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ABSTRACT

The problem of dealing with claims on asset which is not traded has at-
tracted a lot of interests recently. Naturally the approach consist of choosing
a related traded asset or index to use for hedging purposes. In this thesis,
we consider a model for which the non-traded asset is driven by a Ornstein-
Uhlenbeck process. We introduce it into a consumption-investment problem
with factor model under recursive utility of Epstein-Zin type. Due to the sec-
ond Brownian motion, we are working in an incomplete market in which the
objective of an agent is pricing and hedging this random payoff. Making use
of the maximum principle method, we solve our forward-backward system and
find the optimal consumption and investment strategies and a relation given
the indifference price. Since a closed form formula for the indifference price
is not obtained, a finite difference method is applied to estimate its value.
For numerical purpose, we consider a one period model. We perform some
numerical analysis on the optimal investment in presence of a claim and on
the indifference price. In general, we observe that, for the parameters spec-
ification considered, the optimal investment becomes an increasing function
with regard to initial wealth of the agent so as to be higher than its value in
the no claim case. However, it is rather a decreasing function with respect
to the correlation between non-traded and traded assets and is always net off
the investment with zero claim. Regarding the indifference price, we observe
that it increases when the traded asset becomes more and more correlated to
the non-traded one. Then, analysing also the dependency of the indifference
price to the risk aversion, we obtain that an agent is willing to pay less for
the non-traded asset when he/she becomes less tolerant of risk. Finally, we
notice from the indifference price versus the initial wealth that an agent is less

willing to take on more risk.
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CHAPTER ONE

INTRODUCTION

Valuation of claims on assets that cannot be traded appears to be of
great interest nowadays in option pricing theory. An investor expects to re-
ceive or pay out an unhedgeable claim on an asset, and must decide how
to best manage this risk. The problem is to know how much should be the
adjustment on the initial wealth of the investor in order to be indifferent be-
fore and after buying or selling the claim. This problem commonly known
as utility indifference pricing can be seen as two stochastic optimal control
problems. The first optimal investment problem considers that the agent has
not taken any position on the claim whereas the second optimal investment
problem assumes a buying or selling of the claim by the agent. A usual ap-
proach is to hedge the claim with the help of a traded asset correlated to the
non-traded one. There is often a risk associated with the non-traded asset and
that cannot be hedge perfectly, making the market incomplete. To the best of
our knowledge, most of the work done are making use of the so called ”time
separable utilities” especially exponential utility, power utility or logarithmic
utility. In this thesis, we use the standard recursive utility of Epstein-Zin
type to capture the fact that the utility of an agent at any time depends on
his/her utility at all the previous time. To solve these problems the maximum

principle method (Boltyanskii et al., 1960) is used.

Background to the Study
Think of:

(i) a representive of a corporation, who wishes to determine the correct

price for a real option (a capital investment),

(i) a gas-fired power-plant owner who wants to reduce the risk attached to

the rising gas prices and declining power prices,

(ili) a representative of an insurance (reinsurance) company, who needs to
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determine the price of an insurance contract.

In each case, we want to determine the optimal price of a financial contract
market consistently, by exploiting correlations between the pay off of our

investment and the global stock market.

Statement of the Problem

A first approach to resolve utility indifference pricing problems has been
to consider the exponential utility. But, the critical drawback of this approach
is that the indifference price found does not depend on the initial wealth
which makes it unrealistic (Malamud et al., 2013). Due to that limitation,
several researches have been conducted now looking at the cases where the
utility is either power or logarithmic. However, we observed that they were
almost all focusing on time separable utilities even though it was shown that
these types of utility generate a vast literature on asset pricing anomalies
such as equity premium puzzle, excess volatility puzzle, credit spread puzzle
and risk-free rate puzzle (Xing, 2017). Furthermore, as mentioned above, an
utility indifference pricing problem is seen as a combination of two investment
problems, herein we consider a model in which the dynamics of the traded
asset depend on a correlated stochastic factor; such models appear to be an
open problem in stochastic optimal investment models (Zariphopoulou, 2009).
In this thesis, we seek to enrich the literature on option pricing by putting
all together recursive utility, stochastic factor model and maximum principle.
To our knowledge this is the first time indifference pricing under Epstein-Zin
utility is solved for factor model and the method we use is the well known

maximum principle method.

Research Objectives

The objectives of this thesis are as follow:

(i) to find the investment and consumption strategies of an agent with

preferences described by a recursive utility of Epstein-Zin type,
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(ii) to find the utility indifference price on a derivative written on the asset,

(iii) to numerically find the indifference price that an agent is willing to pay

to hedge the claim.

Significance of the Study

Due to the fact that recursive utilities are more realistic to model pref-
erences of an agent and also to the fact that indifference pricing has recently
been applied to many incomplete market setting, the results of this thesis can

be used:

(i) to help policymakers and investors (from various areas such as banks,
hedge funds, insurance and reinsurance companies) to make better de-

cisions,

(ii) by mathematicians to better understand the option pricing theory as it
appears in various areas as portfolio optimisation, weather derivatives
(temperature options, rainfall options) and energy contracts (commod-

ity derivatives).

Delimitation

In this thesis, we make three general assumptions:
(i) the consumption stream is positive at each time,

(ii) we consider only self-financing portfolio-consumption pairs; that is, pur-
chasing a new portfolio, as well as all consumption, must be financed

uniquely by selling assets already in the portfolio,

(iii) the parameters specification of the recursive utility of Epstein-Zin type

are both less than 1,
(iv) the factor model is observable,

(v) the price processes are all continuous.
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Limitation

Due to the fact that it is only in very few cases that we can find an exact
expression of the utility indifference price, we give here an approximation of
its value using finite difference method making our results more difficult to

interpret.

Definitions of Terms
We now introduce some notions and concepts that will be used in this
thesis. For more details, the reader may consult the books by @Oksendal (2003),

Bjork (2009) and Cohen & Elliott (2015).

Definition 1 (o-algebra)
Let Q be some set, and let 2 represent its power set. Then a subset

F C 2% is called a o-algebra if it satisfies the following three properties:
(i) Q e F,

(ii) F is closed under complementation: If A is in F, then so is its comple-

ment, O\ A= A°,

(iii) F is closed under countable unions: If A;, As, As,... are in F, then so

s A=A UAyUdgU.. = | A
i=1

The pair (2, F) is called a measurable space. Adding to it a probability

measure P, the triple (2, F,P) is a probability space.

Definition 2 (Random variable)
Given (92, F,P) a probability space. A function X : Q — R” is said to

be a random variable if it is F-measurable. That is, if
X' U)={we W X(w)eU}eF.

Definition 3 (Stochastic process)

A stochastic process is defined as a collection of random variables defined
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on a common probability space (£2, F,P), where the random variables indexed
by some set T take values in the same mathematical space S, which must be
measurable with respect to some o-algebra .

In other words, for a given probability space (€2, F,P) and a measurable space
(S,3), a stochastic process is a collection of S-valued random variables, which
can be written as: {X;:t € T}.

In mathematical finance, a stochastic process is used, for instance, to model

the price of a stock measured on daily basis.

Definition 4 (Brownian motion)
A stochastic process B; is called a Brownian motion if the following

conditions hold.

(ii) The process B; has independent increments, that is if r < s <t < u

then B, — B; and B, — B, are independent stochastic variables,

(iii) For s < t, the stochastic variable B; — B, has the Gaussian distribution

N(0,v/t — s), where \/t — s stands for the standard deviation,

(iv) By has continuous trajectories.

The Brownian motion appears to be the simplest stochastic process and used

to describe the motion of a pollen grain in water.

Definition 5 (Filtration)

A filtration {F;};>0 on a probability space (2, F,P) is a collection of
sub-o-algebras of F satistying F; C F; whenever s < t.
The idea is that JF; represents the set of events observable (or information
known) at time ¢. The probability space taken together with the filtration
(Q, F,{Fi}+>0,P) is called a filtered probability space.

Definition 6 (Adapted process)

A stochastic process X; is said to be adapted to the filtration {F;}er

5
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if X, is F;-measurable for each t € T .
For instance if X; represents the stock price at time t, saying that X, is
adapted to the filtration {F;};c7 means we know all the values of the stock

price up to time ¢.

Definition 7 (Stochastic differential equation)
A stochastic differential equation (SDE) is a differential equation in
which one or more of the terms is a stochastic process. The general form

of a k-dimensional SDE is
dXt = f(ta Xt)dt + g(ta Xt)dBta XO =,

where f : [0, T]xR¥ — R¥ g : [0, T] xR* — R**™ are known and represent the

drift and diffusion coefficient and B; is an n-dimensional Brownian motion.

Definition 8 (Backward stochastic differential equation)
A Backward stochastic differential equation (BSDE) is a new class of
stochastic differential equations, whose value is prescribed at the terminal

time T'. The general form of a k-dimensional BSDE is

dY; = —f(t,Y,, Z,)dt + Z,dB,
(1.1)
YT ~ 57
where f : [0,T] x R* x R¥*" — RF is called generator, {Y;, t € [0,7]}
is a continuous R*-valued adapted process, B, is an n-dimensional Brownian

motion , {Z;, t € [0,T]} is an R**"-valued predictable process and £ € L2(R¥).

Definition 9 (Solution of a BSDE)
A solution to the backward stochastic differential equation (1.1) is a pair

(Y,Z) € S}(0,T) x H2(0,T)? satisfying

T T
Yt=£+/ f(s,Ys,Zs)ds—/ ZdW,, 0<t<T,
t t
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where S?(0,T) is the set of real-valued progressively measurable processes Y’
such that

E[ sup |Y}|2] < 00,

0<t<T

and H2(0,7T) denotes the set of R%-valued progressively measurable processes
Z such that

]E[/OT|Zt|2dt] < .

Theorem 1 (Uniqueness result). Given a pair (§, f) satisfying conditions

(1) and (it), there exists a unique solution (Y, Z) to the backward stochastic

differential equation (1.1).

Where the conditions are given by
(Z) 5 € L2(Q)]:T7]P>7 R)7

(it) f:Qx[0,T] x R x RY — R such that
o f(.,t,y,z) written for simplicity f(t,y,z) is progressively measur-
able for all y, z,

e f(t,0,0) € H*(0,T),

o f satisfies a uniform Lipschitz condition in (y,z), that is, there

exists a constant Cy such that

[ty 21) — f(tye, 22)| < Cp(lyr — y2| + |21 — 22]),

for all y1,y2, 21, 20, dt @ dP almost everywhere.

Definition 10 (Conditional expectation)

Given a probability space (€2, F,P) and a random variable X, the con-

ditional expectation of X given H C F a o-algebra, denoted by E[X|H], is

the unique function from 2 to R" satisfying:
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(i) E[X|F] is F-measurable,
(i) [, E[X|F]dP = [, XdP, for all H € H.
We have the following properties

(i) If Y; and Z; are stochastic variables and Z; is F;-measurable, then

ElZ - YilF) = % - EIVi| 7]

(ii) If Y} is a stochastic variable and s < ¢, then

E[E[Y[F]|Fs] = E[Y|Fy].

Definition 11 (Martingale)

Working with a filtered space (Q, F, {F: }+>0, P), a stochastic process X;
is called a (F;, P)-martingale if the following conditions hold

(1) X; is adapted to the filtration {F;}i>o.

(1) For all t, E[|X}|] < oo.

(74¢) For all s and ¢ with s < ¢ the following relation holds
Xs = E[X¢|Fs).

For all s and t with s < ¢, a process X; satisfying (¢), (i¢) and the following

inequality
X < E[X;|F]

is called a submartingale, and a process satisfying (i), (i7) and the following

inequality
X, > E[X|F]

is called a supermartingale.
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Theorem 2 (Martingale representation theorem). Let {B;,0 <t < T} be a
Brownian motion on (0, F,P). Let {Fi}icior) be the filtration generated by
this Brownian motion.

