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Abstract

We present a theoretical study of acoustic phonons amplification in Car-
bon Nanotubes (CNT). The phenomenon is via Cerenkov emission (CE)
of acoustic phonons using intraband transitions proposed by Mensah et.

al., [1] in Semiconductor Superlattices (SSL) and confirmed in [2]. From

this, an asymmetric graph of I'“NT on % and Q7 were obtained where
CNT
amplification (T'$7T) >> absorption (T$NT). The ratio, % ~ 3.5, at

Vi = 1.02V,, wy = 3.0 THz and T' = 85 K for scattering angle § > 0 . A
threshold field at which IGY" switches over to TSNT was calculated to be
Fl = 6.2 x 10> V/m. This field is far less than that deduced using Bloch-
Type Oscillation (BTO) [3] which is E%., = 3.0 x 105 V/m. The obtained
IENT would enable the use of CNT for the production of SASER.
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Introduction

The study of amplification of acoustic phonons propagated along the axes
of low-dimensional and bulk materials such as Semiconductor Superlattices
(SL) [4, 5,16, [7], 2D-Graphene sheet [8, 9], Quantum Wells (QW) [10, 1], and
Carbon Nanotubes (CNT) [12, [13] are actively persued recently using micro-
scopic theory of electron - phonon interactions. This is due to the electronic
and optoelectronic applications including the production of SASER (Sound
Amplification by Stimulated Emission of Radiation), for dynamic storage of
light in quantum wells and acoustic wave induced carrier transport [9]. When
a non-quantizing electric field is applied to these material, and the drift ve-
locity Vi > Vi (V5 is sound velocity) an amplification of acoustic phonons
occurs but in the reverse when V; < Vj it lead to absorption of acoustic
phonons. The nature of this phenomenon is related to Cerenkov’s emission
of phonons by moving carriers [I4] [15]. In SSL, amplification of acoustic
phonons via Cerenkov’s emission was proposed theoretically by Mensah et.
al., [T1]. The Mensah formalism of intra-miniband transitions via deformation
potential (dp) in SSL has been confirmed experimentally by Shinokita [2] to
amplify over 200% of acoustic phonons. Recently, a series of related studies
in Graphene and CN'T with degenerate energy dispersion has been conducted
(theoretically) in the hypersound regime gl >> 1 (g is the acoustic wavenum-
ber, [ is the mean free path). The results obtained qualitatively agreed with
an experimentally obtained results [12, 19]. In multilayer-graphene-based
system, Yurchenko et. al., [I6] obtained amplification in the hydrodynamic
regime gl << 11in a collisionless system with condition 2V > Vg. Dagher, et.

al., [] utilised the Boltzmann transport equation (BTE) to investigate the



amplification of travelling waves in metallic CNT biased by a dc field. The
amplification attained was as a results of Bloch-Type Oscillations (BTO). In
CNT, the m-bonding and anti-bonding (7*) energy band crosses at the Fermi
level in a linear manner [I7] where, intra-band scattering process depends
on the phonon modes. These modes are the Longitudinal acoustci (LA),
Transverse acoustic (TA) and the Radial Breathing Mode (RBM) which is
the weakest scattering mode. For each phonon branch, an electron can be
scattered either by zone center phonon, or by a zone boundary phonon. The
energy dispersion £(p,) is near the Fermi level therefore, at low temperatures,
conduction occurs through well seperated discrete electron states. This leads
to the emission of large number of coherent acoustic phonons [14], [15] [18§].
The extreme electron mobilities makes CNT, a good candidate for the ampli-
fication of acoustic phonons. Till date, few studies [3],[I8] has been conducted
to understand amplification in CNT. In this paper, we utilised the theory
proposed by [I] and verified experimentally by [2] to study amplification of
acoustic phonons in CNT. The paper is organised as follows: In section 2,
the kinetic theory based on the linear approximation for the phonon distri-
bution function is setup, where, the rate of growth of the phonon distribution
is deduced and the amplification is obtained. In section 3, the final equa-
tion is analysed numerically in a graphical form at the harmonic. Lastly the

conclusion is presented in section 4.



