' Z Zc(u k)Go(k) H (1+Ha(s)). (2.13)

u=0k= s=u+1



3 Main Results

In this section we state and prove our existence of bounded solutions result. We begin with the fol-
lowing lemma.

Lemma 3.1. Suppose (2.8) and (2.10) hold. The map B is a contraction from M into M.

Proof. Let ¢ € M. It follows from (2.8) and (2.10) that

n—1

H(1+Ha(s))’+(xp§p. 3.1)
s=0

|(B0)(n)] < |xol

Also, for ¢,y € M, we obtain

n—1, n-1

(30)() ~ (B @I < X | T] (1-+Ha(s) ZG|cuk||\¢ vl
< ofjo- vl

Therefore proving that B is a contraction from M into M.
Lemma 3.2. The mapping A4 is a continuous mapping on M.

Proof. Let {¢,} be any sequence of functions in M with || ¢, — ¢ ||— 0 as n — co. Then one can easily
verify that

| A6, — A ||— 0 as n — oo.
Lemma 3.3. Suppose (1.2), (1.3), (2.5), (2.6), and (2.7) hold. Then 4 (M) is relatively compact.

Proof. We use Theorem 2.2 to prove the relative compactness of A(M) by showing that all three
conditions of Theorem 2.2 hold. Thus to see that A(M) is uniformly bounded, we use conditions
(1.2), (1.3), (2.6), (2.7) to obtain

* * N— n—1
(a0 < LHE Y o] T 0+#at)
s=u+1
* * n—1 n=1
< % Y (1-|1+Ha@w)))| ] (1+Ha(S))‘
=0 s=u+1
H*+LG*EA1¢["I_II| (1+Ha(s) |]
H*+Lc;* [1 —”I_II £ Ha(s ] .= o forall n € [0,00) NZ.

Thus showing that 4 (M) is uniformly bounded.
To show equicontinuity of 4(M), without loss of generality, we let ny > ny for nj,ny € [0,00) NZ
and use the notations

F((w)) = a(u)[HO(u) — h(0(u))].
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and

u—1
1(0() = ¥ c{u) [(0(4)) ~ Go(¥)]
k=

Then, we may write

n—1 n—1
=Y [T (1+Ha(s)) [F(0(u) +I(6(w)]. (3.2)
u=0s=u+1
Hence we have
nj—1 n—1
(A0)m)—(40)(ra)| = | ¥ ] (1-+Ha(s)[F(0) +7(0w)
u=0 s=u+
ny—1 np—1
= XTI 1+ Ha(s)) [Fo(w) +70)]|
u=0 s=u+
n—1 _ n—1
-y [ [T (1 +Ha(s))
u=0 ~s=u+1
ny—1
= T (+Ha(s))| o) +70w))|
s=u+1
ni—1 n—1
+| X T 0-+Hals) [F0w) +0w)]|
_nzzl‘ ni_—[ +Ha
u=0 " s=u+1
ny—1
— 1 (1 +Ha(s HF 1)) +J(0(u ))[
s=u+1
—1 n—1
s ): T 10+ Hats DI|F (@) +7(o(u))
gonzzlma "2H1| 1+Hal(s))| - H |(1+Ha(s ‘
u=0 s=u+1 s=u+1

ni—1 n—1

+0 Z Hla(u)| H |(1+Haf(s))|

u=ny s=u+1




ny—1

<o ) [I-|1+Ha(u)

np—1 nj—

I| T 10 +Ha(s))|- ]'[ |(1+Ha(s

u=0 s=u+1 s=u+1
n—1 nj—1

+0 ) [I—|1+Ha(u) I| T (1 +Ha(s ‘
u=ny s=u+1

ny—1 ny—1 ny—1
ch ,,[H|1+Ha )| - [T |(1+Ha(s )|”