Let {X;,0 <t < T} be a martingale (under P) relative to this filtration. Then

there is an adapted process {Z;,0 <t < T}, such that
t
Xt:X0+/ ZudB,, 0<t<T.
0

Theorem 3 (Girsanov’s theorem). Suppose that the filtration {F;}icioo0) 15
the usual augmentation of the natural filtration generated by a Brownian mo-

tion {Bt}tG[O,oo) .

(1) Let Q equivalent to P be a probability measure on F and let {Z;}ico,00)
be the corresponding density process, that is, Z; = E[%%E} Then,
there exists a predictable process {0;}iejo,00) Such that Z = e( [, 0,dB,)

and

t
B, —/ 0.du is a Q-Brownian motion.
0

(ii) Conversely, let the process {0;}icp0,00) have the property that the process
Z = &( [, 0udBy) is a uniformly-integrable martingale with Zs, > 0 a.s.
- d
For any probability Q ~ P such that E[d%u:oo] = oo,

;3
Bt — / Hudu, t Z O,
0

18 a Q-Brownian motion.

Theorem 4 (Itd’s formula). Assume that the dynamics of the process Xy is

given by the following stochastic differential equation

dXt = M(t, Xt)dt + U(t, Xt)dBt,
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where i, and o, are adapted processes, and let f be a CY2-function. Define

the process Z; by Z, = f(t, Xy). Then Z; has a stochastic differential given by

10%f
2 0x?

af(t, x) = 2 xyae+ 2, x)ax, +

2
ot or (t7Xt)(dXt) )

where we use the following relations

(dt)* =0,
dt - dB, = 0,
(dB,)? = dt.

Definition 12 (Feynman-Kac formula)

Let f € C3(R") and g € C(R™). Assume that ¢ is lower bounded.
(i) Put

G

v(t,x):EI[eXp<— /0 q(XS)ds> f(Xt)]. (1.2)

Then

0
a—::Av—qv; t>0, zeR" (1.3)

v(0,2) = f(z); ze€R" (1.4)

(ii) Moreover, if w(t,z) € CH*(R x R") is bounded on K x R" for each
compact K C R and w solves Equations (1.3), (1.4), then w(t,z) =

v(t, x), given by Equation (1.2).

Definition 13 (Lebesgue integrable space)

We have the following properties

(i) We say that the process X; belongs to £2[a, b] if the following conditions

are satisfied
3 f;]E[Xf]ds < 00.

10
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e The process X; is adapted to the F;-filtration.
(ii) We say that the process X; belongs to £? if X € £2[0,¢] for all t > 0.

Definition 14 (Lebesgue’s dominated convergence theorem)
Let {f.} be a sequence of real-valued measurable functions on a mea-
surable space (S, %, p). Suppose that the sequence converges pointwise to a

function f and it is dominated by some integrable function ¢ in the sense that

()] < g(x)

for all numbers n in the index set of the sequence and all points z € S.

Then f is integrable and
i [ 1~ fld =0
n—oo S

which also implies
lim | f,dy = / fdpu.

By g integrable we mean in the sense of Lebesgue, that is

/ |gldp < oo.
S

Definition 15 (Differentiability)

Let U be an open subset of a Banach space x and let G : U — R.

(i) Saying that G has a "directional derivative” at # € U in the direction

Yy € x means

D,G(z) := lim 1(G(:zc +ey) — G(z)) exists.

e—0 €

(ii) Saying that G is "Frechet differentiable” at = € U means that there

11
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exists a linear map
L:x—R
so that we have

lim —— |G+ 8) — G(a) — £(5)| = 0.

sex [|0]]
§—0

Then L is called the ”Fréchet derivative” of G at z.

The notation for the ”Fréchet derivative” of G at x is

L sl

(iii) All Fréchet differentiable map G has a directional derivative in all di-

rections y € x and

D,G(z) = V,G(y).

Definition 16 (Space of square integrable process)

Given a filtered probability space (2, F, {F:}i>0,P).

(i) We say that the process X; belongs to the class £%[a, b] if the following
conditions are satisfied:
o [/ E[X2ds
e The process X; is adapted to the (F, P)-filtration

(i) We say that the process X; belongs to the class £? if X; belongs to

£2[0,¢] for all ¢ > 0.

Definition 17 (Financial market)
A financial market describe a marketplace where buyers and sellers par-

ticipate in the trade of financial instruments or assets such currencies, bonds,

12
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derivatives, etc.
A market in which all the claims are replicable is said to be complete otherwise

it is incomplete.

Definition 18 (Option market)

In finance, an option is a contract which gives the owner of the option the
right, but not the obligation, to buy or sell an underlying asset or instrument
at a specified strike price on a specified date, depending on the form of the

option.

Definition 19 (Strategy)

Let the N-dimensional price process {S;; t > 0} be given.

(i) A portfolio strategy is any F-adapted N-dimensional process {h;; t >

0}.

(i) A consumption process is any F;-adapted one dimensional process {c;; t >
0}.

A self-financing portfolio-consumption pair is a portfolio for which, apart of
course from the consumption, there is no exogenous infusion or withdrawal of

money.

Organisation of the Study

This thesis is structured as follows. This chapter presents the back-
ground of the research including its objectives and some basics definitions
and theorems. Chapter Two presents a literature review on utility indiffer-
ence pricing problem along with some key concepts around which the study
is built.

In Chapter Three, we first state and prove a sufficient maximum prin-
ciple for general forward-backward differential equations assuming that the
Hamiltonian is concave. We then apply it to study two investment-consumption

problems with and without claim. In latter case, it is worth mentioning that

13
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the claim is written on a non traded asset and the investor wishes to know
the optimal investment consumption if he/she purchases a number A of non-
traded asset. Notice that in these cases, one needs to transform the generator
of the recursive utility in order to obtain the concavity assumption.

Chapter Four talks about the indifference bid price for an agent who
buys an option on the non-traded asset. Unlike in the case of classical utility
it is not possible to derive an explicit solution for the indifference price. As
such, we use the finite difference method to approximate its value at each
time. Since it is numerically demanding we use a one period model, that
is, we consider only two periods ¢ = 0 and t = T. We end this chapter by
examining the sensitivity of the price with respect to some of its parameters;
that is, we examine the impact that a small change on the price parameter
has on the price itself. We also, perform the same sensitivity analysis for the
new hedging strategy when purchasing the claim.

In Chapter Five, summary of the thesis, conclusion and recommenda-

tions are given.

Chapter Summary

This chapter introduced the thesis, by first given the motivation for
studying the problem contain in this thesis. We then moved on to state the
related problem, announce our research objectives and the importance of our
results both practically and mathematically. Also, in addition to the definition
of some terms, we gave the delimitation and the limitation of this thesis. We

concluded the chapter by describing the structure of this thesis.

14
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CHAPTER TWO

LITERATURE REVIEW
Introduction

An incomplete financial market is by definition a market in which it is
not possible to replicate all claims. In this case, the writing of a claim in-
volves a real risk, and its pricing and hedging can only be done with regard
to the agent’s preferences towards such risk. A classical approach used by
economists is to specify the agent’s utility function which represents a math-
ematical concept that measures preferences of an agent over a set of goods
and services. A first use of this approach in incomplete market was made by
Hodges & Neuberger (1989) and Davis (1997). Hodges & Neuberger (1989)
made use of it in the context of option pricing under transaction costs in the
Black-Scholes model. In this methodology, the agent seeks to find the amount
of money that his/her initial wealth should vary in order to get the same
maximal expected utility before and after buying or selling claims. Other
applications of utility-based hedging have been to stochastic volatility mod-
els (Sircar & Zariphopoulou, 2004) and to the pricing of volatility derivatives
(Grasselli & Hurd, 2007). The general theory of utility-based pricing, with a
particular emphasis on relations with the dual to the primal utility maximisa-
tion problem, has been studied by Delbaen et al. (2002), by Becherer (2004),
and by Hugonnier et al. (2005).

Real options is another area where claims on non-traded assets appear
frequently, as can be seen in Dunbar (2000) and the book by Dixit et al.
(1994). As examples of real options problems we have extraction rights to
an oil reserve or the option to start up a research and development (R&D)
venture.

He & Pages (1993) introduced the study of problems assuming that
the volatility is stochastic. Since then in the literature, Cuoco (1997) and

El Karoui & Jeanblanc-Picqué (1998) assume both incomes covered by as-
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sets but with liquidity constraint. Duffie & Zariphopoulou (1993), Duffie et
al. (1997) and Koo (1998) worked on infinite horizon optimal consumption-
investment with stochastic income and risky asset imperfectly correlated. Us-
ing a Markov chain approximation Munk (2000) gave numerical solutions.
Some simple examples were considered by Duffie & Jackson (1990) and Svens-
son & Werner (1993) and explicit solutions under quadratic utility were found
by Duffie & Richardson (1991).

Under constant relative risk aversion (CRRA), a related general problem
was studied by Malamud et al. (2013) and Zariphopoulou (2001). In the
latter, she obtained a non-linear partial differential equation and performed
a transformation to reduce it to a linear one. She introduced unhedgeable
risks by considering a dependency between the coefficients of the diffusion
price process for a traded asset and a ”stochastic factor” correlated with the
asset price. Henderson (2002) and Henderson & Hobson (2002) differ from
Zariphopoulou (2001) by directly pricing a claim on a non-traded asset by
including it in the utility from wealth. Socgnia & Pamen (2018) studied a
pricing and hedging problem of a commodity derivative at a given location
for a not observable convenience yield. They considered an optimal control
for a three-factor stochastic factor model assuming that one of the factors is
not observed. With the use of the classical filtering technique (Bensoussan,
2004) they transformed the partial observation control problem for stochastic
differential equation (SDE) to a full observation control problem for stochastic
partial differential equation (SPDE). In this chapter, we discuss some of the
studies related to this thesis. We explore some key concepts around which the
study is built. We end up by a summary of the main points that have emerged
from this literature review and their implications for the development of this

thesis.

Stochastic Optimal Control
Stochastic optimal control problems regularly emerge in a variety of set-

tings such as economics, ecology, engineering, finance, etc.(see Yong & Zhou
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(1999) and Pham (2009)), where a criterion (defined as a functional) that mea-
sures the performance of the decisions is optimised (maximise or minimise)
by choosing the inputs to a stochastic differential equation. In finance, a
common problem concerns a utility maximization in consumption-investment
models over a fixed time-horizon when the current utility depends also on
the wealth process. These utilities, describing preferences depend in general
on two parameters, risk aversion and elasticity of intertemporal substitution
(EIS). Whereas EIS regulates an agent’s willingness to substitute consumption
over time, risk aversion measures an agent’s attitude toward risk. Neverthe-
less, frequently used time-separable utilities assume EIS and risk aversion to
be reciprocal, generating a vast literature on asset pricing anomalies such as
equity premium puzzle, excess volatility puzzle, credit spread puzzle and risk-
free rate puzzle. To tackle the latter anomalies, untying EIS and risk aversion
is necessary and this can be done by using recursive utility of Epstein-Zin
type and their continuous-time analogues.

By consumption-investment problem we mean a market in which an
agent with a positive initial wealth can invest in risk-free and risky assets
and at the same time decides to consume a part of the new wealth generated.
The objective of an agent facing that problem is to maximize his/her overall
utility or preference, during the time-horizon, from consumption and termi-
nal wealth. In that case, optimal strategies take the corresponding values of
strategies for overall maximum utility. Backward stochastic differential equa-
tions are used here since the agent’s wealth varies stochastically with time and

we assume that his/her objective is to reach to a certain terminal wealth.

Epstein-Zin Utility

The consumption-based capital asset pricing model (CCAPM) intro-
duced by Lucas & Robert (1978) and Breeden (1979) considered as the conven-
tional asset pricing model in financial economics, assumes that the preferences

of an agent have a time-separable von Neumann-Morgenstern representation.
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However, the model has been criticised for two reasons. First, it does not
perform well empirically (Duffie & Epstein, 1992). Second, this specification
confounds risk aversion and elasticity of intertemporal substitutability while
it would be advantageous to be able to disentangle these two conceptually
different aspects of preference.