Theory

We will proceed following the works of [18, [19, 20] where the kinetic

equation for the phonon distribution is given as

agq = 2% d |C, PN, (1) + 1) £, (1 — £)0(ep — &) + hiwy)
— Ng(t)fy (L = fp)d(ep — €p + hwg)} — YNg(1) (1)

where N,(t) represent the number of phonons with wave vector ¢ at time ¢.
The factor N,+1 accounts for the presence of N, phonons in the system when
the additional phonon is emitted. The f,(1 — f,) represent the probability
that the initial p state is occupied and the final electron state p’ is empty
whilst the factor NV, f,(1 — f,) is that of the boson and fermion statistics.
denotes phonon losses which includes phonon scattering or phonon absorption
due to non-electronic mechanisms, phonon decay due to anharmonicity of the

lattice. In a more convenient form, Eqn. (1) can be written as
ON,(t) 9 Ny(t)+1 N,
—— =2rm|C_ . — + . -
ot €=l [1 —exp(B(hwy, —hq - Vp)) 1 — exp(—P(hw, — hq - VD))]
x Z (fp = fo)0(ep — €p + hwy) (2)
P

B = 1/kgT, kp is the Boltzmann constant and T is the absolute temperature.
Here, phonon loses were ignored and the lowest order in the electron-phonon

coupling is approximated by f, and
N, = [exp(—B(hw, — hq - Vp) — 1)]

Eqn.(2) can further be expressed as

ONG(t) 2
ot 21| Cy|*[Ny (1) —

1
1 — exp(hw, — hq - Vp) — 1]
xImQ(q, wy — q - Vp) (3)




where

_ fp — fp’
Q_;ep—ap/—hwq—ié (4)
and
fo = lexp(=Bep — ) + 117 (5)

From Eqn. (3) the phonon generation rate is given as
Iy = —=2|Cy|" ImQ(hq, liwy — hq - Vp) (6)
this simplifies to the phonon transition as

Iq = 27T|Cq|2 Z (fp = f)o(ep — & — (wq — 1 - Vi) (7)

the total rate of absorption and emission of phonon is obtained by the sum-
mation over all the initial and final electrons states. In Eqn.(7), f, > fu
if ¢, < ey. When hw, — hg- Vp > 0, the system would return to its equi-
librium configuration when perturbed but hw, — hq'- Vp < 0 leads to the
Cerenkov condition of phonon instability (amplification). From perturba-
tion theory, the transition probability per unit time from the initial state
|p), consisting of electron having momentum p,, to the final state |p’), which
consists of an electron with momentum p/, and a phonon with wave vector q.
The phonon and the electric field are directed along the CNT axis therefore
p.) = (p + hq)cos(0) where 6 is the scattering angle. In CNT, the linear

energy dispersion e(p) relation is given as [13]

e(p.) =eo * \2/—5701?(292 — Do) (8)

The gq is the electron energy in the Brillouin zone at momentum pyg, b is the

lattice constant , 7y, is the tight binding overlap integral (7o = 2.54eV). The
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=+ sign indicates that in the vicinity of the tangent point, the bands exhibit
mirror symmetry with respect to each point. At low temperature, when,

kpT << 1, Eqn.(5) reduces to

fp = exp(=B(e(p:) — 1)) (9)

Inserting Eqn.(8 and 9) into Eqn.(7), and after some cumbersome calculations

yield

[ONT _ Ahr|Cyl*exp(—B(e0 — xPo))
YobV/3(1 — cos(h))

{exp(—Bx(n+hq)cos(f)) — exp(—Bxn)}
(10)
where x = v/37v9b/2h, and

272w, (1 — %) + Yobv/3hqcos(0)

YobvV/3(1 — cos(h)) (1)

7’]:

