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ABSTRACT

We consider a simple model of carbon nanotubes (CNTs) subject to external electric field £(¢). Using a tight-binding
approximation for the description of energy bands of CNTs, together with the standard Boltzmann transport equation
and constant relaxation time, we predict the effect of self-induced transparency and absolute negative conductivity. The
predicted effects may be useful in diagnostics of carbon nanotubes as well as in the amplification and efficiency con-

version of electromagnetic signals.
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1. Introduction

The electrical transport properties of carbon nanotubes
(CNs) have been the subject of much research ever since
the discovery by lijima [1] of the quasi-one-dimensional
monomolecular structures. This may be due to their abil-
ities to exhibit Bloch oscillations [2-5] at moderate elec-
tric field strengths. This oscillatory response makes CNs
inherently nonlinear and as such can perform varieties of
transport phenomena. Under different conditions of an
external electric field, an electron is predicted to reveal a
variety of physical effects such as Bloch oscillations,
self-induced transparency, negative differential conduc-
tivity, absolute negative conductance [4], etc.

In this paper we study theoretically two phenomena in
CNs, which are self-induced transparency and absolute
negative conductance for the following cases respective-
ly:

1) When the CNs is exposed to an a. c. electric field i.e.
E(t)=E, cosar .

2) When the CNs is exposed to an a. c. and d.c electric
fieldie. E(t)=E,+E, cosot.

"Corresponding author.
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2. Theory

Following references [3,4] and using the approach simi-
lar to reference [6], we consider a response of electrons
in an undoped achiral single-wall carbon nanotubes sub-
ject to an external electric field.

E(t)=E,+E, cos ot )

We use the semiclassical approximation in which 7-
electrons are considered as classical particles with dis-
persion law extracted from the quantum theory in the
tight-binding approximation [4].

Considering the hexagonal crystalline structure of zig-
zag and armchair CNTs within tight binding approxima-
tion, the dispersion relation is given as [4] respectively,

&, (p.) =17, {1 +4cos(ap. )cos[%sAp(pj

1/2 (2)
+4cos’ isAp ]
(5o
& (p.)=27, {1 + 4cos(asAp(p)cos(%pz)
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12
+4cos’ (% pzﬂ (3)

here y, ~3.0 eV is the overlapping integral, p, is the axial
component of quasimomentum, Ap, is transverse qua-
simomentum level spacing and s is an integer. The ex-
pression for a in Equation (2) is given as a=3b/2h
with the C-C bond length »=0.142nm and 7 is the
Plank’s constant, we shall assume 7% =1. The — and +
signs correspond to the valence and conduction bands,
respectively. Due to the transverse quantization of the
quasi-momentum, its transverse component can take n
discrete values, p, =sAp, = m3s/an (s=1:--,n). Un-
like transverse quasimomentum p, , the axial quasimo-
mentum p, is assumed to vary continuously within the
range 0< p_<2m/a, which corresponds to the model of
infinitely long CNT (L = ). This model is applicable to
the case under consideration because of the restriction to
the temperatures and/or voltages well above the level
spacing [4]. We assume that there is no inter band transi-
tion or transition between different states i.e.

kyT >¢&.,Ae, where k, is Boltzmann constant, T is
the temperature, &, is the charging energy. The energy

ho,

level spacing Ag is given by Ae = , where

v, is the Fermi velocity and L is the carbon nanotube
length [6].

Proceeding as in 4, we employ Boltzmann equation
with a constant relaxation time

TP | 2 2)__[L-()]
ot op T

Q)

where e is the electron charge, f,(p) is the equili-
brium distribution function, f(p,?) is the distribution

function, and 7 is the relaxation time. The electric field
E(t) is applied along CNTs axis. In this problem the
relaxation term 7 is assumed to be constant. The justi-
fication for being constant can be found in [3]. The re-
laxation term of Equation (3) describes the effects of the
dominant type of scattering (e.g. electron-phonon and
electron-twistons) [3]. We have noted that the distribu-
tion function f{p) is periodic with a period 2m/a .
Expanding the distribution functions of interest in

and

S () =89, 35(p - 580, 1,72, (1) (©)

r#0

here the coefficient, & (x) is the Dirac delta function,
s is the coefficient of the Fourier series and &, (¢) is
the factor by which the Fourier transform of the nonequi-
librium distribution function differs from its equilibrium
distribution counterpart. The equilibrium distribution
function f, ( p) can be expanded in the analogous se-
ries with coefficients as follows

2n
a a e—iarpz

:E'([ 1+exp(e, (p.)/ky T

Substituting Equations (5) and (6) into Equation (4), and
solving with Equation (1) we obtain

o,()=3% 3 T (rp) I (rB)

Ko 1+i(earEy + ko)t

exp(ivar) (8)

eak,

where f = , i (rﬂ) is the Bessel function of the

K" order and Q=eakE, for

Q =eak, / 3 for armchair CNTs.
We determine the surface current density as

zigzag CNTs and

=(2i—;)2ﬂf(p)vz(p)d2p

or

2n

23 T f(p..s8p,. D, (1))v.(p)dp.  (9)

(Zﬂ:h)z s=1

J. =

and the integration is carried over the first Brillouin zone.
We consider the relation v, ( pz,spr) =0¢, (p.)/op. ,
and represent &, (p,)/y, in Fourier series with the co-
efficients defined similar to Equation (7).