The first researches to overcome these two drawbacks of the standard
model were conducted by Duffie & Epstein (1989) and Weil (1990) who in-
troduce recursive utilities in a discrete-time setting. These utility functions
not only permit a degree of separation between risk aversion and substitution,
but also imply relations between asset returns and rates of consumption that
match data more closely. In addition, Duffie & Epstein (1992) move on to

define a continuous-time form of recursive utility.

Factor Model

A stochastic factor model is a model in which the coefficients depend on
a random external economic factor. It can be considered as the simplest and
most direct extension of the celebrated Merton model in which stock dynamics
are taken to be lognormal (see Merton (1969) and Merton (1971)).

Technically the factor model is driven by a Brownian motion correlated
to the one that drives the underlying stock making the market incomplete.
Even though little is known about the maximal expected utility as well as the
form and properties of the optimal policies once the lognormality assumption
is relaxed and correlation between the stock and the factor is introduced,
stochastic factor models is widely used in incomplete markets situation in
financial stochastic optimization (Zariphopoulou, 2009). Examples include
modelling the time-varying predictability of stock returns, the volatility of

stocks as well as the stochastic interest rates.

Classical Maximum Principle
One of the principal approaches in solving optimization problem consider

deriving a set of necessary conditions that any optimal solution should satisfy.

18

Digitized by Sam Jonah Library



© University of Cape Coast https://ir.ucc.edu.gh/xmlui

For example, the use of zero-derivative condition (for the unconstrained case)
or the Kuhn-Tucker condition (for the constrained case) allows us to obtain
necessary conditions for an optimum of a finite-dimensional function. These
necessary conditions become sufficient under some convexity conditions on
the objective or constraint functions. An optimal control problem similar to
an optimisation problem in infinite-dimensional spaces are difficult to solve.
The maximum principle, formulated and derived by Boltyanskii et al. (1960),
is truly a milestone of optimal control theory. It states that any optimal con-
trol along with optimal state trajectory must solve the so-called Hamiltonian
system, which is a backward stochastic differential equation (in the classi-
cal case) or a forward-backward stochastic differential (for forward-backward
systems), plus a maximum condition of a function called Hamiltonian. The
significance of the maximum principle is due to two major facts: firstly, max-
imising the Hamiltonian is much easier than the infinite-dimensional original
control problem and also there is no need to attached a Markovian property

to our system.

Utility Indifference Pricing

Considering an agent going for a derivative or contingent claim offering
payoff h(X7) at a future time 7" > 0. For a complete market, pricing and
hedging has a unique solution. In this case we make use of the concept of
replication; a portfolio in risk-free and risky asset recreates the terminal payoff
of the option removing the facto all risk and uncertainty.

However, due to transactions cost, portfolio constraints and non-traded
assets, most situations are incomplete in reality thus complete models are
only approximation of it. In such situations, there is no longer a unique
price neither nor prefect hedging. Nevertheless, an agent can still maximise
his/her expected utility of wealth and may be able to reduce the risk due
to the uncertainty of the payoff through dynamic trading. He/she would be

willing to pay a certain amount today for the right to receive the claim such
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that he/she is no worse off in expected utility terms than he/she would have
been without claim (Henderson (2002), Henderson & Hobson (2004), Carmona
(2008)).

In addition to its economic justification and incorporarion of risk aver-

sion, the utility indifference pricing carries some advantages:

(i) prices are non-linear in the number of units of claims, which contrast to

prices in complete markets,

(ii) it is equivalent to the complete market price if the market is complete

and the claim is replicable,

(iii) it incorporates wealth dependence; the price an agent is willing to pay

could well depend on the current amount of her wealth,

(iv) it gives also an explicit identification of the hedge position; found nat-

urally as part of the optimisation problem.

Chapter Summary

This chapter talked about some studies in relation to this thesis and
explored some key concepts around which the study is built. Recently the
concept of utility indifference pricing attracted lot of interests in option pric-
ing theory. In this theory ones needs to consider, before any development, the
type of the market (complete or incomplete). Thus, while in complete mar-
ket pricing and hedging leads to a unique solution, in the incomplete case the
price is not unique and the perfect hedging is no longer possible. Since the well
known Merton problem, researchers have developed several models including
factor models in order to consider the dependency of the stock on a certain
external economic factor that is sometimes supposed to be observed. Techni-
cally a utility indifference pricing problem is a combination of two stochastic
optimal control problems; the first in a situation of zero claim and the second
assuming that an agent goes for a claim. The optimal consumption-investment

problems that result rely strongly on the choice of the utility function. In
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contrast to the time-separable utility that was first used for such problems,
a recent approach make use of recursive utility of Epstein-Zin type and their
continuous-time analogues to capture the fact that an agent would like to sep-
arate his/her conception of risk aversion and intertemporal substitutability.
Finally, in order to work in a more general framework (relaxing the Marko-
vian property), the use of the maximum principle is becoming more and more

frequent.
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CHAPTER THREE

METHODOLOGY

Introduction

This chapter is divided into two parts. The first part presents a proof of
the sufficient maximum principle for a forward-backward stochastic system.
We restrict our proof in the case of a concave generator of the controlled pro-
cess satisfying the backward stochastic differential equation (BSDE) of the
system. In the second part, we apply the sufficient maximum principle to
study two investment-consumption problems. More precisely, we wish to find
an investment-consumption plan that maximises the recursive expected util-
ity of an investor. We consider a recursive utility of Epstein-Zin type with
parameters specification, risk aversion v and elasticity of intertemporal sub-
stitution 4, less than 1. We build for each problem the optimal consumption
and investment strategies allowing us to get the optimal utility. In the first
section, we study the problem assuming that the underlying traded asset S;
depends on an external factor X; that we assume to be observed. Next, we
rather consider this external factor as a non-traded asset and we introduce
a claim on it. The new goal for our agent is to maximise his/her expected
utility during the overall period. We consider that the agent in addition to
funds generated by trading on the traded asset S;, benefits of A units of the
claim h(X;). Throughout this chapter we consider a filtered probability space
(Q, (Fo<i<r), F,P), where (Fo<i<r) is the augmented filtration generated by
a two dimensional Brownian motion (B, B) for which each component satis-
fied the usual hypothesis of right-continuity and completeness. For t < T, ¢,

represents the consumption rate at time t.

Sufficient Stochastic Maximum Principle
Inspired by the work of Oksendal & Sulem (2009) and Pamen (2015), in
this section we present a sufficient maximum principle for stochastic optimal

control of a forward and backward SDE system.
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Consider a state system (W;, V;) described by the following coupled sys-
tem of forward-backward SDEs.

Forward system:

th = b(t, Wt, ut)dt + O'(t, Wt, Ut)dBt, te {O, T]

(3.1)
Wo = W.
Backward system:
d‘/t — _g(t7 Wta ‘/157 Zt7 ut)dt + thBt ( )
3.2

Vr = cWr, where ¢ € R — {0} is a given constant.

Value function:
T
J@)=B[ [ W VisZiudt + ha(14) 4 ha(Wr)| s we A (33
0

where
A is a given family of controls, contained in the set of F;—predictable controls

uy such that the FBSDE system has a unique strong solution and
T
B [ 1AW Vi Zuw)ldt 4 1 (0)] + [ < oc.
0

We consider the following problem, which is considered as a full observation
optimal control of forward-backward stochastic differential equations,

Problem (Full observation optimal control of FBSDEs). Find the optimal
value function ¢ € R and the optimal control uv* in the set of controls A such

that

¢ =sup J(u) = J(u"). (3.4)
ucA

Let us now define the Hamiltonian and the adjoint equations of the above
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optimal control problem.

The Hamiltonian is given by

7-L(z(:7("}7/v7 Z7u’ A?p? q)

= f(t,w,v,z,u) + g(t,w,v, z, u)\ + b(t, w, u)p + o (t,w, u)q,

with H Fréchet differentiable (C') with respect to w, v, z (see Definition 15).

Thus, the associated pair of adjoint equations are

d)\; = %%(t, Wi, Vi, Zgy we, Aty e, qe)dt + %—Z(t, Wi, Vi, Zs, ug, Aty i, G )d By
o = hy(Vo),

(3.5)
and
dp: = =22 (t, Wi, Vi, Zi, we, \i, b1, ) At + qpd By
pr = cAr + hyWr).
We then obtain the following theorem.

Theorem 5 (Sufficient maximum principle). Let Wt, Vt, Zt, S\t, Dty G be
the corresponding solutions of a control i € A of Equations (3.2), (3.5) and
(3.6). Suppose that

(Concavity property) The functions v — h;(z); i = 1,2 and

(w,v,z,u) = H(t,w,v, z,u, S\t,ﬁt,(jt) are concave for all t € [0,T].

(The conditional mazimum principle)
flrtleagi H(t, Wt, Vt, ZAu u, ;\t>ﬁta q) = H(t, Wm Vt, Zt,ﬁt, S\tvﬁh Gt)-

Also, suppose that for all u € A the following integrability conditions are
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satisfied:

E[/va(%—i[)jdt} < o0, E[/TZES\fdt] < o0,
0 0

T T
E[/ W,?qfdt] < o0, E[/ aff)fdt] < .
0 0

Then Uy 1s an optimal control for the problem. That means, it satisfies FEqua-

tion (3.4),

J(u) = :1613 J(u).

Proof. Choose u € A with corresponding solutions Wi, Vi, Zi, Ae, piy G

Then

~

H(t) = HE W, Vi, Zy, i, Mo D 1)
= f(t, Wh, Vi, Zy, ) + g(t, Wh, Vi, Zy, ) s 4 b(t, W, )
+ o (t, Wy, )Gy,
H(t) = H(t, W, Vi, Zos ue, Mo, P Gt
= F(E W, Vs Zyug, Mo, P @) + 98 Wy Vi, Zyug) Ne + b(E, W, wg)

+ o (t, Wh, w) s,

also f(t) = f(tawta ‘Zﬁa Ztaﬁt); f(t) = f(tawta V;fa Ztaut)7 etc.

Then
where
L=E[ [ {70 - sy (38)
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and
I = B[l (Wo) — ha(Wo) + ha(Vir) — ha(Vir)]. (3.9)
The definition of H gives us

I =K / (Rt — H(E) — (@0) — g() A — (B(E) — b(1))s
= (6(t) = o(t))de}|- (3.10)

From the concavity of h; we get
ha(Wo) — hi(Wo) = (Wo — Wo s (Ws) = Wy — Wo) Ae. (3.11)
Similarly for hg, we have

ho(Vr) — ho(Vip) = (Vi — V)R, (V). (3.12)

A~

Applying the Ito’s formula on (W, — W;)\; and using the two backward pro-

cesses V; and p; we obtain

E[(Wo — Wo)Ad]

= B[~ Wi)x] - B /O COM— W, + /0 500w

o[ G-zl
— B[OV, = W), — hs0Wr)] - E| / v (%—?l

5o - a0y + (D) (- 2 Yot

T T
W, — W,)dp: + / pedOWV, — W) + / (64 — op)qdt
0 0

[t (), -t s+ - 203 o

z

26

Digitized by Sam Jonah Library



© University of Cape Coast https://ir.ucc.edu.gh/xmlui

— E[(Wr — Wr)hy(OWyp)]

_ ]E[/OT {(B(t) —B())pr + (61 — 01 — Ay — W) (gif)t
~ (Vi - m(‘z‘) + A((t) = 9(t) — (Z - zo(%)t}dt}
— E[(Wr — Wr)hy,(Wr)]. (3.13)

Combining Equations (3.7)-(3.13) and using the definition of H, we obtain

J(@) — J(u) =L + I
[ [ {0y - o - wo (74,
- - (5, - -2 (52 Jor

ov
_ E[/OTIEH?:[(t) — H(t) — W, - W>(?§)

o Loy

From the concavity of the function
(w> v, z, U) - H(ta w,v,z,Uu, 5\t7ﬁt> Cjt)a

we get

OH

A0 -0 > (25 o -wi+ (24 - v
+(%§L@,¢m+(%3gm—m) (3.15)

Since u = U; maximizes

u — H(t, Wt, Vt, Zt; U, j‘tuﬁta @t%
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we deduce that

@H(twt; ‘/;‘/7 Ztaua Atapbqt)u:ﬁt(ut - ut) 2 07

that is

(87:{,

%)t(at —w) >0, (3.16)

From Equations (3.14), (3.15) and (3.16) we conclude that
J(u) — J(u) > 0.