S=u
ny— ny—1

+cZA[H|1+Ha ]

u=ny s=u

Il]—l

<of—2]] |(1+Ha<s))|—"zr_1) (14 Ha(s))

s=ny
n—1

- H |(1+Ha(s))|] — 0asny — ny.
s=0

This shows that 4 is equicontinuous.
To see that 4 is equiconvergent, we let

n—1n—1

lim Y T](1+ Ha(s)) [F(6()) +J(6(w))] =

u=0s=u

Y. [T+ Ha(s) [F(6(w) +7(6(w)]-

u=05=u

Then we have

(40)(e=) — (A0)(n)| = | . TT (1+Ha(s)) [F(o(u) +I(0(w)]

u=0s=u+1

n—1 n-—1

= ¥ [ (1+Ha()[F (o) +I(6)]|

u=0s=u+1
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s ni [ f[ 1+ Ha(s
- 1T +Hao) [F<¢(u>> +3(00)]|

=u+1

n—1

#| X IT 0+ ) [Fow) (60w
H (1+Ha(s))
s=u+1

i

— I (1+Ha(s) HF 1)) +J(0(u ))|

s=u+1

oo

+o Z A, [H (1+Ha(s))]

S=u

[ﬁ 1+Ha(s |—H|1+Ha |”

oo

+o[l— H[ 1+Haf(s))|]

S§=n

[2 2H]1+Ha |—H|1+Ha )

oo

+TJIa +Ha(s))|] — 0asn — oo,
s=0

where we used (2.5) which yields lim,,_;o. [T;=,, (1 + Ha(s)) = 1.

Theorem 3.1. Assume (1.2), (1.3), (2.5)-(2.10) hold. Then (1.1) has a bounded solution.
Proof. For ¢,y € M, we obtain

n—1

H)(I+Ha(s))‘+ap+13§p-

|(429)(n) + (BY) ()] < |xo

Thus, A9 + By € M. Moreover, Lemma 3, Lemma 4 and Lemma 5 satisfy the requirements of Kras-
noselskii’s fixed point theorem and hence there exists a function x(n) € M such that

x(n) = Ax(n) + Bx(n).

This proves that (1.1) has a bounded solution x(n).

4 An Example

Consider the Volterra difference equation
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1 n—1 4k

Ax(n) = — 5o h(x(n)) +,;,4(T)mg(x(k))’ x(0) =xp, n>0, 4.1)

where the functions 4 and g satisfy conditions (1.2) and (1.3), respectively. Let H,G,H*, and G* be
positive constants with G < 1 and H = 1. We choose p > 0 such that for any initial point x, the
inequality

n—1

H(l b 2—s)

s=0

[xo +Gp+(H*+G") <p
holds. Then (4. 1) has a bounded solution x(n) satisfying ||x|| < p.

We let a(n) = — 5 and c(n,k) = (2#)’1,

Thus,

n—1 n—1 4%
|e(n,u)| =
u;) MZ 4(2")n!

< -
= DA

Thus, showing that condition (2.6) is satisfied with L = 1. Condition (2.5) can easily be verified.
Moreover,

Hla(n)|=2"=1-(1-2"") < 1—|1+Ha(n)|,

thus, showing that condition (2.7) is satisfied. Next, we verify (2.8) as follows.

n—1 n-1
Z| H (1_ |GZ 211)”|

u=0 s=u+l

1

§G<1

Finally, we verify (2.9) as follows.

n—1, n—1

Y II a-279

|: MH*+ :|
u=0"s=u+1 Z 2n n!
n—1

Saatsy
U=

n—1 1
21(

= [ G*)

< (B +G)(1 - 55) < (H' +G").