Substituting Equations (6) and (8) into (9) we find the
current density for the CNs after averaging over a period
of time ¢, as

er series as: o By, & & = Ji (rB)(Qr + ko)
Fourier series as =20
? J: = r f;sgrs (10)
) N3hna ; g‘ k;w 1+((Qr‘[+ka))r)2
=A olp, —sA &' 5
Jo (p) Po ; <p"’ Po ); " ©) From Equation (10) we obtain
2 2
L Sory & J2(rp) 0% J; (rﬂ)[l+(er) —(kor) ] eran:f . (11
© Bhna, S| 1+(Qrr) S [1+(er—ka)r)zJ[l+(er+kan')2] =i
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If kowor>Qr and wr>1,
form

Equation (11) takes the

8ey,

\3hna,
S RGN I YAC)
Sy (o )2; (k)

where rf=(earE,)/w, J,(rp) is the Bessel function
of the zeroth order.

From Equation (12) it is seen that near the zeros of
Jy(rB) and kwr>>1, the CNTs exhibit absolute neg-
ative resistance in the transparency regions. That is, the
low frequency oscillations are amplified in these regions.
This phenomenon is called absolute negative conductivi-
ty and was first observed by Kryuchkov et al. [6].

In the limiting case of w7z >1, E; = 0, we find that
the current density for the CNTs is

(12)

n
Qrz-z f;sgrs
s=1

8ey,

WZFJ rp sm(rﬁsma)t)Zf”g” (13)

From Equation (13) at each zero of the Jy(rf) function
the current density vanishes and the CNTs become trans-
parent. See also Ignatov et al. [7].

3. Results and Discussion

Equations (12) and (13) describe the theory of electron
transport in the presence of an external electric field E(7).
We assume that the equations do not take into account
both interband transitions and quantum-mechanical cor-
rections to the intraband motion or resonant transitions
inherent in the CN lattice. To estimate the restriction on
the fundamental frequency necessary for resonant transi-
tions to be negligible, we apply a general approximate
relation for the electron state density in a CNT [3,8] that
establishes the low-frequency edge @ of the optical
transition band in metallic CNTs; (@ <3y,b)/2AR,
where R is the CNTs radius. This condition is decisive
for theapplicability of the developed theory in CNTs. As
the CNTs radius increases, the upper limit for the fun-
damental frequency is shifted to the red. Thus, CNs with
not too large radii are of the most interest. Another limi-
tation is related to the strength of the driving field where
interband tunneling is negligible: the Stark frequency
corresponding to this field must be smaller than the con-
duction zone bandwidth E, <y, b [9]. Otherwise, the
bond of m-electrons with the crystalline lattice breaks
down, resulting in a strong Stark broadening and making
the dispersion law ((2) and (3)) inapplicable. For the
condition of high-frequency fields E(7)=E, coswt, an
analytical expression for the current density was obtained
in Equation (13). Figures 1 and 2 illustrate the graphs of
J./Jj, on rf for (12, 0) metallic zigzag and (10, 10)

Open Access

| |[—Metallic armchair CNTs (10, 10)
I_|—Metallic zigzag CNTs (12, 0)
| T T

if,

Figure 1. Normalised current density (j./jo) as a function of
the ac amplitude (rpg) for expression (13); metallic armchair
(red) and metallic zigzag (blue).

f f f f f I
6\~~~ — % — Metallic armchair CNTs (10, 10) : ***********
I |— Metalllc 2|gzag CNTs (12 0) |
+ T

Figure 2. Normalised current density (j./jo) as a function of
the ac amplitude (r8) for expression (12); metallic armchair
(red) and metallic zigzag (blue).

metallic armchair CNTs calculated by Equation (13).
From the figure it is seen that the amplitude of the cur-
rent density oscillates with increasing amplitude of the
high frequency and in the zeros of the J, () function
or when rf is equal to the roots of the zeroth order
Bessel function (2.4, 4.8, 8.4, 11.8, 14.8, 18.0) the total
current is zero (the self-transparency effect). This effect
is due to the non-parabolicity of the electron energy band
which is stronger in the CNTs. However, when the CNTs
is exposed to an a.c. and d.c electric fields, i.e. E(r)=

E +E coswt for kwr>Qr and wr>1, we ob-
tained expression (12) which is an indication for absolute
negative conductivity i.e. current flows against the applied
d.c field. See Figure 2. Figure 2 elucidates the depend-
ence of j_/j, on rp for (12, 0) metallic zigzag and (10,
10) metallic armchair CNTs obtained via the calculation
of Equation (12). In the low limit of (rf), we observed
that as 7§ increases, the normalized current j_/j, de-
creases and at a certain value e.g., 7§ = rfui, the normal-
ized current reaches a minimum value (,./j,) . Thus,

we predict the region with absolute negative conductivity
(ANC). Also we note that such state will be unstable and
will lead to CNTs segmentation into domains. The region
of absolute negative conductivity decreases when exter-
nal electric field increases. We noted that due to the high
density of states of conduction electrons in carbon nano-
tubes and the specific dispersion law inherent in hexago-
nal crystalline structure result in a uniquely higher cur-
rent densities for the metallic zigzag CNTs than the me-

wJCcMP
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tallic armchair CNTs.

4. Conclusion

In conclusion, using the solution to the Boltzmanns trans-
port equation with constant relaxation time, we report on
a theoretical analysis of a simple model of carbon nano-
tubes (CNTs) subject to an external electric field. We
predict the effect self-induced transparency and absolute
negative conductivity. The predicted effects may be use-
ful in diagnostics of carbon nanotubes as well as in the
amplification and efficiency conversion of electromag-
netic signals. We noted that the metallic zigzag CNT has
higher current density than the metallic armchair CNT.
This is attributed to the fact that the metallic zigzag CNT
has higher density of states of conduction electrons than
the metallic armchair CNT. Another reason for the me-
tallic ziagzag CNT to exhibit higher current density than
the armchair is due to its dispersion law which is derived
from the hexagonal structure.
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