Since this holds for all u € A, then @ is optimal. ]

Consumption-Investment Problem in Incomplete Market

In this section, by the use of the sufficient maximum principle method we
study a consumption-investment problem under a recursive utility of Epstein-
Zin type in incomplete market. The incompleteness of the market comes from
the fact that it is assumed there is a risk that cannot be hedged perfectly.
Considering a recursive utility, written as a backward stochastic differential
equation, the generator of the Epstein-Zin recursive utility is not concave and
thus the above result cannot directly be applied. In order to use our sufficient
maximum principle, we first transform the backward stochastic differential
equation to an equivalent backward stochastic differential equation with a
concave generator. Next, with the new generator we derived for our system
the Hamiltonian H and its associated pair of adjoint processes p; and ;.
Then, from the terminal conditions of Y; and p; we assume a general form
for each of them at optimality allowing us to build the optimal strategies.
Finally, we end up getting the expression of the utility evaluated at these

optimal strategies.
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Problem Formulation

Here, we study a consumption-investment optimization problem with
Epstein-Zin utility under full observation. We assume that the objective of

the policymaker is to maximise the Epstein-Zin utility, at time 0,

J(e,m) = V& (3.17)

driven by the backward stochastic differential equation (BSDE)

—dV; = g(¢p, Vi)dt — ZedB, — Z£d B,

- (3.18)
Ve =UWr) = T2,
subject to the forward stochastic differential equation (FSDE)
th == Wt(?"(Xt) = Wtu(Xt) — 6t)dt = WtT('tO'<Xt)dBt,
(3.19)
W() = W,
where
(1—~y)w ¢ 1-3
glew) = =% It —) "-1]. (3.20)
—u (=)
and

dX; = b(X,)dt + pa(X,)dB, + pa(X,)dB, (3.21)

XOZ.T

Thus, we state our full observation optimal control of forward-backward stochas-
tic differential equations as follows:
Problem 1 (Full observation optimal control of forward-backward SDEs).

Find the optimal value function V*(w,0) € R and the optimal controls 7*, ¢*
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in the set of control A such that

V*(w,0) = sup J(e,7) = J(c",7%) (3.22)

c,meA
The solution of that problem is given by the following theorem.

Theorem 6. The optimal investment and consumption strategies to the full
observable utility mazimisation problem (problem 1) are given by Equation

(3.41) and the associated optimal value function takes the form as in Equation

(3.43).

The remaining of this section is devoted to the proof of Theorem 6.

Sufficient Maximum Principle

In this subsection, we apply the ideas shown in Theorem 5 to solve
a full observation optimal control of forward-backward differential equations
stated in problem 1. Since this method is based on works for a concave
Hamiltonian (Oksendal & Sulem, 2009) which implies a concave generator,

our first objective is to check for the concavity. We obtain the following

Lemma 1

The function g given by Equation (3.20) is not jointly concave in ¢ and v.

Proof. The Hessian matrix of the function (¢,v) — g(c,v) is defined by

ala —1)c* 224 dc1gd—1
H(c,v) = H(c,z) = 2 with trace tr(H)
de*~tpd=l d(d — 1)c*xd2
and determinant det(H) = (%c"flxdfl)2 (a(a — 1)d(d — 1) — d*) < 0 where

1
_1
111)

r=(1—7)v>0,c>0,a= (0<a<1)and b= ﬁ < 0. The associated
characteristic polynomial is A\* — tr(H)A + det(H) = 0. The negative sign of
the determinant means that A\ Ay < 0; so one of the eigenvalues is positive.

That is, the Hessian matrix is not negative definite. Hence (c,v) — g(c,v) is

not jointly concave. [
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Since our generator is not jointly concave with respect to ¢ and v, we

perform a transformation that allows us to get our desired property.

Lemma 2

Assuming that a triplet (V;, Z;, Zf) is a solution of the backward differential

equation (3.18). Consider the transformation

¥, = — e (1= )W)

=

- 1 1_ -
(2, Z) = €701 — )0 V(28 Z0).

<=

Then (Y, Z;) satisfies

7 T =5 72 T
Y, = e T T +/ et L Z(g—1)= ds—/ 7..4B,
1—5 2 ¢

T ~ ~
— / 7,4 B,
t

and the generator in the the first integral is a concave function with respect

to (¢,Y,Z) when 6 < 0.

i
Proof. The function ¢ — Cl_ib is concave since the second derivative is nega-
P
1
tive, that is —icil*ﬂ < 0 (0 <9 < 1). Moreover, the Hessian matrix of the

function (y, z) — % is defined by

220NN -
3 2]
_ y Y
H(yv Z) -
_ 2z 2
y? y

with trace tr(H) = % <Z—§ + 1> and determinant det(H) = 0. The associated
characteristic polynomial is \? — % (;—z + 1) A = 0, that gives \; = 0 and
Ay = % (;—3 + 1) > 0 as eigenvalues which means that the Hessian is positive
semidefinite. So (y,z) — % is a convex function since its Hessian matrix

is positive semidefinite. Hence (y,z) — 3(0 — 1)% is concave since 6 < 0.

Therefore, the generator is concave since it is a sum of concave functions.
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Now, given that

and
=V Z) = (2, 2),
Ito’s formula applied to e ((1 — ~)V;)7 gives

a(e (1= )V)?)
= —0e~ (1 = 7)Vi)7dt + %(1 — e (1= Vi) o 'aV,

+ 55 (5 = 1)@ =P (1~ )V (av)?

451 =)= v = 2 e (-
+ 2@V + 355 1)@ =P - kA%
P
b5 (5 = 1)1 =) (1~ PV (Zr)?
+ 51— 7)e (1 V)i Z7dB,
+ (L= )e (L)W ZaB,
= { —aettet 4 5 (1- %)71 —0)e (1~ )V) I
+ %(1 - %)2(1 — 9)edt((1— y)vt)—%Zf}dt
+ (1 — %)thBt + ( ;)thét
{ edeF 4 ;(1 — %)(1 - Q)Z?YLtZ?}dt
+ (1 . %)thBt n (1 _ i)ztda
(1 _ —)dYt
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Hence

1-5 2 | 72
v 1 Zi + 7
+§(1—9) e

)dt + 7,dB, + 7,dB,.

t

]
The generator g, for ¢; = ¢V, is then given by
o -+ 1 72 + 72
gEW. Y, Z) =6 W, P4 S(0— 1)L (3.23)
Then our equivalent value function is
J(e,m) = Y7“. (3.24)
Thus the Hamiltonian becomes
IO IS S | 72 + 72
s (56 w1 2(0-1) ))\t (3.25)
I 2 Y;
+ W, (ry + mpty — E)pe + Wemoiqy.
Then follows the associated pair of adjoint processes
( 1 _1
dpy = — [56_&@ Wy PN A (1 A T — E)py
+7Tt<7t61t] dt + q.AB; + G,dB;, (3.26)
_1
p(T) = e_JTWT AT,

\
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and
A = )\t( — 10 - DEE A+ (0 - 1)%dB, + (0 - 1)%{—;df}t>,
¢ (3.27)
A0)=1
Taking the first derivative of H w.r.t ¢ and setting it to zero, we get
OH
0=—
oc
— §e St EEW, TN — Wiy,
then
A\ ¥
& = 0%Vl (—t) . (3.28)
Dt
Similarly, for the first derivative of H w.r.t 7, we obtain
OH
0=—
om
= Wipup: + Wiorq
= [Pt + Otqy,
then
wipr + oqr = 0. (3.29)
We define

P, \, X, t) = e "W, ¥ NP = p,

with D(X,t) the process which satisfies the backward stochastic differential
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equation

AdD(X,t) = —F\(X, D, Gy, t)dt + pGy (X, t)dB; + pG1 (X, t)dB, 5.30)
3.30

D(X,T) =0,

where Fi (X, D,G,t) and G1(X,t) will be determined.
We first give the conditional form of the process py.

Integrating both sides of Equation (3.32) from ¢ to T', we obtain

1 1

T
p(T) — Dbt = / { - [56_%6; d)WS IZ)/\s + (rs + Tofbs — 6s)ps
t

+ M0, |ds + q.dB, + GdB, }.
Applying the conditional expectation on both sides yields

T 1
Pt = ]E[/ {56_655i ng 71’)\8 aF (rs == 7T,s,us - 6.S)Z?S
t

+ Wsasqs}ds h p(T)m], (3.31)
where,
E[/thsdBSU-}] —0 and E[/th”sdBSU-}] — 0,

since, by definition of a backward stochastic differential equation ¢s and ¢
belong to L2[t,T) for all s € [t,T].

On first hand, let us apply the Ito’s formula on the process p;. Calculation
yields

AW = [( et T — &) + %% (1 n %)ﬁﬁ) dt — %ﬂtatdBt],

<
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also
d€7§t+D(X,t)
1
_ Ot+D(X 1) [( —d—F(X,D,Gy,t) + éGf(X, t))dt + pG1(X, t)dB;
+ pG1 (X, t)dB,|,
and
d(wt’%)
-1 1 .11 1 1 72 + 72
=W w/\t{[_ E(Tt + e — ) + 5@(1 A E) top — 5(0 —1) tY? ¢
1 7
— Eﬂ'tat(e = 1)?1;] dt
+ ( - lﬂ'tat ol 2 1)@>dBt + (6 — 1);dBt}.
Y Y, Y
Thus, p; satisfies the backward differential equation
B 1 N Y. .
dpt—pt{[ E(””t‘f‘ﬂtut Ct)—l—ﬁa(l—l—a)ﬂ'tat
1 72+72 1 A
—N 5(9 — 1)—tY% O aﬂ'tat(@ — 1)@ y (5 - F1<X,_D,G1,t)
L 1 Ly
+5GHX 1) + ( — ot (0 - 1)E)pG1(X, 1)
7
+ (0 —1)=LpGy (X, t)] dt
Yy
1 7
+ [— L + (0 — 1)@ +/)G1(X,t)]d3t
Zy 5
+ [(9 ~ g+ G, t)} dBt}. (3.32)

Comparing the diffusion terms in Equations (3.26) and (3.32), we get

1 Z
@ =pi| = mont (0= D+ (X, ). (3.33)
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and

G =pe|(0 — 1)% + pG1(X, t)]. (3.34)

Secondly, by the non-linear Feynman-Kéc formula applying to Equation (3.31),

we get that ¢(W, A\, X, t) satisfies the following partial differential equation

G + b, + a1y + axdy + %aQbex + %ﬁ%cbww + Bipadzw
‘%W?ﬂ%%rﬂ@m+@mwm+&&@W+ﬂXﬁ¢:Q (3.35)
where we denote

8%

0x2’

_9% , _9. o _
(bt— 815’ ¢x‘—ax> ¢ﬂm_
ay (W, t) = W(r(X,) + mu(Xy) — &),

LW, t) = Wymo(Xy),

1 72+ 72

az(A,t) = _§<9 B 1))\tty—%t
Ly
At =0 =1)\=
B0 1) = (= Dhgy
) 7,

Ba(A, 1) = (0 — 1)\

and

dX, = b(Xy, t)dt + pa(X;, t)dB; + pa(X,, t)dB,.

Moreover f(X,t)p; is the drift of p;.