Thus, by Theo=o1 © ', {4.1) has a bounded solution.
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5 Boundedness Via Lyapunov Functional

In [12] the first author considered the functional difference equation

x(n+1) = G(n,x(s); 0<s<n) = G(n,x(+)) (5.1)

where where G : Z* x R¥ — R is continuous in x, and proved the following theorem

Theorem 5.1. [12] Let @(n,s) be a scalar sequence for 0 < s < n < o and suppose that ¢(n,s) >
0,A,9(n,s) < 0,A;¢(n,s) > 0 and there are constants B and J such that ¥"_,¢(n,s) < B and
¢(0,5) < J. Also, suppose that for each ny > 0 and each bounded initial function ¢ : [0,n9] — R,
every solution x(n) = x(n,ng, ) of (5.1) satisfies
n—1
Wi([x(n)]) <V (n,x(-)) < Wa([x(n)]) + ) @(n,5)Ws(|x(s)])
s=0

and
AVis.iy(n,x(+)) < —pWs(|x(n)|) +K

for some constants p and K > 0 and W;,i = 1,2, 3,4 are wedges . Then solutions of (5.1) are uniformly
bounded.

In this section, we construct a Lyapunov functional and then refer to the above theorem to deduce
boundedness on all solutions of (5.2). First we rewrite (1.1) as

x(n+1) = b(n)h(x(n)) —I—’g)C(n,s)g(x(s)), x(0) =xp, n>0, (5.2)

where b(n) = 1 —a(n). Before we state the next theorem we note that as a consequence of (1.2) and
(1.3) we have , respectively that

|h(x) |[<H |x|+H", (5.3)
and

lg(x)| <G| x| +G*. (5.4)

Theorem 5.2. Suppose (1.2) and (1.3) hold and for some o € (0, 1), we have that

Hb(m)|+G ), [C(j,n)|-1< —a. (5.5)
Jj=n+1
Also, assume that
n oo
Y Y IcU,s)l < e, (5.6)
s=0j=n
and
Ag|C(j,8)| >0 (5.7)

then solutions of (5.2) are bounded.
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Proof. Define <l
V(n,x(-) = lx(m)|+ Y, Y ICU,9)llg(x(s))]- (5.8)

5s=0 j=n

Then along solutions of (1.1), we have

AV (n,x(-)) = [x(n+1)| = [x(n)| + Zn: i IC(J»5)llg(x(s))]

s=0 j=n+1
n—1 oo
6 Z(,) 2. 10 9)llg(x(5))]

n—1

= b(n)h(x(n) + T, Cn)2(x()
D+Y Y ICG9)le®)]

s=0 j=n+1

X i IC(s)llg(x(s))]

< [Hb@I+6 L 1CG.n)| 1] x(a)|+ M)

Jj=n+1
< —alx(n)| +M,

where M = H*|b(n)| + G” Z |C(j,n)|.
j=n+1

Let ¢(n,s) Z |C(j,s)|. Then, all the conditions of Theorem 5.2 are satisfied which implies that all
j=n
solutions of (5.2) are bounded.

We note that Theorem 5.2 gives conditions under which all solutions of (5.2) are bounded. Unlike
Theorem 3.1 from which one can only conclude the existence of a bounded solution.

Next, we use Example 1 and compare the conditions of Theorem 5.2 to those of Theorem 3.1. Let
a(n),G, and H be given as in Example 1 and consider condition (5.5) for n > 0. Then,

H|b(n)|+G Z IC(j,n )|—1—|1——

j=n+1 = n+1
1 1 L 1
Lo __+4n—1 = e 31
2t [n;) (2")n! jgb (29!
oo e
= [\/g_j;o e (5.9)

Next we perform the following calculations by using n! > 2" for n > 4.
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J=0

|
_Z(Zf)j! Z_E_E_&_Z(zj*)j!
3

1 1 1
=5 e e 2(41

__78+21 1(1—(1/4)”) 5.10
A8 T 43 ANTEST e ) =10
Thus, a substitution of (5.10) into (5.9) yields,
1 78 21 1/1-—-(1/4)"
Hb(n)|+G i s i —-(—)
[Blm)] + —nZ+1 ) 2"+ [\/E 48-'_4q 4\ 1-1/4 ]
> 0, forn = 3. (5.11)

This shows that condition (5.5) does not hold for n > 0. Hence, Theorem 5.2 gives no information
regarding the solutions and yet Theorem 3.1 implies the existence of at least one bounded solution.
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