Analysis

In the formulation, we utilise a perturbation theory of electron transi-
tion where, electrons are assumed to drift relative to the lattice ions. The
wavelength of the phonon is short compared with the screening length for
the electrons. Electron-electron interactions and phonon loses are ignored
but the electron-phonon interaction C; is asumed to be weak and treated as
perturbation. In Eqn. (1), the quantum-mechnical matrix element describ-
ing the electron-phonon coupling for a highly excited (intense acoustic wave)
phonon is |C_,|? = |C,|>. Considering the finite electron concentration, the
matrix element can be modified as

|Cal”

N g .

|Cal® =



where R()(q) is the electron permitivity. However, for acoustic phonons,
|Cy| = \/W, where A is the deformation potential constant and p
is the density of the material. From Eq.(10), taking e = py = p = 0, the
Eqn.(10) finally reduces to

FCNT _ |A|2h3q2€3€p(—5><7]) i 6.’1}]?(—71((9) + 5X77> . 1} (13)

B 21 hwyobv/3(1 — cos()) = Li(Bx(n+ hq))

where I,,(z) is the modified Bessel function. When the scattering angle 6 = 0,

o0

' = oo whereas for § > 0 and V; > Vi, TNT changes sign from positive (+)
to (—) and amplification is obtained. To analyse Eqn. (15), the following
parameters were used: |A| = 9eV, b = 1.42 x 107°m, ¢ = 10* m™,

1012571, V, = 47 x 103 m s7!, T = 85 K, and § > 0. The choice of

wq:

these parameters espercially that of the acoustic wavenumber is based on

our previous studies [I8]. The dependence of T on % at n = 11is

FCNT)

presented below (see Figure 1a). From the graph, there is absorption (I'(;;

when V; < V, but when V; > V; it swiches over to amplifcation (TN, This

amp

satisfy the Cerenkov condition for acoustic phonon emission. The maximum

FONT occurred at Vy = 1.02Vs. The amplification obtained far exceed the

amp

absorption. The ratio of the amplification to absorption

|FCNT
amp | _
To 85 (14)

To determine the threshold field at which TGN switches to TSN, we calcu-

lated and found the V; to be

870 - r2Qr -
Vy= E E F. B, 15
T VBhbm = 1+ (rQr)? S (15)
Here,
a [T ex (—tarp,)
4 2
F, = dp. 16
o Jy T+ eap(elon) o) (16)
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Figure 1: Dependance of TN on: (a) ¢ at various wy (b) Q7 at T =85 K, w, = 3 TH=2
and 6 = 15°

and
27

a a .
E,, = e(p.)exp(—irp,)dp. (17)

2m Jo
where ) = eaE (E is the electric field, r the radius of the CNT, and a =
3b/2h). The Vj is solved from the Boltzmann kinetic equation in the 7-
approximation [21], 22 23]. The justification for the T-approximation can
be found in [I7]. By substituting Eqn.(15) into Eqn.(11). A graph of TNT
against Q7 is plotted in Figure (1b). It can be observed that the threshold
field for which TSNT changes over to FEW%T occurs at {27 = 0.04 which gives
Fl = 6.2 x 10 V/m. This value is far lower than that calculated by Dagher
et. al. [4] to be E% = 3 x 10° V/m using Bloch-type oscillations (BTO).

This is of the order of 2 which is quite high.
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Conclusion

We studied the amplification of acoustic phonon in CNT theoretically in
the hypersound regime. The method used involves the Cerenkov emission of

acoustic phonons where, when V; < V;, gave an absorption (I'SY7T), but when

) . Ny
was obtained. The ratio FoNT] 3.5, at

abs ‘

V; = 1.02V;, and w = 3.0 THz. The threshold field at which T¢NT switched

abs

over to Facn];pr was calculated as E% = 6.2 x 10® V/m. This is far lower than

CNT
POme

Vy > Vi, an amplification (

that calculated via the BTO to be E4 = 3 x 10° V/m. We therefore propose

the use of Carbon Nanotube as a material for the production of SASER.
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