Also, .
th == Dtgb - 5¢7 gbx == Dx¢7 Wt¢W - _E¢a /\tﬁb/\ - ¢7
622 = Dast + (a6, Wity = (14 )6, dma =0
1M%W=—$%QAWMZDMJMM%WZ—%¢
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Substituting the later expressions into Equation (3.35) gives

1 oy 1 1

2 2 2

—d+0bD, —@WtJr —i—§a Dm+§a (D)

11 B2 1B L B152

+§;<1+a)wz T oW PP T,
(B Bob iy fxty <0,

At

Thus, from the non-linear Feynman-Kac formula, we obtain

- 1 oy Q9 11 1 B12
1 L Bip 52P+B2ﬁ
+§G%<X7t)+ <_EWt+—/\t )G1(X,t)
1 15
TR WA (3.36)
Gl(Xat) =aD,.

Substituting oy, as, B, Bi, B, Bo by their respective expressions gives

1 11 1
Fi(X, D,Gy,t) = =0 — —(ry + Ty — C) + —_<1 + _)715203

(4 29 (8
1 Z2+77 1
A ()= t oy -
Z,+ pZ
+ (— —moypy + (0 — 1)/) thp t>G1(th)
1 Zy
- — — X .
Lm0 -2+ J(X.0) (331)
The computation of f(X,t) is as follow
1 76t~1_i _i P
f(X, t) = ZT |:(S€ (o Wt A + (T’t + ey — Ct>pt + WtUtQt]
t
17, N 1
= — [Ctpt + (1 + Tty — Co)pr + oD, [ — 0y
bt (G
Z
+ (6 - 1)+ pGu(X, t)”
t

1 Ly
=17+ Tt Ut + 0 |: - Emat + (9 - ]_) + pGl(X t)
t

Y
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Then
FI(X>D7G17t)
_ 51 PSR S AN W R ek 41
= 1) ¢(T¢+7Tt/1¢ Ct)+2¢<1+1/}>71't0't 2(9 1) YtQ
1 1 Ly + P
+ 3G + (- e+ (0= D )G 1)
1 Zy
— —mo (0 —1)— + f(X,t
me(® = DI+ F(X.)
_ 1 1 Lo 1l 1y 5o
= (5"‘(1 w)’f’t‘i‘(l w)ﬂ't,ut—i—wct 21/}<1 ¢)7Ttat
1 72 + 72 1 02y + Pl
50 -7 +((1—E)ﬂtatp—i—(G—l)T)Gl(X,t)
s 1 Ly
+ éGl(X, t) IE (1 — E)’?Tt(ft(e — 1)?1E

From the terminal condition of the process Y;, we assume at the optimal

strategies that
1

—dtaasl— 2
Yt _ 1—16 5tWt weE()(,t)7

<

where the process E(X,t) satisfies the BSDE

dE(XJ t) = _F2(X7 Ev G27 t)dt + pGQ(X7 t)dBt + ﬁG2<X7 t)d-étv

E(X,T) =0.

The diffusion terms of its associated BSDE are given by

7, = Y, [(1 | %)mt 1 pGa(X, 1), (3.38)

Zy = Y pGa( X, 1), (3.39)
and its drift is

—Yt[—5+ (1—%)(rthﬂtut—ét)—%%(1—%)7@20?

_ B(X,E, G t) + %G%(X, D+ (1 %)Wtathg(X, 0], o)
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Let us now define Fy(X, E, G, t). In order to do that we equate expressions
(3.23) and (3.40).

1—1
~ ) 1
—5t Gt =3
de T + 5
1 11 1\ 5
+Yt|:_5+ (1— E)(T’t—’—’ﬂ't,ut—ct) _§E<1_ E)ﬂ-tat
1, 1
— Fy(X, B, G t) + SG3(X, 1) + (1 - —>7rtoth2(X, t)] ~0

Factoring by Y;, we get

1 72 + 72
29— 1) =t
0 -1

2 72
Y, [6teD(X,t)—E(X,t) + 1(9 . 1>Zt +7Z
2

5+ <1—@>(”+mm_é) - %%(1_ 1)
_ By(X,E,Cs,t) + %Gg(x, £) + (1 . l)ﬂtathg(X, t)} —0,

then simplifying Y, and substituting Z, by its expression in Equation (3.38),
it follows that

F2<X7E7G27t)

s (=) (-

1. _ .
E)Trtut—i_act—i_ <€D(X7t) E(th) J— 1>Ct
11 1 1 2+72 1
___1__>22 B e B WY 15 '
2¢( w ﬂ-to-t—i_z( ) Y? +2 2( 7)
1
+ (1—E>7Tt0'th2(X,t).

Now we show that D(X,t) = E(X,t) = 3Y,.

Assuming G1(X,t) = G(X,t) = Go(X,t) and substituting Y, Z; by their
respective expressions in Equation (3.37), we get
Fi(X,D,G,1)

= Fy(X,E,G,t)— (6 —1)

+ <1 — %)ﬂtat(ﬁ -1) L

t

D(Xt)-E(Xt) 1) ~
Y, (6

Ct

7 + 2.
= +(9_1)Mg()(’t)
t

— Iy(X, E,G,1).
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Thus, from Equations (3.28) and (3.29), the optimal strategies are given by

11
& =6 1" and 7 = ;;(Ht +opZy),

where (Y}, Z;) solution of the BSDE (Xing, 2017)

—dY, = F(X,Y, Z,t)dt — pZ,dB, — pZ,dB,,

with

F(X,Y,Zt)

1 9 ~% *
=—00+ (1 —y)r: + 523 + o5 + (1 = )7 (ps + 0epZy)
1

— 591 — 7))o

1—yp? 6% 1—
—06 + (1 — )y + —7“3 S A N 4 1
2y o} (U Y Ot

1 L—7 5\ ,2
Yo+ lo22)z
+2(+ ” P )4

Let us now compute the optimal value function. That is,

T

Wy
V*(w,O) = sup IE[ f(Cs,Vs)ds+ T .
c,mEA 0 1 — ¥
Since
T = ;;(Nt +owpZ,) and ¢ = Wié = U Wrem oY,
then
* * 1 " " *EY l—i 1 .
£l V) = o (8 Wze )T (1 = Vo) - oo
P
1 _ 1-1
=0 0% R ((W;)l—weys) G
P
1 * 177 Ys
V) e
= L(W(W*)l*'ye(l_%)n _ L5(W*)1776YS
]_ — ’7 s 1 _ ,y S
0
f(C:7 V:) — 1—(5<W;)1_'76YS <5¢_16_%Ys o 1) .
-7
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Thus

T
Vi(w,0) = ﬁE[%/O (Wy)! e (6“/’*16*%’“5 - 1)ds + o).

(3.43)

Consumption-Investment Problem with Claim
In this section, we consider the external factor as a process that repre-
sents a non-traded asset. We assume here that even though the asset can not
be traded directly, we can still observe its value. Our goal now is to solve a
utility maximisation problem taking into account the introduction of a claim
into our model. We still have a forward-backward stochastic differential equa-
tion system. Proceeding as in the previous sections, this section is divided into
three parts. Firstly working with the transformed utility, we derived the new
Hamiltonian H" and its associated pair of adjoint processes pf' and A\! driven
respectively by a BSDE and a FSDE. Then, from the terminal conditions of
Y; and p} we assume a general form for each of them at optimality allowing
us to build the optimal strategies. Finally, we end up getting the expression

of the utility evaluated at these optimal strategies.

Problem Formulation

Here, we consider the case of contingent claims hedged with the traded
asset and the savings account. We assume that the claim pay off is of the form
¢ = h(Xr) for some bounded function h. We also assume that the objective

of the policymaker is to maximize the Epstein-Zin utility, at time 0,

TH(e,m) = (Vo)™ (3.44)
driven by the backward stochastic differential equation (BSDE)

—dV" = g(e, VM)At — (Z0)°dB, — (Z}')°d B,
(3.45)

Wr+Ah(X1))1 =7
Vi = U(wy) = SRR
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subject to the forward stochastic differential equation (FSDE)

AW = AW, + Adh(X;)
(3.46)

Wh = w —v®+ \h(x),

where

ole,v) = 6= [(((1 - C)U)lu)l_i - 1], (3.47)

and h(X;) the claim at time ¢.

Thus, we state our new full observation optimal control of forward-backward
stochastic differential equations as follows:

Problem 2 (Full observation optimal control of forward-backward SDEs).
Find the optimal value function V"(w — v*, \) € R and the optimal controls

7%, ¢* in the set of controls A such that

Vi w —1° \) = sup J*(c,7) = J*(c*, ). (3.48)

c,meA
The solution of that problem is given by the following theorem.

Theorem 7. The optimal consumption and investment strategies to the full
observable utility mazximisation problem with claim (problem 2) are respec-
tively given by Equations (3.62) and (3.63) and the associated optimal value

function takes the form as in Equation (3.64).

The remaining of this section is devoted to the proof of Theorem 7.

Application to Optimal Consumption-Investment with Claim

In this subsection, we solve a full observation optimal control of forward-
backward differential equations with claim stated in problem 2.

The value function is given by

O + )]

T
Vi w —" \) = sup E[/ f(cs, Vs +
0 1 -y

c,meEA

43

Digitized by Sam Jonah Library



© University of Cape Coast https://ir.ucc.edu.gh/xmlui

In order to get V" (w — v®, \) we proceed similarly as in the previous section.

The new wealth is then given by

(

AW! = AW, + Adh(X, 1)
= (Wt(?”t + Ty — ét> -+ )\B(X, t))dt + (Wtﬂ'tO't + )\ﬂA(X, t))dBt

+APA(X, t)dB,

Wél =W — Ub + )\h()(o)7
\

where
dh(X,t) = B(X,t)dt + pA(X,t)dB; + pA(X, t)dB,.

The Hamiltonian is now given by

+ (Wt(rt + T — 5t) + AB(Xa t))p? + (WtWtUt + )\PA(Xa t))(l?
(3.49)

+ AA(X, ).
Then follows the associated pair of adjoint processes

dp} = ¢;'dB; + Cjthdéu
(3.50)

PH(T) = =T (Wi + Ma(X7)) ¥ N(T),

dét)’ (3.51)

X! = Af( — L0 - DEEAt + (0 - 1)2dB + (0 - )&

Taking the first derivative of H" w.r.t ¢ and setting it to zero, we get
B OH"

0= ¢

ISV B B
= de~E VW, TN = Wil
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then
~ b Sty par—1 )\? v
¢ =0"e "W, (—h> . (3.52)
Yz

Similarly, for the first derivative of H" w.r.t =, we obtain

h
0= OH
on

= Wip} + Wio1q)!

= [up; + ouq),
then

wepl + orgf = 0. (3.53)
We define

SOV, X", X, t) = e O (W, + (X))~ B AReP" 50 = ph
with D"(X,t) the process which satisfies the BSDE

dD"(X,t) = —F\(X, D" G t)dt + pG*(X,t)dB, 4+ pGM( X, t)dB,

D"X,T) =0,

where I} (X, D" G",t) and G(t) will be determined.
We first give the conditional form of the process p.

Integrating both sides of Equation (3.50) from ¢ to 7', we obtain
T ~
p"(T) =1} = / {QZst + ci?st}
t
Applying the conditional expectation on both sides yields
ho_ h
P =E ()R], (3.54)
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where

E| /t CasF] ~ o

and
E| / | aBF] ~ o

since, by definition of a backward stochastic differential equation ¢" and "
belong to L2[t, T for all s € [t,T].
On first hand, let us apply the Ito’s formula on the process p?.

Calculation yields

d675t+Dh(X,t)
1
— o OtFD(X.0) [( _ 5~ Fi(X, D" G}f,t) 4 §(G?)2<X’ t))dt

+ pGL(X, O)AB, + FGL(X, 1)AB, |,

= |- i(wt + AR(X) T TEWiry + Ty — @)
" %% L4 ) W+ AR(X) S WinZe?
t/ % Ay (W, + AR(X,)) ™ Fb(X,)
- % %Ahmm + AR(X)) T E a?(X,)
+ %i (1+ %)Vhi(m + AB(X,)) 2TV aA (X))
+ %(1 + %%hm(m + AB(X0)) 727 pa( X)) Wiy db
+[- %(Wt + M(X) I Wi

— %Ahm(Wt FAR(X) T pa(Xt)} dB,

+ [ . %)\hm(Wt + )\h(Xt))_l_iﬁa(Xt)] dB;,
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AW+ An(x)) AL

=OWu+ X)) N [{ = 0¥+ X)) W+ s — )

11 1 1 B
n ﬁ( n E> (W, + M(X0)) 2 W2n2o? — MOV AR(X0)) (X))
wth(wt LOR(X) LR (X) — %%Ah (Ws + M(X2) " pa( X))

1,1
g (1 n E))\hx(Wt + Mi(X,)) " pa( X)) Wimoy

- 1<9 ~ 1)25;-%2? b= - 1@ (W, + M(X,) Wi,

— ew—lgtm W + Aa(Xy)) L pa(Xy)

+ %% (1 + E> A2 (W, + )\h(Xt))*QaZ(Xt)}dt

- %(wt - AR(X)) Wi, — %/\hm(Wt + AR(X0) " pa(X,)
(6 1)%}@

+ { L %)\hz(Wt + M(X1) " pa(Xy) + (6 — 1)? }dBt]

Thus, p} satisfies the BSDE

dp}!

1
—pl [ — 5 — Fy(X, D", G}, ) + SGIA(X.1)

Ve

Wt + A(Xy)) ™ 1Wt(7“t + Mg — ¢)

+

<1 + %) W, + Ah(X,)) 2 Winlo?

<=

_%Ahm(wt + Ah(Xy)) T la?(Xy)

)/\2h2 (W, + Mh(X,))2a2(X)

>

Wi + Ah( X)) 10(Xy) —

+
/\ ;~

/\@I'—‘

J)Ahx(wt AR 2 pa(X)Wimo,
Z;+7¢ 60-1Z, )
T g OV AR Wime

Ly 0 Zt
71th (W, + A(X,)) " pa(X,) — Tl?fh (W, + A(X,) !

(Wt + M( X)) " Wymo pGR (X, 1)

(6 —1)

o
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7
MW, + AR(X0) ™ Pa(X)GL(X, 1) + (0 — 1) THpGh (X, 1
t

MW, + Ah(X)) ™ pa(X) G (X, t) + (0 — 1)%;}0’;(){, t)] dt

= <=

p?[—

Ao el

(W) + A(X.)) Wimor — %)\hz(Wt FARX)) L pa(X,)

Z
0 — 1) + pGh(X,t)|dB,

+ Y

—

) -

P = SOV M(X)) a(X) + (6 1 + GHX, 0] B (3.55)

Comparing the diffusion terms in Equations (3.50) and (3.55), we get

1 1
qu = p? i $<Wt + )\h(Xt))_IWtﬂ'tO't += EAhm(Wt + )\h(Xt))_lpCL<Xt)

and

. 1 o Y/ .
G =k | = AR OV M) T a(X0) + (6= 1)+ pGHX 1)

Secondly, by the non-linear Feynman-Kéc formula we get that ¢(W, \", X t)

satisfies the following partial differential equation

1 1
O + by + 1Py + a0y + §a2¢m + §5f¢ww + Bipadaw

+%(6§ + B3) 6 + (Bapa + Bapa)dun + BiBedow + fH(X, )¢ =0,  (3.56)

where we denote

_ 09 0%
(b — 7¢$x_@7

T ox

9¢

gbtzaa

also

ar(W,t) = Wi(r(Xe) + mu(Xy) — é),  Bi(W, 1) = Wimo (Xy),

1 72+ 72 7,
OéQ()\,?f) = —5(9 — 1))\,5 tY? ¢ s 52()\,t) = (9 — 1))\?@,
. Z
Bt = (0 - DA
t
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and

dX, = b(X,, t)dt + pa(X,, t)dB; + pa(X,, t)dB,.

Moreover f7(X,t)pf is the drift of p.
Also,

¢y = Do — 60,

bo = —%m(m + AR(X,)) 6 + Dl'g,

S = —%w £ MRX))6, b = —- () OV, + M),

(U
1 I 1 B
Pow = —thm(wt + M (X)) o+ 7 (1 + E> AZh2 (W) + AR(X})) 20
_ immﬁ;(wt + AR(X)) " 6+ DIg + (D)%,
o= (Ao, o =0,
1 1 _
Odyww = " (1 + E) (W, + Mh(X,)) %0,

1 1 A 1 _
buyy = @(1 + E))\hx(Wt + M(X0)) P9 = Wi+ Ah(X0)) Dy,

- —%)\hx()\f)l(wt + AR(X1)) ' + (AF) ! Dk

Substituting the later expressions into Equation (3.56) gives
1 i\
Dl —§ — E(Wt + M(X,))'bAh, + bD" — aal(wt + AR(Xy))
m-1 L oopn 1 mz L1 ~1,2
+ Oég(/\t) + 5(1 sz = §(CLDx) — §E(Wt + )\h(Xt)) a /\hm;
11 1 9y2 2,2 L
+2¢<1+¢>(Wt+)\h(Xt)) Nathl
1

(e %)xﬁm A2+ 2 (14 %) (Wi + AR(X0) ™ Buparh,

Wi + (X)) " (Bepa + Bapa) o (M) ™' + (Bapa + Bapa)(A)) D

W, + Ah(X})) ta® A, D"

+
|
I

ASa =N e
<

—~

(W + (X)) B fa(A) i(m T+ AB(X) " BrpaD’!

+
~
=
Is

) = 0.
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Thus, from the non-linear Feynman-Kac formula, we obtain

F1<X7 Dh:Glllat)

— 5 i(wt +R(XL) bR, — %al(Wt FARX)) ™ + as(A) !
+5(G1)? -

Wi 4+ M( X)) aP Ay — — (W, + AW(X,)) " tadh, G

l\i)lr—A
<] =

11
w

11 1
+ 5@( )( s+ A (Xy))™ 2/\2(12]}3 — E
(1+ ) W2+ AR(X) #uparha = - (Ws+ M(X)) BBl

Wi + M(X,)) " BipGh

/\

+
|+—t€|>—t

(W + A(X0)) " (Bap + Bop)adha (M) ™" + (Bap + Bap) (A TG

+

DO = 2

%(1 + ) OV + ARCXD) 2 + £(X,) (3.57)

with G = aDh.
Substituting aq, as, B1, B1, B2, Bs by their respective expressions into
Equation (3.57) gives
F(X,D", G} )
= 5= LW, AR(X) AR, — %(Wt FAR(XD)) Wil + e — &)

(G
1 e 70> W1 11
R (e 25 Ve AR 0PN
t
#2105 Dyom e an) ez - Lo+ ah(x) .Gl
29\ " v s 1
11 1 W _ \PLi+ PLy oy,
+ 5 (1 5) Ok M) Winta + (0 = )P
1 1 s
+ E< + E> (Wi + A(Xy)) " Wimarpahs,
E(Wt + AR (X)) MO — 1)%@@
t
1 1
E(Wt + )\h(Xt))_lwt’]TtO't(e — 1)# — E(Wt + )\h(Xt))_lwtﬂ'tUthlf.
t

(3.58)

From the terminal condition of the process Y,;, we assume at the optimal

strategies that
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T W M(X)) e e X

Y

@I

where the process E"(X,t) satisfies the BSDE

dEM(X 1)

EMX,T) =0.

By the use of Ito’s formula, we have the following

dOW, + AR(X,))'#
=[(1- E> Wy + AR(X2)) ™5 Wh(r + mope — &)
%(1 - E> W + /\h(Xt)) W27Tt 0y

d})m (W + M(X,)) ¥ b(X,)

+ o+
DO | — A l\')l»—t

( N E)Ahm(WtHh(Xt)) val(X,)
- %%( - %)Vhi(mﬂt + M(X0)) ™ ¥ a?(X,)
s %) Aha (Wi + Ah(Xt))—l—ipa(Xt)Wmo—t] dt

(1 _ %)(wt +MR(X)) I W

< | —
R

_|_

L—

+ (1= %)Ahxm £ AR(X,)) ¥ pa(X,)|aB,

+](1- g)kh (W, + AR(X,))~* a(X;) | dB,

and

defzStJrEh(X,t)

= €7§t+Eh(X,t) |:( —0— FZ(X> Eha G}QLa t) + %<G§L>2(X’ t))dt

+ pGH(X, )AB, + pG4(X, )aB, .

Then the diffusion terms of the associated BSDE of the process Y; are given
by
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Z, =Y, {(1 — @) (W + M(X) " Wimo, + pGh(X, 1)

+ (1 - E)Ah (W, + )\h(Xt))’lpa(Xt)} (3.59)
Ze =Y, [(1 - %) Ay (W, + AR(X,) ™ pa(Xy) + G (X, t)} . (3.60)
and its drift is
— Y| — 6 — Fp(X,E" Gh.t) + %(GW(X, t)
+ 1= E) W, + A(X0)) " Wy + g — &)

(1 - E> (W, + Mh(X2)) " 2W2nto?

<=

+
—

/\l\)lt—l/\v—|

_ ;)Amm + AR(X,)) (X))

R

- —> Mige OV, + Mh(X2)) " La2(X0)

(1 _ E> AZR2 (W) + Mh(X0))~2a2(X,)

1 E))\h (W, + M(X2)) 2 pa(X) Wim,o
4 %)(Wt ORG))  WamapGl (X, 1)

! ) A (Wi + AR(X,)a(X)GA(X. ) (3.61)

@|;_\ l\DI»—l [\3|,_.
— S|

+

+
-
|
I

<

In order to find Fy(X, E", G4, t) we equate expressions (3.47) and (3.61).

1‘% 2 72
C —1 1 72+ 7
Je—dt Lt - Wb S(gs 1)t 2t 2

1
+\yt{ — 3= By(X, B" Gh. ) + S (G)(X, 1)

+(1- E) (We + A(XG)) ™ Wilre + mopte — ¢2)

- __(1 - @)O/Vt + M(X)) P Winlo?
+ (1 — E> A (W, + Ah(X,)) ~'b(Xy)

+ %(1 — %) Mg W, + AR( X)) a®(X)
L Do o))
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- %(1 - i) Aa OV, + Mi(X,)) 2 pa( X)Wy
+ (1 - E) (W, + Ma(X,)) " WimopGl (X, 1)

+ (1 - %)/\hx(Wt (X)) La(X,)Gh(X, t)} —0

Factoring by Y;, we get

1 _1 1 72 + 72
Yo [56 T W+ AR(X)) W e B 1S 1) t\; :
t

— 0 — FQ(X, Eh, Gg,t) + <1 — E) (Wt + )\h(Xt)) 1Wt<rt + Tty — 52&)

%%(1 > E)(Wt + AR(X)2WRnlo? + %(G?)Q(K t)
n ( d)))\h (W + A(X:)) " 1b(Xy)
+ a1 E)Ahmwt + AR(X0)Na?(X)
_ %( %)Ahx(Wt +AR(X)2pa( X)) Wimos

+

/\/‘\

)(Wt AR(X)) Wi pGR (X, £)

(==
|

+
@I*—‘@l

)M (s + AB(X0)) 0 X)GH(X, )] =0,

then substituting Z, and Z; by their respective expressions in Equations (3.59)
and (3.60) yields

F2(X7 Eh7 Gg7t>

1-

=52, % Wk M) WP N gy (@K )
+ (1 - E) (Wi + A(X0) "W, (e + mope — )

. %(1 . %)’y(Wt FOR(XL)) Wena?
+ (1 - %))\hz(wt FR(X) (X))

+5(1- %)Ahmm + Mh(X,) " a? (X))
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- 5 (1= 3 )RV M) (X

. (1 . %)whx(wt FOR(X)) 2 palX) Wimo

+ 9(1 - E> (W, + M(X,) " Wym,opGl(X, 1)

1 1 h
+ 9(1 - E)Ahw(wt (X)) La(X)Gh(X, 1),

Similarly if G(X,t) = G4(X,t) = G"(X,t) then D"(X,t) = E"(X,1).
Assuming GM(X,t) = GE(X,t) and substituting Z,, Z, by their respective

expressions in Equations (3.59) and (3.60), we get

Fl(XaDhaG?>t)

= -0 — %(Wt T )\h(Xt))_lb)\hx = %(Wt SE )\h(Xt)>_1Wt(Tt + Ty — ét)

_ %(9 ~1(1- %)Q(Wt +AB(X,)) 2 W2n2o?
— -1 (1- %)Qth(wt £ AR(X)) 22 (X0) + 56— 1D(CH(X, 1)
1-— ) Wy + A(X)) 2 Wimowpa( X,)

-1 (
0—1) (1 ) (W) + M(X)) " WamoepGR (X, 1)
n(

—0-1)(1- ) s Ws + Mi(X))ta(X,)GA(X, ¢)

- %(G’f)z — EE(Wt + Mu(X)) " raP Mg

+ %%( %) (W + (X)) "2\2ah2 — %(Wt (X)) Lanh G
%%( ;)(Wt + AR(X,)) 2 Wino?

+ %( %)(Wt X)) P Wimaparh,

_(0- 1)% (1- %)Ahx(Wt FR(X)) P Wimoupa( X))

(- 1)% 1 i)vhfc(m X)) 2a%(X)

—(0- 1)%()/\4 AR aNha (X 1)

. 1)( - %) (W, + M(X,))" WmopGP

o4
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L (0-1) (1 . J)Ah (W, + Ma(X) Ta(X)Gh + (0 — 1)GEG!

1 1
(- 1>E<1 . @) (W, + Mh(X0)) 2Wena?
—(0- 1)% (1- %))\hx(Wt FAR(X) Wimopa(X))
(- 1)%% FAR(X)  WimopGh(X, 1)
i(Wt + M X)) " Wymo,pGh

Thus, from Equations (3.52) and (3.53), the optimal strategies are given by

M(X
& =6v (1 + #)«a—?”f‘ (3.62)
and
co L1 (X —
m= o —(1+ " ) (e + aup 20 - S0, (363

where (Y, Z") solution of the backward differential equation (provided that

it exists)
—dY" = F"(X,Y", Z" t)dt — pZ}dB, — pZ}dB,

Vi =0

with

FMX, Y 2" 1)

— 05 + e%e‘?yth + %(ZZ‘)Q
+ 9(1 . $> (Wi + M(X) " Wi (g + s — &)
~50(1- %)y(wt +AR(X)) W ()20
vo(1- %))\hm(Wt +R(X) (X))

l) Mo W, + M(X,)) ™ a*(X,)

+%0<1—¢
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1 1
- 0(1- J)w%i(wt + AR(X))2a?(Xy)

- 6(1 . %)whm(m MK Wit opa( X,
+ 9(1 E) W, + AW X)) " WyrfopZ!
wo(1- %) L(Ws + AR(X)) (X)) 2.

Hence

(V") (w =" )
:ﬁE[Q(s/OT(WSﬂL/\h(XS)) — Y (5w 1 —Lyp 1>ds

+ Wr + Ah(XT))l—v} . (3.64)

Chapter Summary

This chapter was firstly concerned about proving the sufficient maximum
principle theorem when we assume a concavity property on the Hamiltonian.
With the proof of a sufficient maximum principle assuming we moved on to
solve a consumption-investment problem in two different cases that appeared
in the form of forward-backward stochastic differential equations systems. The
first one considered a traded asset that depends on an observable external
factor while the second one looked at the case where the external factor plays
the role of a non-traded asset. As it is generally convenient, we assumed
that the Brownian motion associated with the non-traded asset is correlated
to the one of the traded asset. We were able to solve each problem using
utility maximisation; finding the exact optimal consumption and investment

strategies followed by the optimal utilities.

o6

Digitized by Sam Jonah Library



© University of Cape Coast https://ir.ucc.edu.gh/xmlui

CHAPTER FOUR

RESULTS AND DISCUSSION

Introduction

In this chapter, we aim at finding the indifference bid price v*. We
recall that computing that price means, on first hand, solving two stochastic
control problems; the first one assumes that the agent has not taken any
position in the claim whereas the second assumes a buying or selling of the
claim by the investor. We solved in the previous chapter the related two
control problems. On second hand, the indifference bid price is the maximum
amount of money that the agent is willing to pay from his/her initial wealth
to be indifferent, in the sense of expected utility, from buying the claim or
not doing so. That is, it consists of finding the indifference bid price from the
equation (V")*(w —v*,A\) = V*(w,0). Since a closed formula has not been
obtained, we tackle our problem by a numerical approach making use of the

finite difference method. That is, solving numerically

ﬁE [95 /OT<W*)i_76YS ((5’”‘16_%Y5 - 1>ds + (W*)lT_V]

—LE[% / T(W* AR(X)) e (5¢—1e—%ysh - 1) ds
L 1- Y 0 % ’

+ (Wi + Ah(XT))H]. (4.1)

The hedging strategy of the agent is also crucial. But due to the incomplete-
ness of the market, this hedge can not be perfect. This investment strategy
comes from problem 2. We will end up this chapter by the sensitivity analysis
of price with respect to its parameters.

We aim at proving the following

Theorem 8. The indifference bid price v° is the solution of Equation (4.15).

Discretisation
In order to apply a finite difference method, let 0 = t; < ... < ty =

T be a partition of the interval [0,7] with time step At = ¢, — t,_; and
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corresponding increment of the Brownian motion AW,, = W,, — W,,_;.
Considering the method in Bouchard & Touzi (2004), from the forward-

backward differential equation

dXt = b(Xt)dt + O'(Xt)th, XO =X

d}/;f = H(t, Xta }/;, Zt)dt - thWt7 YT == O

we obtain the following algorithm

}A/N = YT = O,
Y, = B, [Yog] + AR, [H (tn, X, Y, Z2)],
ZN =Zr = 07

2 1 A =
Zn = EEn [YnJrlAWnJrl] 5

with (X’n, o Wn)the finite difference approximations of (X;,Y;, Z;, W,) at
time ¢ = t,,.

Due to the fact that it is numerically demanding, we restrict our nu-
merical computations to a one period model. We assume a one period model

for a problem with time horizon 7. That is, we consider only two times

toth,le, tN:TandAt:T.

Discrete Traded Asset
Let us now give a numerical approximation of V' (w, 0) given by Equation
(3.43).

From Equation (3.42) the drift F(X,Y, Z,t) of the process Y; is given by

1 L= 2 17Xy 0¥ sy,
F(X,Y,Z,t)_2<1+ . )Zt+ At
1 —’Y/ﬁ(Xt)
SRR (X)) — 66, 49
+ 2,}/ 02<Xt) +( 7>r( t) 6o ( )

o8
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From the algorithm, we have

Zo=In-1
1 ~ “
_ —E[Y AW }
At N N

_ %E [YNAWN}

= 0, since YN =0

which means ZO =0 and ZN =0.

Then

So, the optimal portfolio, at the initial time, is given by

11 ©) + o(2)pZ
Ty = /}/0'2<CC) (M( )+ ( )IOZO)
= ) since =
_yo(z)’ 7

The optimal consumption wealth ratio becomes

cy = §ve Yo

Hence

(4.4)

(1—7)V*(w,0)=E [(W;)H} + 5 [At(Wg)l’VeYT (61/”16’%” . 1)}

—E|(W;)' 7| + 09T (67 - 1)),
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Applying the Tto’s formula on the process (W;)!~7 and considering the initial

condition w'~7, we have the system
* — * — * ~% 1 *
AW = W) [((1 =) i = &) = 570 = (7)ot
+ (1 — ’Y)W:O’tdet]

(W) = Wt

Integrating both sides from 0 to 7" and applying the expectation, we obtain

the following equation
T
B[] =B [ 0 (=) + miu(x) - &)
0

1= mo(X,)]

= LR [Atwl—” ((1 — 7)(r(Xo) + mou(Xo) — &)
— 2= o (X))

=14 T((1 =) (@) + mple) - &)

~ A= (o).
Hence,

(1 =)V (w,0)
= L (( - () +mon(a) ~ &)~ 5701~ ) (ms)0*(x)

+ 05T<(5¢—1 v 1)} (4.6)

Discrete Non-Traded Asset

Now, a numerical approximation of (V")*(w — v®, \) can be given.

The drift F"(X,Y" Z" t) of the process Y;" is given by

FMX,Y", 7" t)

5 wn 1
:—954—6?6 oYt —i—i(ZZl)Q

1
+ 9(1 — E) Wi + M(X2)) " Wi(re + e — )
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(i~ %)wwtﬂh(xt)) W2 ()20

wo(1- i) Mo (Ws + Mh(X)) " '(X))

n %9(1 _ %) Maa (W, + AR( X)) "La?(X,)
_ %9(1 - %)vvhi(m + AR(X,)) " 2a*(Xy)

- —>7Ah (W, + M(X,)) 2 Wirtopa( X))

-0
+ 9(1 > (W + M( X)) " Wi o p 2t
+0(

1 ))\hx (W, + M(X,) a(X,) 2.
From the numerical algorithm, we obtain

ZASL 7 ZA]}\L/—l
_ éE[?NhAWN}

— %E [Y]GAWN]

y : ho_
=0, since Yy =0

which means ZJ = 0 and Z}; = 0.

Then

A

Yy = E[V)+ ME[FMX, V", 2", 7))

=TF"(X,0,0,0). (4.7)

So, the optimal portfolio, at the initial time, is given by

. 11 Ah(Xo) )
0T 552 (Xo) (1 LY )WXo) +0(Xo)pZy)
- )E_?;WO pa(Xo)
- = #z) A(z) — Al a(z), since Z" =
v o3(z) <1 Tas vb) o(2)(w — o)’ (z), Zy =0 (48)
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The optimal consumption wealth ratio becomes

Ah(X o
=00 (14 20
_ v <1 X /\h(ﬂﬁ)b)e—gTFh(ac,o,o,o)7 (4.9)

W —v

where

F™"(X,0,0,0)
0 won
= —05 +0—e 00
(0

- 391 = )05 + Ah(Xa)) 2 ON o o

1

(]
1 * —1

+ 9(1 _ E)Ahx(wo +AR(X0)) " 1b(Xo)

01— =) W5 + M(X0) " Wy o + o110 — &)

L

Y
1 1

_ §g<1 y E)q)?hi(wg + Ah(Xo))~2a*(Xo)

N %e<1 — N (W5 + Mi(Xo)) ™ a%(Xo)

o1~ %)th(ng LX) Wi mioopa(Xo).  (4.10)

We can now move on to give the approximation of (1 — )(V")*(w — v°, \).

We then obtain

1=V (w=2"N)
= E|(W; + An(X7))' 7]

o [At(wg AR (X)) e (W—le—%%@ - 1)]
— E|(W; + A(X7))' 7]

+00F [T(w — b+ AR(X)) (W—l - 1)}

_ E[(w;;, + Ah(XT))l—”f} + 06T (w — v + M(z)) (W—l - 1). (4.11)
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From It6’s formula, we obtain

AW, + Ah(X,)'™
= [(1=7) OV + M) Wil + s — @)
- % (1=7) W+ An(X0)) " Winio?
(1= 7) A (W, + AR(X))7B(X,)
+ %( 7) Mg (W + AR(X,)) 7 (X))
— 57 (1=7) R20M, 4+ A(X) a3 (X))
’y( ))\h (Wt+Ah(Xt))*Hpa(Xt)wmat} dt
+ [(1 . 7) (W + Mh(X3)) " Wimsos
+ (1 . V)Ahx(Wt Y Ah(Xt))—vpa(Xg} dB,

=¥ [(1 - V)AMWt + Ah(Xo)‘”ﬁa(Xt)} dB,.

Integrating both sides from 0 to 7', and applying the expectation we end up

getting

B[ (VA" + (X))~
= (w— v° + AR(Xo))*
T[(l — ) Ahg(w — v + Ah(Xo)) 7b(Xo)
= (1= ) = 0 M) e — o () (o)
(1= )@ = o+ M) @ = ) (r(Xo) + miu(Xo) — &)
20— )N (X)(w — 0+ Mh(X0)) 7a%(Xo)
|

(L = N2 (w — o + Mh(Xo)) (o)

= (1= D halw = 0" + M(X0) " (w = o )pa( Xo)mio (o) |

63

Digitized by Sam Jonah Library



© University of Cape Coast https://ir.ucc.edu.gh/xmlui

Hence,

(1 =) (V") (w ="
= (w — "+ A(Xp))

T =) (w ="+ (X)) (w — ") (r(Xo) + 7 pu(Xo) — &)

—~

V(1 =) (w = 0"+ M(Xo)) T (w — 0")*(m5) 0 (Xo)

DO | —

1 — ) Mg (w — v + Ah(X()) 77b(X0)

—~

(1 — Y) Mg (X0) (w — 0° + Aa(X0)) 7 a*(Xo)

-+

N — DN =

Y(1 = M)W (w = v + Mh(Xo)) ™ 7a*(Xo)
— (1 = P Mhg(w = 0" + A(Xo)) ™' (w = v*) pa(Xo) 50 (Xo)

+ 06T (w — v + Ah(Xp))™ (W*l > 1). (4.12)
Factoring by (w — v* + Ah(Xp))' ™7, we obtain

1 =)(V*)*(w —2° A)
= (w —v° + A(Xo)) 7 |14

1 — ) (w — v*)(r(Xo) + mgu(Xo) — &)

N
-

V) (w = 0" + Ah(Xo)) 7 (w — v")*(m5)*0* (Xo)

TN =
-2
—~
—_
|

1 — ) Aha(w — v+ Mh( X)) ' b(Xo)

+ o+

N — DN =

(1 — )Mz (Xo) (w — v° 4+ AR (X)) a?(Xo)

(1 —Y)AN?h2(w — vP 4+ Ah(Xo)) " 2a?(Xo)
— (1 = V)M g(w — 0° + AR(X0)) 2 (w — vb)pa(Xo)ﬂSa(Xo)

405 <5¢—1 - 1))} (4.13)

Making the change of variables ¢ = w — v” + Ah(Xy) and m = 05(6¥~! — 1),

we obtain from (V")*(w — v°, \) = V*(w,0) the following equation
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7 [1+ {1 = )0 = @) (@) + min(e) - &)

V(L = 7)g (g — M())*(m5)*0* () + (1 = 7)Aheq™ ()
(1= ) Mreq ™ () — %v(l —NA\°hiq%a*(x)

— (1 = 1) Ahaq (g — M(x))pa(@)mso (@) + 05(6* 7~ 1) }]
— 14T (1= )0 () + mhule) - &)

— (1= (a) +m)] =0. (414)

+

N = N —

Substituting & by its numerical approximation in Equation (4.9) into the

previous equation, we get

¢ [1+7{(1 = 7)(a - 2(@)) (r(@) + miu(@)

Ah(z) ST Fh(£,0,0,0
5 (1 I m)@ g ( )>
— (L= )0 (g = () (5520 () (1~ )N~ D)
+ %(1 — V) Ahapq™ a* () — %7(1 = VA\hiq Ca’(x)

— (1 = V) Ahaq2(q = A(x))pa(z)mio(@) + 05 (6* " — 1) }]
— Wi [1 + T{(l — ) (r(z) + myp(z) — 5¢6_%TF(I’0’0’0))

— 11 = NsYo(z) +m}] =0, (4.15)

¥ 1 1
= 05+ 02— 20 (1 = ) e~ M) ()

(& (4
+ 9(1 — i)ql(q — A\h(z)) <7’0 + oo — 0¥ (1 + M>63Y0h>

w
+ 9(1 - i) Ahoq~lb(z) + %9(1 . i

- 9(1 - %)7)\hmq_2(q — Mh(z))mhoopalx) — %0(1 - %)vAthq_Qa%x).

))\hmq’laQ(x)

(4.17)
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Discussion
In this section, we perform some sensitivity analysis of the optimal in-
vestment and the indifference bid price with respect to the parameters. We

will like to know the effect of the change of a parameters on those values.

Sensitivity of the Investment to the Correlation Coefficient

Here we assume that X; is a geometric Brownian motion given by

dX, = bX,dt + paX,dB, + paX,dB,.

We consider the following parameter values: b = 1.0, a = 0.3, r = 0.0014,
0=024, A=05, =10, y=05, T=1, w=5.0, v =0.3, § =0.0052.

Figure 1 shows the investment strategy as a function of p. The negative
value of the optimal investment suggests short selling. We observe that the
investment (7")* is always less than the one with zero claim (7% = —34.72).
This choice of parameters tells that the agent holds less of the asset than the

zero claim investment, and this decreases with correlation.

—42.50
—42.75 4
—43.00

—43.25 1

Investment

!
~
W
o
=]

—43.75 1

—44.00

0.0 0.2 0.8 1.0

0.‘4 0:6
Correlation Coeffficient

Figure 1: Change of the optimal investment with respect to the correlation
coefficient p: 0.0 < p < 1.0.

Sensitivity of the Investment to the Initial Wealth

We consider the following parameter values: b = 1.0, a = 0.3, r =
0.0014, 0 =024, A=05, =10, y=05 T=1, p=0.5, v =03, § =
0.0052.
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Figure 2 depicts the change of the optimal investment with respect to the
initial value of the wealth. The negative value of the optimal investment
suggests short selling and as initial wealth increases the optimal number of

assets also increases.

Investment
£

46

10 12 14 16 18 20

Initial Wealt

~
IS
)
®

Figure 2: Change of the optimal investment(7")* with respect to the initial
wealth w: 2.0 < w < 20.0.

Sensitivity of the Price to the Correlation Coefficient

We consider the following parameter values: b = 1.0, a = 0.3, r =
0.0014, 0 =024, A=0.5, =10, v=05, T=1, w=50, v =03, § =
0.0052.

b

Figure 3 shows that the indifference bid price v” increases with the correlation.

3.100 §
3.075
3.050 4
3.025 4

3.000 1

Price

29754

2.9504

29254

0.5 0.‘6 0.‘7 O:B 0.‘9 1.‘0
Correlation Coefficient

Figure 3: Change of the price v® with respect to the correlation coefficient p:
0.5 <p<1.0.

67

Digitized by Sam Jonah Library



© University of Cape Coast https://ir.ucc.edu.gh/xmlui
Sensitivity of the Price to the Risk Aversion

We consider the following parameter values: b = 1.0, a = 0.3, r =
0.0014, 0 =024, A=05, =10, T=1, w=>5.0, ¥ =0.3, 6 = 0.0052.

Figure 4 shows that the bid price v* decreases as the risk aversion 7 increases.

354
3.04
2.54

2.0

Price

0.5

0:1 0.‘2 0:3 0:4 O.‘S O.‘é O:? O.‘E
Risk Aversion

Figure 4: Change of the price v® with respect to the risk aversion 7:
0.02 <~ <0.75.

Sensitivity of the Price to the Initial Wealth

We consider the following parameter values: b = 1.0, a = 0.3, r =
0.0014, 0 =024, A=0.5, =10, T'=1, w=>5.0, ¢ =0.3, 6 = 0.0052.
Figure 5 shows the indifference bid price v° for different values the risk aver-
sion v equal to 0.05, 0.25 and 0.5. The graph shows that agents with huge
amounts of initial wealth and different perception on the risk market are likely
to pay the same price to purchase the claim. That is, all the bid price for dif-
ferent value of the risk aversion tend to follow the same path with the increase

of the initial wealth.
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Figure 5: Change of the price v* with respect to the initial wealth for
different values of the risk aversion ~.
Chapter Summary

In this chapter, we used the finite difference method to first estimate the
investment when an agent goes for a claim and then estimate the indifference
price. In each case we examined their dependency to some of the parameters.
In the first case, we observed that when fixing all the other parameters and
making the correlation between traded and non-traded assets vary, the invest-
ment in presence of claim is always less than the no claim hedge. However,
when the initial wealth increases this new investment increases so as to start
being bigger than the no claim hedge.

For the dependency of the indifference price to the correlation between
the two assets, we observed that the more the traded asset is correlated to the
non-traded the more the agent is willing to pay for the risk. We also observe
that as risk aversion increases so the indifference price falls. For the parame-
ters specification that we chose our model does not fit the case where the risk
aversion is between 0.75 and 1. We then move on to study the indifference
price as function of the initial wealth of the agent for different values of the
risk aversion 0.05, 0.1, 0.25 and 0.5. We obtained for a huge amount of initial
wealth the price that an agent is willing to pay is less influenced by the risk

aversion.
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CHAPTER FIVE

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
Overview

Utility indifference pricing has attracted a lot of interests in mathe-
matical finance and actuarial sciences as a concept of valuation of claims in
incomplete market situation and has a number of applications as in option
pricing with transaction costs and in portfolio constraints’ context. Now con-
sider the problem of an agent who faces receiving a claim on a risky asset on
which trading is not possible. The question is: "How best to price and hedge
this claim in this incomplete market?” Using maximum principle method, we
solved this problem by the use of the utility indifference pricing concept. We
incorporated into our model an observable external factor (factor model) and
considered Epstein-Zin utility. To the best of our knowledge this is the first
time such a problem is studied. In this chapter we summarise and conclude

the work done in this thesis.

Summary

To compute utility indifference price of a claim, two stochastic control
problems must be solved. In this thesis these problems were given in the form
of forward-backward stochastic systems. We solved it with the use of the
sufficient maximum principle for forward-backward system. That allowed us
to find the optimal consumption and investment strategies and then a relation
given the indifference price. As it is common in indifference pricing problem,
a closed form formula for the indifference price was not found. So a numerical
approach (one period finite difference method) was performed.

The first question we asked ourselves was: “Is there any influence of
the claim on the hedging strategy?” The answer is that an agent holds less of
the asset than in the zero claim strategy without any regard of the correlation
between traded and non-traded assets (related to the parameters specifications

we took).
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Then, we wanted to compare again these two investment strategies for
different value of the initial wealth. This study showed that the investment
strategy is an increasing function of the initial wealth of the agent so as to be
higher than its value in the zero claim case.

Our next question was: ”What effect has the changes in parameter values
have on the indifference price?” Our first study brought us to the conclusion
that the higher the correlation coefficient, the higher the indifference price.
Secondly, we obtained that an agent is willing to pay less for the non-traded
asset as he/she becomes less tolerant of risk (for increasing risk aversion).
Finally, we noticed that for large investors there is an indifference on the risk

for them to decide which amount they are willing to pay.

Conclusion

A utility indifference pricing problem was solved using maximum princi-
ple for a model considering observable factor model under Epstein-Zin utility.
Surprisingly, we found that an agent is going to spend a big proportion (be-
tween 46% and 87%) of his/her initial wealth in order to hedge the claim.
However, our model confirmed the common sense that "an agent is willing
to pay less for the non-traded as he/she becomes less tolerant of risk.” These
findings can be explained by the fact that we are considering a more realistic

model.

Recommendations

In this thesis we considered a linear payoff AXp. This assumption has
greatly simplified some of the analysis. A natural consideration would be
option payoffs such as call/put options defined by \(K — X7)*, where K is
a price of the stock fixed at initial time (strike price). Also, we assumed that
the factor model is observed even though in reality it is not always the case.

These are left for further research.
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